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Bai toan: Tim mdi quan hé giita ting sult (stress) o va do bién dang (strain) € cia mdt

vat liéu.
e Chét 16ng nhét: Theo dinh luat Newton:
o(t) = nDe(t). (1)
de(t)

1 12 hing sb vat ligu De(t) = &
e Vit rin dan hdi: Theo dinh luit Hooke:

o(t) = m D%(t). (2)

m 13 hing sb, DO%(t) := &(t).
[1] K. Diethelm (2010), The Analysis of Fractional Differential Equations. An Application-oriented Exposi-
tion Using Differential Operators of Caputo Type. Lecture Notes in Mathematics, 2004. Springer-Verlag,

Berlin.
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e Xéte(t)=1t,te|0,T].
o Chit I8ng nhét: o(t) = .
o Vat rdn dan hoi: o(t) = nt.

Déi véi vat lidu viscoelastic (nhu polyme, md sinh hoc), két qua thuc nghiém cho
thiy o(t) = Kt1=® véi a € (0,1).
@ Dinh luat Nutting:
o(t) = KD%(t) véi a € (0,1). (3)

[2] P.G. Nutting (1943), A general stress—strain—time formula. Journal of the Franklin Institute 235,
513-524.
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Dao ham phan thi
00000

Lich s&r dao ham phan thi

Gottfried Wilhelm Leibniz Guillaume de L’Hospital
(1646 - 1716, Duc) (1661 - 1704, Phap)
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Dao ham phan thi
(o] lelele]e}

Lich st dao ham phéan thi

e Nam 1695: Trong mét 14 thu gii Leibniz, L'Hospital da héi:

n

d 7
Wf(x) c6 nghia 13 gi néu n=1/27"

Day duoc xem 13 diu mbc khai sinh khéi niém dao ham bac phan thd.
o Y nghia: M4 réng khai niém dao ham tir bic nguyén sang bac khéng nguyén.
[3] B. Ross (1977), The development of fractional calculus 1695-1900. Hist. Math. 4, 75-89.

6 / 27

Phan Thi Huong Mét sb khia canh ciia SFDE va ing dung Hoc vién Ky thudt Quéan su




Dao ham phan thi
[o]e] lele]e]

Lich s&r dao ham phan thi

Bernhard Riemann Joseph Liouville Michele Caputo
(1826 - 1866, Dirc) (1809 - 1882, Phap) (Sinh n3m 1927, \'()
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Dao ham phan thi
000000

Tich phan phan thi
Cho o € (0,1],[0, T] C R, x : [0, T] — R Ia ham kha tich trén [0, T].
@ Tich phdn bac n € N cda ham x:

t Sn )
Ié’+x(t):/ / / x(s1) dsy - - - dsp.
0 Jo 0
—_—

n lan

o Igx(t) = ity Jo (8 = 7)"x(7)dr, T (n):=(n—1)\.

e Tich phan Riemann-Liouville cip o ctia ham x:
e x(t) '—1/t(t— )1y (1) dr, te(0,T]
0+ T r (a) 0 T T T, ) )

G day I (o) := [;° t* te tdt.
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Dao ham phan thi
0000e0

Dao ham phan tha

o Dao ham bac n € N cida ham x I3 D"x(t) = Lox(t), t € (0, T].

T dtn
SBxO=x0. & (5x0) =x(0-x0)

e Dao ham Riemann-Liouville cip @ cda ham x:
d
RL —
Dg x(t) = o [lo-*x(t)], te(0,T]
e Dao ham Caputo cdp a ciia ham x:
ol d d i_
D5 x(1) = 17 | 5x(0)] i DA == S (x() ~ x(O). t€ (0,71
Khi o =1 va x/(t) ton tai trén (0, T] thi CDE, x(t) = X/(¢).
[4] G. Vainikko (2016), Which functions are fractionally differentiable? Z. Anal. Anwend. 35(4),
465-487. 9 /27
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Dao ham phan thi
00000e

So sdnh dao ham Riemann-Liouville va dao ham Caputo

Vidu: Xét x(t) =1, te [0, T].

° CDgfx(t) =0.

