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MG DAU

1. Lich s van dé va ly do chon dé tai

Bai todn can bing (Equilibrium problem), theo cach goi clia cac tac gia
L.D. Muu va W. Oettli [Nonlinear Anal. TMA., 18 (1992), 1159-1166], E.
Blum va W. Oettli [Math. Student, 63 (1994), 127-149], xuat hien lan dau
trong cong trinh ctia Nikaido - Isoda [Pac. J. Math., 5 (1955), 807-815] khi
tong quat hoa bai toan can bang Nash trong 1y thuyét tro choi khong hop
tac, né ciing dudgc phat bieu dudi dang bat ding thiic minimax béi K. Fan
[Academic Press, (1972), 103-113], d6 1a bai toan EP(C, f) dugc phat biéu
duéi dang:

Tim x* € C sao cho f(z*,y) >0, Yy € C.

O d6 C 1a mot tap 10i, déng, khac rong trong khong gian Banach thuc E,
f: CxC — R1amot song ham can bang trén C| tic la f(x,z) = 0 Vo € C.
Bai toan can bang lien két véi EP(C, f) dugce goi 1a bai toan can bang Minty,
ky hi¢u 1a MEP(C, f) dugc phat bicu nhu sau:

Tim u* € C sao cho f(y,u") < 0 véi moiy € C. (1)

Trong tém tit nay, ching toi ky hiéu tap nghiém clia bai toan can bing
EP(C, f) va bai toan can bang Minty lan lugt 1a .S va Syy.

Tinh dén thoi diém hién nay, da c6 nhiéu phuong phéap giai bai toan can
bang trong khong gian Hilbert diya vao tinh chat don diéu ctia song ham [,
trong dé c6 thé ké dén cac phuong phap ham gap, phuong phap nguyén Iy
bai toan phu, phuong phap diém gan ké, phuong phap chiéu két hop hoac
khong két hop v6i quy tac tim kiém theo tia... Nhin chung, ki thuat chiing
minh day lap {2*} sinh béi thuat toan hoi tu dén nghiem ctia bai toan can

bang trong truong hop song ham can bang don diéu ho#c don diéu suy rong,



bao gom cac bude sau:

e Xay dung bat dng thitc ||2"! — 2*|| < ||2F — 2| véi 2* € Sy, Tit do

suy ra day ||2* — z*|| hoi tu.
e Ton tai day {z"} C {2*} hoi tu yéu dén Z.
e Chi ra z 1a nghiem cta EP(C, f).

e Thay 2* = & vao bat déng thiic 8 Budc 1 va suy ra day {z*} hoi tu yéu
dén T la nghiem cta EP(C, f).

Trong ki thuat chitng minh trén day, v6i gia thiét vé tinh lien tuc va don
diéu (hoac don diéu suy rong) ctia song ham f, thi tap nghiém cta hai bai
toan EP(C, f) va MEP(C, f) trung nhau, tiic 1a Sy; = S. Do do6, trong Bude
4 ctia luge do ching minh trén, ta ¢ thé thay * = Z dugce. Tuy nhién, trong
truong hop song ham f khong don diéu, hai tap nghiém ctia hai bai toan nay
khong trung nhau. Day chinh 1& mot khé khan trong ky thuat chiing minh
v6i bai toan can bang khong don diéu va sé dude khac phuc trong noi dung
luan an nay.

Gan day, bai toan can bang duge nhiéu nha khoa hoc mé rong nghién citu
phuong phap tim nghiém trong khong gian Banach. Trong sd d6, c6 nhicu
tac gid nghién citu tap trung dya vao tinh chat don diéu ctia song ham f nhu
cac tac gid I.V. Konnov va O.V. Pinyagina [Comput. Meth. Appl. Math.,
3 (2003), 274-286|, tac gia S. Reich va S. Sabach [Contemp. Math., 568
(2012), 225-240]; hodc tinh gi&d don diéu cia f nhu céc tac gia A.N. Tusem
va V. Mohebbi [Optim., 69(11) (2020), 2383-2403]. Tuy nhiéen, cac két qua
nay con chua nhiéu, dic biét 1a cac két qui cho bai toan can bang khong
don diéu trong khong gian Banach chua xuat hién nhiéu. Trong khong gian
Hilbert st dung ki thuat chiing minh nhu trinh bay & trén, dé dua ra duge
bat dang thic & Bué6e 1, cac tac gid st dung

ka—&-l - $*||2 _ ka—i—l o QTkHQ + ka . .%’*||2 + 2<:Ijk+1 o ajijk o :Ij*>
Tuy nhién, trong khong gian Banach, chiing t6i khong dua ra dude khai trién
stt dung tich vé huéng nhu kiéu nay. Day ciing chinh 13 mot khé khan khi

thuic hién giai bai toan can bang trong khong gian Banach so véi khong gian

Hilbert va khong gian Euclid R" va sé dudc giadi quyét trong noi dung cia
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luan 4n nay. Mot trong sé nhiing phuong phap tiéu biéu giai bai toan can
bang khong don diéu trong khong gian Banach d6 1a phuong phap chiéu thu
hep duge dé xuat bdi cac tac gid D. Rouhani va V. Mohebbi [J. Aust. Math.
Soc., 112 (2022), 90-114]. Uu diém ctia phuong phap nay la gitp ching ta
tim dugce nghiém ciia bai todn can bang khong don diéu va khong Lipschitz
trong khong gian Banach. Tuy nhién, liéu ¢c6 mét thuat toan nao khac véi
nhiéu lya chon quy téc tim kiém theo tia dé gidi bai toan nay khong? Luan
an nay sé dé xuat mot thuat toan khac dé tra 1oi cho cau héi nay.

Trong luan an nay, bén canh viéc xét bai toan can bang, chung toi ciing
xét bai toan bat dang thic bién phan trong khong gian Euclid R” véi tich
trong (-, ) va chuan tuong tng || - ||. Gia stt C' 1a tap con 16i, déng, khac réng
trong R” va F' : C' — R"™ la ham lién tuc. Ta xét bai toan bat ding thic bién
phan VIP(C, F):

Tim x* € C sao cho (F(z*),y —x*) >0, Yy € C,

va bai toan lien két véi VIP(C, F') 1a bai toan bat dang thiic bién phan Minty
MVIP(C, F) :

Tim u € C sao cho (F(y),u—y) <0, Vy € C.