° RLDgfx(t) = \/%

Nhan xét:

@ Dao ham Riemann—LiouviJIe 13 nén tang ly thuyét gidp tcA;ng quat héa phép tich
phan I3p sang bac phan sb; khé dién gidi y nghia vat ly va xay dung diéu kién dau
cho bai todn Cauchy.

@ Dao ham Caputo gho phép st dung cac diéu ki<,§n ban dau clia dao ham bac nguyén;
dugc st dung nhiéu trong cic bai todn thuc té.
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Vi du Dao ham phan thi Phuong trinh vi phan phan thi Phuong trinh vi phdan ngau nhién inh vi phan phan thi ngau nhién
00 ) ©000 0000C o)

Phuong trinh vi phdn phan thi (FDE)

Xét FDE bac o € (0, 1]
€D\ x(t) = f(t,x(t)), Vte(0,T], (4)
dday T >0,f:[0, T] x RY = R? I3 ham do dugc.
o Cho xo € RY, ham x(-) : [0, T] — R goi |3 nghiém cfia (1) véi x(0) = xp néu

x(0) = xp va
“Dg. x(t) = f(t,x(t)), Vte (0, T).

Dinh Iy 1.1 (Dang tich phan cla FDE)

= X 1 t — 7)Y (1, x(7)) dT
x(t) = O+r(a)/0(t ) (1, x(7)) dT, Vte[0,T].

T = =
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Phuong trinh vi phan phan thi
[e] le]e}

Khé khan khi nghién citu FDE

@ Tinh khéng dia phuong cta nghiém.

@ Dao ham bic phan thir khéng cé gidi thich vé mit hinh hoc

@ Quy tic dao ham ham hop, dao ham cla tich khéng con diing.

o Xip xi nghiém thudng c6 khbi luong tinh toan 16n. Vi du, véi phuong phap Euler,
dé tinh nghiém xép xi x(”)(tk+1), ta phai tinh tAt c3 X(”)(tj)v j=0,...,n—1.
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Phuong trinh vi phan phan thi
[e]e] le}

Lugc dd Euler cho FDE

o x(t) = x0+ iy Jo (t = T)* (7, x(r)) d7,  Vee[0,T]

o V&i mdi n € N*, lugc dé Euler x()(-) cho béi x("(0) := xo va véi t € (0, T]

n _ 1 [T F(7a(s), X\ (7a(s)))
x! )(t) = xo+ F(a)/o (t—s)io s,

c’}déym(s)z%— ty V6i s € (kT (kH)T], k=0,...,n—1.

XM (tg1) = x0 + X5 %f t;, x(" (1)) (£)"
o Khi oo =1 thi x("(t, 1) = x(M () + F(ty, x(") (tk)) I

[5] T. S. Doan, P. T. Huong, and P. E. Kloeden (2025), #-scheme for solving Caputo fractional
differential equations, Electronic Journal of Differential Equations, Vol. 2025, No. 05, pp. 1-13.
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Phuong trinh vi phan phan thi
[e]ele] ]

Phuong trinh vi phan phan tha

o Ly thuyét dinh tinh: D3 dugc xay dung nén tang viing chic va nghién ctu tuong
dbi day da (tinh d3t chinh, tinh 8n dinh, tap hit, sy phan tach nghiém,...).

o Ly thuyét dinh ludng: d3 ducc nghién cdu mét cich cé hé théng va dat duoc
nhiéu két qua quan trong: udc lugng nghiém, phucng phip xap xi hiéu qua, xap xi
c6 bac hdi tu cao,...

o Tai Viét Nam, nhém nghién citu ctia GS. Nguyén Dinh Céng, GS. Doan Théi Son,
PGS. Hoang Thé Tuan cé nhiéu déng gbép quan trong.
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am phan th Phuaong trinh vi phdn phan thi Phuong trinh vi phan ngau nhién Phuol rinh vi phdn phan thi ngau nhién
5 00C 0000 0000 )

Chuyén déng Brown

Robert Brown
(1773 _ 1858) o 2000 om0 s 000 s000 10000 12000 14500 16600 18000

"Ngusi diu tién quan sat chuyé,n déng hén loan ciia Quy dé_lo chuyén dﬁng Brown
cdc hat vao nam 1827."
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Phuong trinh vi phan ngau nhién
0@000