Trong tom tat nay, ky hiéu tap nghiem cta hai bai toan VIP(C,F) va
MVIP(C, F) lan lugt 1a Syrp va Syyrp. C6 rat nhiéu phuong phap giai
bai toan bat ddng thic bién phan va phuong phap chiéu thu hep duge trinh
bay 6 trén cing duge ap dung bdi céc tac gia M.L. Ye va Y.R. He [Comput.
Optim. Appl., 60 (2015), 141-150]. Mot wu diém ctia phuong phap nay 1a c6
the 4p dung duge dé tim nghiem ciia bai toan bat dang thic bién phan khong
don dieu. Day ciing 1a co s6 dé md rong nghién ctu phuong phap nay cho
bai toan can bang khong don diéu trong khong gian Hilbert nhu trong cong
trinh cia céac téc gia B.V. Dinh va D.S. Kim [J. Comput. Appl. Math., 302
(2016), 106-117], hay cong trinh cta tac gia J.J. Strodiot va céc cong su [J.
Glob. Optim., 64 (2016), 159-178]. Tuy nhién, tai mdi budc lap thi k + 1 deé
tim 2%+, ta cAn phai gidi bai toan t61 wu ma tap rang buoc la giao clia tap
rang buoc thit k& v6i nita khong gian Hj, (chinh 1a thyc hien mot phép chiéu
thu hep). Diéu nay dan t6i chi phi tinh toan 16n, dic biet khi s6 chiéu khong

gian tang lén. Vay lidu c6 mot thuat todn gidi bai toan bat déng thic bién



phan khong don diéu ma khong ding phuong phap chiéu thu hep hay khong?
Trong luan an nay, ching toi dé xuat mot thuat toan mdi gidi VIP(C, F') va
dap tng duge hai dieu kién trén. Dic biét, ching toi xét ca hai truong hop
khi F' khong 13 Lipschitz, do dai buéc tim duge bang cach thue hién quy tac
tim kiém theo tia va truong hop F' 1a Lipschitz v6i he s6 L, do dai bude duce
chi r6 va phu thudc vao L.

Véi bai toan can bang khong don diéu trong khong gian Hilbert, tac gia
J.J. Strodiot va cac cong sy [J. Glob. Optim., 64 (2016), 159-178] da dé xuat
Thuat toan SVN dé giai. Uu diém ctia thuat toan nay la gitp tim nghiém
clia bai toan can bang ma khong can dén gia thiét ve tinh lien tuc clia song
ham f. Tuy nhién, ciing nhu trong trudng hop bat ding thitc bién phan, tai
moi bude lap, ta phai gidi mot bai toan t6i wu trén tap rang buoc 1a giao
clia tap rang buoc ¢ bude trude va mot sieu phang (chinh 1& thuc hién phép
chié¢u thu hep). Diéu nay dan dén chi phi tinh toan 16n, ddc biet khi s6 chicu
khong gian tang lén. Thém vao do, trong thuat toan SVN, cac tac gia st dung
quy tic tim kiém theo tia dé tim do dai buéc. Tuy nhién, trong truéng hop
khi song ham f théa man diéu kién kiéu Lipschitz hay f c6 cau tric phiic
tap, thi viéc thuc hién quy tac tim kiém theo tia gip khé khian ciing nhu
chi phi tinh toan 16n. Do dé, chung ta kho c6 thé ap dung dude thuat toan
SVN trong nhing trusng hop nay. Chinh vi vay, ching to6i dé xuat stta doi
Thuat todn SVN thanh mot thuat toan méi giai EP(C, f) ma khong can st
dung phép chiéu thu hep va gia thiét vé tinh don diéu clia f trong ba truong
hop: f khong théa méan diéu kién kiéu Lipschitz, f thda méan diéu kien kiéu
Lipschitz va hé s6 Lipschitz uéc lugng duge hodc khong uée luong dude.

2. Muc tiéu nghién ctu

Trong luan an nay chiing t6i nghién cttu cac ndi dung sau:

Noi dung 1. Xay dung thuat todn giadi bai toan can bang khong don
diéu trong khong gian Banach bang phuong phap chiéu thu hep két hop

quy tac tim kiém theo tia.

No6i dung 2. Xay dung thuat toan giai bai toan bat déng thic bién
phan khong don dieu trong khong gian Euclid R" bang phuong phap
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chiéu kiéu thich nghi két hop hoac khong két hop véi quy tic tim kiém
theo tia.

Noi dung 3. Xay dung thuat todn giadi bai toan can bang khong don
diéu Lipschitz hodc khong Lipschitz trong khong gian Euclid R" bang
phuong phap chiéu kiéu thich nghi két hop hoic khong két hop véi quy

tac tim kiém theo tia.

3. D6i tugng va pham vi nghién ciu

D6i tuong nghién citu: Bai toan can bing, bai toan bat dang thiic
bién phan khong don diéu.

Pham vi nghién cttu: Cac phuong phap giai bai toan can bang, bai toan
bat déng thiic bién phan, dac biét, tap trung vao phuong phap chiéu thu hep,
phuong phap chiéu kieu thich nghi. Lép ham nghién ctu la ham 16i, khong
don diéu, Lipschitz hodc khong Lipschitz.

4. Phuong phap nghién citu

e D¢ giai bai toan can bing véi song ham 1a khong don diéu trong khong
gian Banach, ching t6i sit dung phuong phap chiéu thu hep két hop véi
quy tac tim kiém theo tia.

e Dé tim nghiém ciia bai toan bat dang thitc bién phan va bai todn can
bang khong don diéu trong khong gian Euclid R”, chung toi st dung
phuong phéap chiéu kiéu thich nghi két hop hoic khong két hop véi quy

tac tim kiém theo tia.

5. Két qua cta luan an

Luan an da dat dugce nhitng két qua chinh sau day:

o Dé zuat duoec mot thudt todn gidi bai todn can bang ma khong can yéu
cau gid thiét vé tinh don diéu cia song ham f trong khong gian Banach

bang cach két hop phuong phdp chiéu thu hep va cdc kiéu quy tdc tim



kiém theo tia tuong wng. Chitng minh dugc day ldp sinh bdi thudt todan doé
hoi tu manh tdi nghiém cia bai todn can bang, dong thoi dp dung thudt

todn dé gidi mot vi du trong khong gian Banach hitu han chiéu.

o Xay dung dugc ba thuat todn g¢idi bai todn bat dang thidc bién phan
VIP(C, F) khong don diéu trong khong gian Euclid R™ bang phuong phdp
chiéu thich nghi két hop hodc khong két hop vdi quy tdc tim kiém theo
tia. Chung toi cung da ching minh dugc cac dinh ly hoi tu tor nghiém
ctua day ldp sinh bdi cdc thudt todn, dong thoi dua ra mot so6 vi du so

minh hoa cho cac thudt toan.

e Xay dung dugc ba thudt todn gidi bai todn can bang EP(C, f) khong don
diéu trong khong gian Euclid R™. Trong dé, c6 mot thudt todn két hop
vdi quy tac tim kiém theo tia dé tim do dai budc, mot thuat todan chi 1o
do dai budc phy thudc vao hé s6 kiéu Lipschitz cia f (trong truong hop
f théa man diéu kién kiéu Lipschitz ma hé s6 Lipshitz wéc hiong duoc),
va mot thudt toan dp dung khi f théa man dieu kién kiéu Lipschitz va hé

so Lipschitz khong biét hoac kho udc lugng.

6. Cau trac cua luan an

Luan an gom ba chuong.
Chuong 1: Mot s6 kién thitc chuan bi.
Chuong 2: Phuong phap chiéu thu hep giai bai toan can bang khong don
diéu.
Chuong 3: Phuong phap chiéu kiéu thich nghi giai bai toan can bang khong
don diéu.



Chuong 1
Mot s6 kién thitc chuan bi

Trong chuong nay, ching toi nhac lai cac khai niém ciing nhu cac két qua
b6 tro can thiét duge st dung & céc chuong sau.
1.1 Céac khai niém va két qua cd ban

Muc nay trinh bay mot s6 khai niém co ban nhat liéen quan dén tap 1oi,
ham 16i, dao ham va duéi vi phan ctia ham 16i, &nh xa d6i ngau chuan téc,

phép chiéu trong khong gian Banach va cac két qua lién quan.
1.2 CAac trudng hop riéng ctia bai toan can bang
Muc nay danh dé trinh bay vé bai todn can bang va cac trusng hop rieng
clia bai toan can bang.
1.3 Su ton tai nghiém ctia bai toan t6i wu va bai toan can bang
trong khong gian Banach

Cac két qua vé sy ton tai nghiém, tinh duy nhat nghiém ctia bai toan

can bang va bai toan toi uu dude trinh bay trong muc nay.



Chuong 2

Phuong phap chiéu thu hep giai bai

toan can bang khong don diéu

Trong chuong nay, chung t6i nghién citu mot thuat toan hoi tu manh giai
bai toan can bang ma song ham 1a khong don diéu trong khong gian Banach.
Thuat toan 1a su két hop ctia phuong phap chiéu thu hep va phuong phap
tim kiém theo tia.

No6i dung ctia Chuong 2 da duge cong bo trong bai bao [CT1] thuge Danh

muc cac cong trinh lien quan dén Luan an.

2.1 MG3G dau

Gia st E 1a khong gian Banach thuc v6i chuan 1a || - || vA E* 1a khong
gian doi ngau ctia E. Trong chuong nay, ching toi nhic lai dinh nghia ham

¢ :E X E — [0;4+00) duge dinh nghia trong Chuong 1 nhu sau:
p(z,y) = l2l* = 2(Jz,y) + [lylI*, Va,y €E.

Trong cong trinh ctia cac tac gia A.N. Tusem va V. Mohebbi [Optim., 69(11)
(2020), 2383-2403], mot thuat toan hoi tu manh t6i nghiém ctia bai toan
EP(C, f) dugc dé xuat, dudi gia thiét vé tinh gia don diéu, tinh lien tuc cta
f va tap nghiem S # (0. Mot wu diém ciia thuat toan nay la song ham f
khong yeu cau théa man diéu kien kiéu Lipschitz va ta c6 thé tim nghiem
clia bai toan can bang EP(C), f) bang cach gidi mot day cac bai toan toi uu

101, ma cac bai toan nay dé hon bai toan goc. Tuy nhién, trong thuat toan



nay van doi hoi gid thiét vé tinh gid don diéu trén C clia song ham f. Vay
lieu c¢6 thé xay dung mot thuat toan ding dé giai bai toan can bing khong
don diéu va khong Lipschitz trong khong gian Banach hay khong? Céac tac
gia D. Rouhani va B. Mohebbi da tra 16i cau hoi nay trong mot cong trinh
[J. Aust. Math. Soc., 112 (2022), 90-114]. Xuat phat tit thuat toan tren ctia
cac tac gia A. N. Iusem va V. Mohebbi, ching t6i ciing tra 16i cau hoi nay
bang cach dé xuat mot thuat toin khac v6i thuat toan ctia D. Rouhani va B.
Mohebbi, diing dé giai bai toan can bang trong khong gian Banach méa song
ham f khong can mot gia thiét ndo vé tinh don diéu va tinh Lipschitz. Véi
gid thiét vé tinh lien tuc, tinh 16i theo bién thi hai clia song ham va tinh
khac réng ciia tap nghiém bai toaAn Minty, ching t6i chi ra ring day sinh
bdi thuat todn dude dé xuat hoi tu manh t6i nghiém ctia bai toan can bang

EP(C, f).

2.2 Thuat toan chiéu thu hep két hop quy tac tim kiém theo
tia

Sau day, ching toi luon gia thiét rang E 13 khong gian Banach tron deu va
16i déu, C' 13 tap con 16i déng khac rong trong E. Gia st f : E X E — R 1a
song ham thoa man f(x,z) = 0 véi moi x € C va thda man cac diéu kién
sa:

(Ay) f(z,.)1a16i tren E v6i moi x € C;

(Az) f(+,+) 1a lien tuc trén E X E va déu theo bién thit hai trén cac tap bi

chéan;

(As) f(x,-)1a Lipschitz déu (theo ) trén cac tap bi chin, tic la véi bat ky tap

bi chan D C E nao, ton tai mot s6 L > 0 sao cho |f(x,y) — f(z, 2)| <
L||ly — z|| v6i moi x,y, z € D;

Trong chuong nay, ching t6i can két qua clia cac bo dé sau dé sit dung ching

minh dinh 1y hoéi tu cia thuat toan:

Bo dé 2.1. Gid st {2*} va {y*} la hai day trong khong gian Banach thuc

l0i deu va tron déu E. Néu p(2¥,y*) — 0 va day {2*} hodc day {y*} la bj

chin, thi ta co ||x* — y*|| — 0 khi k — oo.
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Bé dé 2.2. Gid sit C la tap con loi, dong, khdc rong ciia khong gian Banach
phdn za, 10i chat va tron E. Gid sit {x*} la day trong E va u € E. Néu {z*}
la day théa man dieu kién sau

wo(z®) ={z 2" =~ 2} C C,

va

gp(u, xk) < @(ua PC'(U))v Vk, (2.1)
thi o(Pc(u), %) — 0 khi k — oo.

Bo6 dé 2.3. Gid si ring song ham f théa man dieu kien (Ay), (A3). Néu
{2¥}y € C la day bi chan, B> pr > o > 0 va {y*} la day théa man
. 1
y" = argmin {f(ﬂf’“,y) + Z—pkw(svk,y) Ly € C},

thi {y*} la day bi chan.