Dinh nghia chuyén dong Brown

Gia st (2, F,P) 13 mdt khéng gian xac suit véi loc (Fi)r>o-
Qué trinh W = (W;)¢>0 dugc goi la mét chuyén dong Brown ting véi loc (F¢)e>0 néu

o W; 1a Fi-do dugc véi moi t.

o Vi hau chic chin moi w € Q, dnh xa t — Wi(w) lién tuc.

o V6i moi t > s >0, W; — W, c6 phan phéi chuan N'(0,t —s) va W, — W, dbc lap
véi Fs.

o V6imoi 0=ty < t; <--- < t, thi cic bién nglu nhién Wy, —W,,_,, k=1,...,n,

la déc lap.

V6i hau hét w € Q, quy dao miu W.(w) clia chuyén déng Brown I3 khéng dau kh3 vi
va c6 bién phan vé han trén mdi khodng con.

Hoc vién Ky thuit Quén su
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Phuong trinh vi phan ngau nhién
[e]e] le]e]

Tich phan ngiu nhién t6

Dinh nghia

Cho f € M?([0, T]). Tich phan It6 déi véi (W;) dinh nghia bdi:

T T
/ F(£)dW; = Iim/ gn(t)dW,s
O n—oo 0

véi (gn) don gidn sao cho:

lim E [/OT lgn(t) — f(t)|2dt} —o.

n—oo

V.
L o E[f) f(t)awi] = 0.
Kiyosi I1to X
(1915 - 2008, Nhat Ban) P UOT f(t)th‘ —E [foT |f(t)‘zdt]
"Céng thifc It6 I3 vién ngoc quy (Dang cu It).
cta gidi tich ng4u nhién hién dai."
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Phuong trinh vi phan ngau nhién
[e]e]e] Jo]

Phuong trinh vi phan ngﬁu‘ nhién

Pricc Earnings Ratio (P/E) MICI Index 23.3577
B VNINDEX-Index 13.5247 - BMHSI Index 9.9378
M SET Index 19.0371  WSHCOMP Index 15.4228

FBMKLCI Index 17,7521 BENKY Index 20.0594
B PCOMP Index 21.5198 MSHSZ300 Index 13.1718
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Phuong trinh vi phan ngau nhién
[e]e]ele] )

Phuong trinh vi phan ngdu nhién (SDE)

@ Xét SDE trén doan [0, T]

DX(t) = b(t, X(£)) + o(£, X(2)) dg;/f, (5)

b,o : [0, T] x R? — RY 13 do dugc va (Wh)tep,m 12 chuyén déng Brown trén
(Q, F, F = (Ft)eep, 1), P). Dit X, := L2(Q, F,P).

e Mbt qua trinh do dugc X dugc goi 13 F-tuong thich néu X(t) € X¢ véi moi
tel0, T]

e V6i mdi n € X, mdt qua trinh do dugc, F-tuong thich X dugc goi 13 nghiém cia
(5) véi X(0) = ¢ néu véi moi t € [0, T]

X(t):<+/0 b(r, X (7)) d7+/0 o(r, X(1)) dW.
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Phuong trinh vi phan phan thir ngiu nhién
00000000

Phuong trinh vi phan phan thi ngdu nhién (SFDE)
o Xét SFDE bic a € (3,1) trén doan [0, T]

dW,
— 6
= (6)

b,o : [0,T] x RY — R Ia do dugc va (Wi)epo, 7] 12 chuyén déng Brown trén
(Q, F, F := (Ft)eep, 1), P). Dat X, := [*(Q, F,P).

e Vé6i mdi ¢ € ¥, mdt qua trinh do dugc, F-tuong thich X dudc goi |3 nghiém cia
(6) véi X(0) = ¢ néu X(0) = ¢ va véi moi t € (0, T]

1

X(t)y=¢ + I‘(oz)/o(t_T)alb(T’X(T)) dr

€Dy X(t) = b(t, X(t)) + o(t, X(t))

i t — ) o(r, X(7
i [ (= X () dW
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Phuong trinh vi phan phan thi ngiu nhién
0e000000

Khé khan khi nghién ctru SFDE

@ Khé khdn nhu cho FDE & trén

e Nhan trong phuong trinh tich phan phu thudc thsi gian din dén khéng bidu di&n
dugc nghiém dudi dang qua trinh It6; khong cé tinh Markov, tinh semimartingale.