Bay gid, chiing t6i dé xuat mot thuat toan dé gidi bai toan can bang khong
don diéu trong khong gian Banach thuc nhu sau.
Thuat toan 2.1

Budc khdi tao. Chon 2° = 29 € C va cac tham s6 1, € (0,1), 0 < o <
pr < B. bat By = C.

Budc lap thit k (k= 0,1,2,...). C6 2* ta thuc hién cac budc sau:

Bude 1. Tinh
1

ko : k Lk
Y —argmm{f(x Y) + kaw(x Y)Y € C}-

Néu y* = 2%, thi ding thuat toan. Trai lai, chuyén sang Budc 2.
Budc 2. Thic hién mot trong bon quy tac tim kiém theo tia sau:
Quy tac tim kiém theo tia 1: Tim m; la s6 nguyén duong nhé
nhat m sao cho

Zk,m — (1 _ Um)l'k + nmyk

FERm k) — fPmyh) > (et yb).
Dit ny, = n™, 28 = ZFme

Quy tic tim kiém theo tia 2: Tim my 14 s6 nguyén duong nhd
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nhat m sao cho
Zk,m — (1 _ nm)xk + nmyk

bt —yt) = et yt) véi gt € Oof (25, ).

<g — 2pk

k k,mk

Dit ny, = ™, 2 = b, gt = ghme,

Quy tac tim kiém theo tia 3: Tim m; 1a s6 nguyén duong nhd
nhat m sao cho
Zkz,m — (1 o nm)xk + nmyk‘
k k k .k
FEE YY) < —gh-p(at, yr).
Dit gy, = n™*, 2k = Zhme
Quy tac tim kiém theo tia 4: Tim m; la s6 nguyén duong nhé
nhat m sao cho
Zk,m — (1 . 77m)mk + nmyk
kom .k kom .,k ko, k k o,k
f(Z ,m)x )—f(Z ,m’y )—|—f(l' 'Y ) > _ﬁgp('x Y )
Dit gy, = n™*, 28 = ZFme

Bude 3. Chon w* € Oy f (2%, 2%). Tinh
u" = P, (aF),

trong do
Cr,=Cn Hg,
Hy={z € E: (w" z—2a" + f(F 2F) <0l
Budc 4. Tinh

xk—i—l — PBk+1 (SIL’g),

trong d6 Byi1 = {x € By : p(uf, x) < p(a® x)} va quay vé Budc
lap thit k voi k duge thay béi k + 1.

B6 dé sau dua ra két luan vé tinh ding din clia céc quy tic tim kiém theo

tia trong thuat toan trén.
B6 dé 2.4. Tai moi budc lap thi k, néu y* # z* thi ta co:

(i) Quy tac tim kiém theo tia 1, 2, 3 va 4 la xdc dinh tot;
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(ii) f(2F,2%) > 0.

Dinh 1y sau day thiét lap sy hoi tu manh cta day {z*} t6i mot nghiem
clia bai toan can bang EP(C, f).
Dinh 1y 2.1. Gid st rang tap Sy khdc rong. Khi dé, vdi cac gid thiét (Ay) —

(A3), cdc day {z*} va {u*} sinh bdi Thudt todn 2.1 hoi tu manh tdi mot
nghiém x* cia bai toan EP(C, f).
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Chuong 3

Phuong phap chiéu kiéu thich nghi

e P e

giai bai toan can bang khong don

diéu

Céc phuong phéap giai bai toan can bang EP(C, f) thuong doi héi tinh
10i theo bién thit hai va tinh don diéu ho#ic don diéu suy rong ciia song ham
f. Tinh dén nay, da c6 mot sd két qua dat duge cho 16p bai toan can bang
16i va don diéu nay. Gan day, mot s6 tac gid da xay dung thuat toan két hop
gitta phuong phap chiéu thu hep va quy tic tim kiém theo tia dé giai bai
toan can bing va bai toan bat ding thiic bién phan khong don diéu nhu cong
trinh cia céc téc gia B.V. Dinh va D.S. Kim [J. Comput. Appl. Math., 302
(2016), 106-117] hay cong trinh ctia tac gid J.J. Strodiot cuing céc cong su [J.
Glob. Optim., 64 (2016), 159-178]. Tuy nhién, tai mdi budc lap thi k + 1 deé
tim 2!, ta can phai thuc hien mot phép chiéu thu hep trén tap rang buoc
14 giao clia tap rang buoc tht k& v6i mot nita khong gian. Diéu nay dan t6i
chi phi tinh toan 16n, dic biet khi s6 chiéu khong gian tang lén. Vi vay, trong
chuong nay, ching toi dé xuat cac thuat toan st dung mot kiéu chiéu thu
hep dac biet d6 1a phuong phap chiéu kieu thich nghi, dé giai bai toan khong
don diéu trong khong gian Euclide R™. Chuong nay gom hai muc, muc thi
nhat danh cho bai todn bat dang thic bién phan, muc thi hai danh cho bai
toan tong quéat hon la bai todn can bing.

No6i dung chinh ctia chuong nay da duge cong bo trong hai bai bao [CT2]

va [CT3] thuoc Danh muc cic cong trinh lién quan dén Luan an.
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3.1 Bai toan bat dang thiic bién phan

3.1.1 MGdé dau

Trong khong gian Euclid R", xét tich trong (-,-) va chuan tuong tng || - ||.
Gia st C' 1a tap con 16i, dong, khéac rdng trong R" va ' : C — R" 1a ham
lien tuc. Ta xét bai toan bat dang thiic bién phan VIP(C, F') va bai todn bat
déng thitc bién phan Minty MVIP(C, F) Ta da biét r?mg Suvip C Syrp
néu F' 1a liéen tuc tréen C, va Syrp C Syvrp néu F' 1A gid don diéu trén C.
C6 rat nhieu phuong phéap giai bai toan bat dang thitc bién phan va mot

trong nhitng phuong phap dong vai tro quan trong dé la phuong phap dao
ham tang cuong (hay con goi 1a phuong phéap chiéu kép). Phuong phap nay
duge de xuat bdi tac gia G.M. Korpelevich [Matekon., 12 (1976), 747-756]
nhu sau

2’ e C,

y" = Pe(a® — AF (%)),

oMt = Po(ah — AF(y")),

trong d6 Pc 1a phép chiéu len C' va A € (0, 7) (L he sb Lipschitz clia dnh
xa F'). Trong cong trinh nay, tac gid da ching minh rang day {xk} sinh bdi
thuat toan trén hoi tu t6i mot nghiem cia bai toan VIP(C, F') véi gid thiét
chinh vé tinh gia don diéu va Lipschitz ctia anh xa F trén C. Dé tim dudc
day {x*}, ta phai thuc hién hai lan chiéu trén O, do dai buée A phu thuoc

vao he sb Lipschitz L. Néu hé s6 L nay 16n, thi do dai buéc A nhé va zF+!

F+1 khong cai tién duge nhiéu so véi

rat gan 2, tic la sau mdi budce lap,
2¥. Nhu vay, trong trudng hop nay va cd trudng hop khi 4nh xa gia F khong
lien tuc Lipschitz hay hé s6 Lipschitz khong biét, khé wéc luong, thuat toan
ctia tac gia G.M. Korpelevich sé kém hiéu qua khi ap dung truc tiép. Dé khac
phuc han ché nay, cac tac gia M.V. Solodov va B.F. Svaiter [STAM J. Control
Optim., 37(3) (1999), 765-776] da dé xuat thuat toan sau:

Thuat toan Solodov-Svaiter. Chon 2V € C va hai tham s6 v € (0,1) va
o € (0,1). C6 2*, tinh 7(2¥) = 2F — Po(a* — F(2)). Néu r(2F) = 0, thi
dung thuat toan. Trai lai, tinh

=t — (e,
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trong do6 n, = ", v6i my, 1a s6 nguyén khong am nhé nhat m théa man
(F(a® = ~mr(@")), r(@") = olr@@®)]*.

Tinh

xk—i—l _ PCﬂHk (.%’k),

trong do
Hy = {z e R", (F(z"),z — ") < 0}.

Céc tac gia da chi ra ring day {z*} sinh béi thuat toén trén hoi tu t6i mot
nghiém ctia bai toan VIP(C, F') néu anh xa gia F la gia don di¢u tréen C' va
tap nghiem Sy7p # 0. Bude 1 clia thuat toan nay tinh r(2%) vé co ban ciing
giéng nhu bude 1 ctia thuat toan dao ham ting cudng la tinh y*. Diém khac
nhau chinh ctia hai thuat toan la trong thuat toan dao ham tang cuong, do
dai buée A phu thuoc vao he s6 Lipschitz L ctia F, con thuat toan trén do dai
budc ny tim duge bang cach thic hien mot quy tic tim kiém theo tia. Nhu
vay, wu diém ciia thuat toan nay la khong can dén gia thiét ve tinh Lipschitz
cia anh xa gia F, nhung van c6 nhuge diém 1a can dén tinh gia don diéu cta
F tren C. Chinh vi vay, cac tac gid M.L. Ye va Y.R. He [Comput. Optim.
Appl., 60 (2015), 141-150] d& dé xuadt mot thuat toan chiéu thu hep két hop
v6i quy tac tim kiém theo tia nhu sau:

Thuat toan YH

Budc khdi tao. Chon 2° € C va cic tham s6 0, € (0,1).

Budc lip k (k= 0,1,...). C6 2* ta thyc hien cac bude sau.
Budc 1. Tinh r(2%) = 2% — Po(2F — F(2%)). Néu r(2*) = 0 thi dimng
thuat toan. Trai lai, thyc hién Buée 2.
Budc 2. Tinh 2% = 2% — npr(2¥), trong dé n = ™, v6i my, 1a sb
nguyén khong am nhoé nhat théa man:

(F(z%) = F(z* —4™r(@")),r(@") < ollr(2")]

Bude 3. Tinh 2! = P g (), | |
trong d6 Hj, := ﬂ;j&Hj voi Hj = {v: (F(2’),v—27) <0},
va quay lai Budc ldp k voi k duge thay béi k + 1.
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Cac tac gia M.L. Ye va Y.R. He da chi ra ring néu F' la lién tuc va
Syvip # 0 thi day {2} sinh béi thuat toan trén hoi tu t6i mot nghiem ciia
bai toan VIP(C, F'). Mot wu diém ctia phuong phap nay 1a ta ap dung dugc
dé tim nghiém ctia bai todn bat dang thiic bién phan khong don diéu. Tuy
nhien, tai mdi bude lap thit k + 1 dé tim 2!, ta can phai gidi bai toan tbi
uu ma tap rang budc la giao cia tap rang budc thi k véi nita khong gian Hy,.
Diéu nay dan té6i chi phi tinh toan 16n, dic biet khi s6 chiéu khong gian tang
len. Vay lidu c6 mot thuat toan giai bai toan bat dang thic bién phan khong
don dieu ma khong diing phuong phap chiéu thu hep nay hay khong? Dé tra
16i cho cau héi nay, ching to6i dé xuat sita doi Thuat toan Solodov-Svaiter
sang mot thuat toan mdi giadi VIP(C, F') va dap ting dugc hai diéu kién trén.
Dac biét, ching toi xét ca hai truong hop khi F' khong 1a Lipschitz, do dai
buée tim duge bang cach thuc hién quy tac tim kiém theo tia, va truong hop
F' 1a Lipschitz v6i he s6 L, do dai budce dude chi ro6 va phu thuoc vao L.

3.1.2 Mot sd thuat toan chiéu kiéu thich nghi giai bai toan bat ding thiic
bién phan khéng don diéu

Thuat toan 3.1

Budc khdi tao. Chon 2° € C va hai tham s6 n € (0,1) va o € (0,1),
k= 0.
Budc lap k(k =0,1,2,...). Cé6 2¥ ta thuyc hién cac bude sau.
Budc 1. Tinh r(2%) = 2% — Po(2* — F(2%)). Néu r(2%) = 0, thi dimng
thuat toan. Trai lai, thyc hién Buée 2.

Budc 2. Tim my, 1a sd nguyen duong nhé nhat m sao cho

(F(z" —n™r(2")),r(a")) > of|r(z")|>. (3.1)
2=k — nkr(xk),
V6l n = Nk,
Bude 3. Tinh
S ng(xk), (3.2)
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trong do
Cr=CnNH,,
t, € argmax{d(z*, H;) : 0 < j < k},
Hj={r € R": (F(!),r — 27) <0},
va quay ve Budc lap k v6i k duge thay béi k + 1.

Nhan xét 3.1. Diém khdc nhau chi yéu gita Thudt todn 3.1 va Thuat todn
Solodov-Svaiter nam trong Budc 3. Véi Thuat toan 3.1, ¥ duoc chiéu trén
CNHy, trong dé Hy, dugc chon ti tap {Hy, Ho, ..., Hy} sao cho d(z*, Hy,) =
max{d(z*, H;) : 0 < j < k}. Trong khi dé, vdi thudt todn Solodov-Svaiter,
x* duge chiéu tren CNHy. Dinh ly dudi day chi ra rang Thudt todn 3.1 khong
chi dp dung dugc cho ldp bai todn bat dang thic bién phan gid don diéu ma
con dugc s dung ca trong truong hop khong don diéu.
Dinh 1y 3.1. Gid st rang dnh za F la lién tuc va tap nghiém cia bai todn
Minty Syrvip la khdc rong. Khi do, day {x*} sinh bdi Thuat toin 3.1 hoi tu
tdi mot nghiem x* cia bai toan VIP(C, F').