@ Khoéng thé p dung cdng thdc vi phan 1td hay nhiéu cong cu trong gidi tich ngiu
nhién.
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Phuong trinh vi phan phan thir ngiu nhién
[e]e] lelelele]e]

Ké&t qua dinh tinh cho SFDE

]
]
]
(]
]

Tinh dat chinh cia nghiém.

Tinh chinh quy cta nghiém.

Cong thic bién thién hing sb.

Su phéan tich tiém cin giita cadc nghiém.

Dér\lg diéu tiém cin nghiém trong khéng gian hitu han chiéu; khéng gian vé han
chiéu.

[6] T. S. Doan, P. T. Huong, P. E. Kloeden, and H. T. Tuan (2018), Asymptotic separation between

solutions of Caputo fractional stochastic differential equations, Stochastic Analysis and Applications,
36(4), 654-664.
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Phuong trinh vi phan phan thi ngiu nhién
[e]e]e] lelelele]

Két qua dinh luong cho SFDE

Lugc dd f-Euler-Maruyama.

Lugc db Carathéodory va su héi tu yéu.
Lugc db 6- Mittag-Lefler Euler-Maruyama.
Lugc dd Milstein.

Luoc db fast H-Euler-Maruyama.
[7] P. T. Huong and H. L. Ngo (2026), Asymptotic separation between solutions and fast

0-Euler-Maruyama scheme for singular stochastic Volterra integral equations with jumps,
Computational and Applied Mathematics, 45, 318.
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Phuong trinh vi phan phan thir ngiu nhién
[e]e]e]e] Telele]

Phuong trinh vi phan phan th( ngiu nhién cé tré (SFDDE)

o Xét SFDDE bac a € (1,1) trén [—p, T] c6 dang:

0§ X(t) = b(t, X (1), X(t — p)) + ot X (), X(t = p)) — = W 60, 7], (7)

& day b,o: [0, T] x RY x RY — R? do duac.

o Xo=¢={¢(t):t €[-p,0]} |2 bién ngiu nhién Fo-do dugc trong
C([~p, 0], RY): E[¢]? < oo.

o M6 ta cic hé théng ma trang thai hién tai phu thudc vao lich st qué khi nhu cac
md hinh sinh hoc, hé déng luc cé tré, va cac vat liéu viscoelastic,...

@ Phan tich dé tré phan hdi trong robot va xe tu l4i.
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Phuong trinh vi phan phan thir ngiu nhién
[e]e]e]e]e] lele]

Phuong trinh tich phan Volterra ngu nhién cé budc nhay

Xét SVIEJ trén doan [0, T] c6 dang
t t
X()) = ¢+ [ ke uf (X (@) dut [ ket w)g (u X (0)) B,
0 0

+/0t kz(t — u)h(u, X (u=))dZ,, (8)

k € LY([0, T]), kg, kz € L2([0, T]), X(u—) := limsp, X(s), f,g, h: [0, T] x RY — R
@ Mb phdng céic ca sbc dién, va cham co hoc manh hoic bién déng ap sult dat ngbt.
o Mb t3 cic hé théng thay déi ché d6 van hanh tdc thi.

@ Minh hoa su hinh thanh vét nit va su mai vat liéu.
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Phuong trinh vi phan phan thir ngiu nhién
00000080

Hudng nghién ctu tiép theo

@ Nghién ctu tinh 8n dinh cla nghiém, bai toan déng luc hoc vat bay trong méi
trudng nhiéu.

@ Nghién citu bai toan didu khién cac hé nhiéu vat: hé robot, hé dan hdi, hé c6 rang
budc dan héi/bién dang,...

© Nghién citu SFDE trong khéng gian v6 han chiéu; bai toan lan truyén trong modi
trudng phic hgp.

26 / 27

Phan Thi Huong Mét sb khia canh ciia SFDE va ing dung Hoc vién Ky thudt Quéan su



Phuong trinh vi phan phan thir ngiu nhién

0000000

Xin tran trong cam on!
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