Véi méi p > 0, bai toan bat dang thitc bién phan VIP(C, F') tuong duong
v6i bai toan sau

(nF(z),y —x) >0, Vy € C.

Béng cach dat r(x, u) = v — Po(z — pF(x)), ching toi dé xuat thuat toan
saul.
Thuat toan 3.2

Buée khdi tao. Chon 2 € C va boén tham s6 n_1 > 0, 7,0 € (0,1),6 >

1.

Budce lap k (k=0,2,...). C6 2¥ ta thue hién cac bude sau:
Budc 1. Tinh r(2%, pup) = 2% — Po(2¥ — e F(2%)), trong d6 py :=
min{fn;._1, 1}. Néu r(2*, pz) = 0 thi ding thuat toan. Trai lai, thuc
hién Buéce 2.

Budce 2. Tim my, 1a sd nguyen duong nhé nhat m sao cho

(P (2" =" e (2, ) (2%, o)) = i\lff’(fﬂk,uk)HQ- (3:3)

k

Dt 1y, == " g va 2t = 2t — (2, ).
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Budc 3. Tinh
2 = Fe, (xk)v (3.4)
trong do
Ck; == C N Htk;
ty, € argmax{d(z", H;) : 0 < j < k};
H;={r €R": (F('),r — 27} <0},
va quay lai Budc ldp k voi k duge thay béi k + 1.

Dinh 1y sau cho ta sy hoi tu cia Thuat toan 3.2.

Dinh 1y 3.2. Gid s anh za gia F' la lién tuc va tap nghiém cia bai todn bat
ding thic bién phan Minty Syrvip la khdc rong. Khi do, day {x*} sinh bdi
Thuat todn 3.2 hoi tu tdi mot nghiém cia bai toan VIP(C, F).

Mot wu diém ctia Thuat toan 3.1 va Thuat toan 3.2 1a ¢6 thé ap dung dugc
cho bai toan bat ding thitc bién phan ma anh xa gia F' la khong don dieu va
khong thoa man diéu kién Lipschitz. Tuy nhién, trong Budc 2 cia cac thuat
toan nay, ching ta phai thuc hién quy tic tim kiém theo tia dé xac dinh do
dai bude. Diéu nay dan dén chi phi tinh toan 16n, dac biét khi s6 chiéu n 16n
va I c6 cau tric phiic tap. Vi vay, chiing toi dé xuat mot thuat toan ma quy
tac tim kiém theo tia nay cé thé loai bé dugc néu anh xa gia F' thoa méan

diéu kien Lipschitz nhu sau.
Thuat toan 3.3

Bude khdi tao. Chon 2° € C va céc tham s6 o € (0,1),0 < X < 1_TU
Budc lap k (k=10,1,...). C6 2¥ ta thuc hien cic budc sau.
Budec 1. Tinh r(2%) = 2% — Po(2F — F(2%)). Néu r(2*) = 0 thi dimng
thuat toan. Trai lai, thyc hién Buéce 2.
Budce 2. Tinh
P = b — (),
Mt = PCk (xk)a (3'5)

trong do,

Ck :CﬂHtk,
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ty € argmax{d(z* H;) : 0 < j < k},
Hi={x eR": (F()),x — ') <0},
va quay lai Budc lap k v6i k duge thay béi k + 1.

Bay gio, ching ta di dén dinh 1y sau day vé sy hoi tu ciia Thuat toan 3.3.
Dinh 1y 3.3. Gid su F la lién tuc Lipschitz vdi hé s6 L trén C' va tap nghiém
Syvip cia bai todn MVIP(C, F) la khac rong. Khi do, day {x*} sinh bdi
Thuat todn 3.3 hoi tu tdi mot nghiém cia bai toan VIP(C, F).

3.2 Bai toan can bang

3.2.1 MG3G dau

Gia st € 1a mot tap con 16i md trong R™ va chita mot tap 16i dong khac rdng
C,va f:QxQ — R lasong ham thoa man f(z,x) = 0 véi moi = € C.
Chung to6i bat dau phan nay bang viéc nhic lai mot thuat toan chiéu (ky hieu
la Thuat toan SVN) giai bai toan can bang khong don dieu duge dé xuat bdi
nhém téac gia J. Strodiot [J. Glob. Optim., 64 (2016), 159-178] (ciing nhu cia
cac tac gia B.V. Dinh va D.S. Kim [J. Comput. Appl. Math., 302 (2016),
106-117)).

Thuat toan SVN.

Bude khdi tao. Lay 2° € C, chon cac tham s6 € (0,1), p > 0.
Budc lap k (k=0,1,2,...). C6 2 ta thuc hién cac budc sau:
Budce 1. Tinh
. 1
' = argmin{ f(z*,y) + olly — |1y € O
Néu yk = xk, thi dung thuat toan va ¥ 13 mot nghiém cua bai toan
EP(C, f). Trai lai, chuyén sang Budc 2.
Bude 2. St dung mot trong hai quy tac tim kiém theo tia sau:

Quy tac tim kiém theo tia 1: Tim m; la s6 nguyen duong nhé

nhat m sao cho
Zl@m — (1 . nm)xk + nmyk

f(zk7maxk) - f(zk7m7yk) Z %ka - yk”2
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Dit gy, = ™, 2k = ZFme

Quy tac tim kiém theo tia 2: Tim my 14 s6 nguyén duong nhd

nhat m sao cho
Zk‘,m — (1 - ﬁm)ZCk + nmyk
FEm ak) — f(R g + faf yh) = =t =yt

Dat n, = 0™, 28 = R,

Bude 3. Chon
wk S a?f(zka Zk):

H,={z e R": (w* z— 2" <0}.

Tinh
o = Pck(xk), (3.6)

trong do
Ck; — ﬂfzo[c ﬂ HZ],

va quay ve Budc lap k v6i k duge thay béi k + 1.

Nhoém céac tac gia J.J. Strodiot da chi ra rang véi gid thiét vé tinh 16i va tinh
lién tuc cta song ham f, tinh khac rong cua tap nghiém bai toan Minty Sy,
day {2*} sinh béi Thuat toan SVN hoi tu t6i mot nghiem ciia bai toan can
biang EP(C, f). Uu diém clia thuat toan nay la giip tim nghiém ctia bai toan
can bang ma khong can dén giad thiét vé tinh lien tuc clia song ham f. Tuy
nhién, ciing nhu trong truong hop bat dang thiic bién phan ¢ muc trude, tai
moi bude lap, ta phai gidi mot bai toan t6i wu trén tap rang buoc 1a giao
clia tap rang buoc ¢ bude trude va mot sieu phang (chinh Ia thyc hién phép
chiéu thu hep). Diéu nay dan dén chi phi tinh toan 16n, dac biet khi sé chicu
khong gian tang lén. Thém vao dé, trong thuat toan SVN, cac tac gia su
dung quy tic tim kiém theo tia dé tim do dai buée. Tuy nhién, trong trudng
hop khi song ham f théa man dicu kién kiéu Lipschitz hay f c6 cau tric
phtc tap, thi viéc thyc hién quy tac tim kiém theo tia gap khé kh#n ciling
nhu chi phi tinh toan 16n. Do d6 chiing ta kho c6 thé 4p dung dugc thuat
toan SVN trong nhiing truong hgp nay. Chinh vi vay, ching toi dé xuat sta
ddi Thuat toan SVN thanh mot thuat toan méi giai EP(C, f) ma khong can
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stt dung phép chiéu thu hep ciing nhu gia thiét vé tinh don diéu ctia f trong
ba trudng hop: f khong théa man diéu kieén kiéu Lipschitz, f théa man diéu
kién kiéu Lipschitz va hé sé Lipschitz uéc lugng dude hodc khong uwée lugng
dugc.

3.2.2 Mot s6 thuat toan chiéu kiéu thich nghi giai bai toan can bing khong

don diéu

Trong phan nay, ching toi gid thiét f : Q x @ — R 1a mot song ham can

bang théa man cac diéu kién sau:
(B1) f(z,.) 1a1oi va kha dudi vi phan tren C' v6i moi x € C
(B2) f(-,-) la lien tuc trén € x €;
(Bs) f(-,-) thda man diéu kien kiéu Lipschitz trén C' v6i he 86 ¢q, co > 0, tifc
la
flay) + fly,2) > f(z,2) —alle —yl* = cally — 2", Vao,y,2€ C.

Bay gig, chung toi xét bai toan EP(C, f) trong d6, C' 1a mot tap 16i dong
khac réng duge chita trong mot tap 1oi mé Q C R va f : Q x Q — R 1a
song ham can bang. Gia sit G' 1a ham kha vi lién tuc va 16i manh trén C vdi

hé s6 7 > 0.
Thuat toan 3.4

Budc khdi tao. Lay 2° € C, chon cac tham s6 1, u € (0,1), p > 0 va dat
Cy=C.

Budc lap k (k= 0,1,2,...). C6 2* ta thuc hién cac budc sau:
Budc 1. Tinh

Jf = argmin {0, )+= [6(0)=G(a")~(V6(")y—a")] 1y € C}.

Néu f(a*, ")+ 1[G (y") — G(z") = (VG(a"), 4 —2*)] > 0, thi dimg
thuat toan va 2* 1a mot nghiem ciia bai toan EP(C, f). Trai lai, thuc

hién Buée 2.
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Budc 2. Thie hién mot trong hai quy téac tim kiém theo tia sau:
Quy tac tim kiém theo tia 1: Tim m; la s6 nguyén duong nhé
nhat m sao cho
Zk,m — (1 o T]m)l'k + nmyk
F(Rm, 2%) = F(, ) 2 G - Glab) — (VG(ab), g — o).
(3.7)
Dit ny, = n™, 28 = ZFme,

Quy tac tim kiém theo tia 2: Tim m; la s6 nguyén duong nhé

nhat m sao cho
Zk,m — (1 _ T]m)l’k 4 nmyk

Flhm 2¥) = Fm ) + Flat0h) 2 ~E[G(F) - Ga) - (VG(). o - ah)

(3.8)
Dit gy, = n™, 28 = Zhme
Bude 8. Chon
wh e 02f(zk,xk),
Hyp={z e R": (wF o — 2% + f(zF, 2*) <0}.
Tinh
o = P (2F), (3.9)

trong do

Cr =CnN Hy,
ty € argmax{d(z"*, H;): 0 < j <k},

va quay ve Budc lip k v6i k duge thay béi k + 1.

Dinh ly 3.4. Gid st rang f théa man hai dieu kien (By), (Bs), G la ham
khd vi lién tuc va 10i manh tréen C vdi hé s6 7 > 0, va tdp nghiém Sy la
khdc rong. Khi dé, day {a*} sinh bdi Thudt toan 3.4 hoi tu tdi mot nghiém
x* cua bai toan EP(C, f).
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Mot wu diem ctia Thuat toan 3.4 14 ap dung dé giai dudgc cho bai toan can
bang khong don diéu va khong Lipschitz ma khong can stt dung phuong phap
chiéu thu hep. Tuy nhién, trong Budc 2 clia thuat toan nay, ching ta can
phai thuc hien mot quy tic tim kiém theo tia dé xéc dinh do dai budc. Diéu
nay dan dén chi phi tinh toan 16n, dac biét khi s6 chiéu khong gian n 16n va
f ¢6 cau tric phiic tap. Do d6, ching toi dé xuat thuat toan sau 4p dung khi
song ham f théa méan thém mot gia thiét 1a dieu kien kiéu Lipschitz véi hai
hing s6 ¢; va co. Khi d6, quy tac tim kiém theo tia trong Buée 2 ctia Thuat
toan 3.4 c6 thé duge loai bé.

Thuat toan 3.5

Buéc khdi tgo. Lay 2° € C, chon cac tham s6 u € (0,1) va p, A sao
choo<p<M,O<>\§ m,h0300<p<%,0<>\§

\/ﬂpz Dit Cy = C. p
Budc lap k (k=0,1,2,...). C6 2* thie hién céc bude sau:
Budce 1. Tinh
yf = argmin {0, )+= [6(0)=G(a")~(V6(").y—a")] 1y € C}.

Néu f(a%,y") + J[G(y*) — G(a*) — (VG(2"),y* — 2")] = 0, thi

ditng thuat toan va x* la mot nghiem ctia bai toan EP(C, f). Trai
lai, chuyén sang Budc 2.
Bude 2. Tinh 2% = (1 — \)a* + M\y”.
Bude 3. Chon w* € Oy f (2, 2%). Dat
H, = {z € R": (wF x — 2F) + f(2F ") <0}.
Tinh
karl — Pck(xk:)7

trong do
Ck - C M Htk;

ty € argmax{d(z*, H;) : 0 < j < k},

va quay ve Budc lap k v6i k duge thay béi k + 1.
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Chung t6i da chiing minh duge sy hoi tu ctia Thuat toan 3.5 trong noi dung
dinh ly sau.

Dinh 1y 3.5. Gid st song ham f théa man cdc gid thiét (By) - (Bs) (vdi cdc
hang so ci,cy da wdc dinh duoc), ¢ la mot ham khd vi lién tuc va loi manh
vdi hé s6 T > 0 va Sy la khdc rong. Khi dé, day {x*} sinh bdi Thuat todn
3.5 hoi tu tdi mot nghiem x* cia bai toan EP(C, f).

Uu diém ctia Thuat toan 3.5 1 ta c6 thé ap dung cho mot 16p cac bai toan
can bang khong don diéu va thoa méan diéu kien kiéu Lipschitz, ma khong
can thuc hién quy téc tim kiém theo tia dé tim do dai buéc. Tuy nhién, do
dai budc nay ty 1é nghich véi L trong d6 ¢ = max{ci, co}, vi vay, khi he s6
kiéu Lipschitz ctia f 1& 16n thi do dai buéc nhd va thuat toan c6 thé cham.
Do d6, khi hé s6 ¢ ctia f 1a chua biét hosic 1a 16n, thi ching toi dé xuat mot
thuat toan c6 do dai budc khong phu thuoc vao hé s6 Lipschitz ctia f nhu
sau.

Thuat toan 3.6

Budc khdi tao. Lay 71, 2°,y" € C. Chon céc tham s6 nhu sau p > 0,

0 € (0,5), A1 € (0,00). Lay {8;} C (0,00) la mot day khong tang
thdéa man limi_m 51 = 0. Dévit CO =Cvai=k=0.

Budc lap k (k=0,1,2,...). C6 2¥,y*, \; ta thuc hién cac bude sau:
Budc 1. Lay w* € 0o f (y¥, o). Dat
Hy = {z € R": (w* x — 2" + f(3*, 2") <0}.

Tinh
xk—l—l — PCk(xk)y

trong do
Ck - C N Htka

ty € argmax{d(s* H;): 0 < j < k}.

Bude 2. Néu

N D

)‘k’fl <f(xk_17$k) - f(xk_17yk) - f(ykawk)) < (ka_l - ykuz + Hyk - kaQ)
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thi dat Ay = \p_1 ngugc lai dat i =i+ 1 va A\, = ¢;. Tinh
. 1
y"*! = argmin {Akf(wk,y) + ;[G(y) — G(a") = (VG(ah),y —aF)] 1y € C}-

Néu y**+1 = zF thi dimg thuat toan va z* 14 mot nghiém ctia bai toan
EP(C, f). Trai lai, chuyén sang Budc lap k véi k duge thay béi k + 1.

Sau day, ching toi trinh bay két qua hoi tu cho Thuat toan 3.6 thong qua

noi dung cia dinh 1y sau.

Dinh ly 3.6. Gid st song ham cdan bing [ théa man cac dieu kien (By) -
(B3) (vdi hdang so ¢y, co chua biét), G la mot ham khd vi lién tuc va loi manh
vdi hé s6 T > 0 va tap nghiém Sy la khdc rong. Khi dé, day {z*} sinh bdi
Thuat todn 3.6 hoi tu téi mot nghiém x* cia bai todn can bang EP(C, f).

Trong truong hop, néu f(x,y) = (F(z),y — x), véi F : @ — R” la ham
lien tuc Lipschitz v6i hé s6 L, thi ching toi dé xuat thuat toan méi sau dé
giai bai toan bat dang thiic bién phan khong don diéu va théa man diéu kien
Lipschitz, trong d6 hang s6 Lipschitz chua biét, ma khong can st dung quy
tdc tim kiém theo tia dé tim do dai budc.

Thuat toan 3.7

Budc khdi tao. Lay o1, 2%, y" € C. Chon cac tham s6 p > 0, 0 €
(0,35); A-1 € (0,00). Chon {4;} C (0,00) la diy khong tang thoa man
limi_m 52 = 0. Dét C() = C, vai=Fk =0.

Budc lap k (k=0,1,2,...). C6 2¥,y*, \; ta thuc hién cac bude sau:

Buoc 1. Dat
Hy, = {z € R": (F(y"),2 —y") < 0}.
Tinh
$k+1 — PCk(xk)y
trong do

Ck - CﬂHtk,
ty € argmax{d(z* H;): 0 < j < k}.
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Bude 2. Néu A1 (F (21 — F(yF), aF — y*) < 4(J|2%1 — o*)> +
[yF — 2%||?) thi dat A, = Ap_; nguoce lai dat ¢ = i + 1 va A, = 6.
Tinh

Y = Po(a" — pAeF(aY).

Néu y*™! = 2% thi dimg thuat toan va 2* 1a mot nghiem ctia bai
toan VIP(C, F). Ngudc lai, chuyén sang Budc lap k v6i k duge thay
béi k + 1.

Hé qua 3.1. Gid s F la lien tuc Lipschitz vdi hé so L trén Q0 (vdi hang
so Lipschitz L chua biét), va tap nghiém cia bai toan MVIP(C, F) la khac
rong. Khi do, day {o*} sinh bdi Thuat todn 3.7 hoi tu tdi mot nghiem ciia
bai toan VIP(C, F).
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Két luan va kién nghi

1. Két qua dat dudc
Trong luan an nay, ching toi tap trung nghién citu phuong phap giai bai
toan can bing va bai toan bat déng thic bién phan khong don diéu. Luan

an da dat dudc mot s6 két qua sau:

o Xay dung duoc Thudt todn 2.1 bang cdch két hop phuong phap chiéu thu
hep va cac kiéu quy tdc tim kiém theo tia tuong dng dé gidi bai todn can
bang ma song ham la khong don diéu trong khong gian Banach. Chiing
manh dugc day lap sinh boi thudt todan do hot tu manh tor nghiém ciua bai
todn can bang (Dinh ly 2.1).

o Xay dung dudgc hai Thuat todn 3.1 va 3.2 dé gidi bai todn bat ding thic
bién phan VIP(C, F) khong don diéu trong khong gian Euclid R™. Trong
truong hop dnh za gid F théa man thém diéu kién Lipschitz, ching toi
chi can st dung phuong phdp chiéu kiéu thich nghi, ma khong can thuc
hién quy tdc tim kiém theo tia. Diéeu nay dudc chi ra trong Thudt todn
3.3. Chiung tot cung da ching minh dugc day lap sinh boi cac thuat toan
trén hoi tu tdi nghiém cia bai todn dang zét (Dinh ly 3.1, 3.2, 3.3).

e Xay dung dugc Thuat todn 3.4 dé gidi bai todn can bing EP(C, f) khong
don diéu trong khong gian FEuclid R"™. Trong truong hop song ham f théa
man them diéu kién kiéu Lipschitz, ching toi dé zudt thém hai Thudt
todn 3.5 va 3.6 ma khong can dung dén quy tdc tim kiém theo tia. Ching
tor cung ching minh dugc day lap sinh boi cac thudt toan trén hot tu toi
nghiém cta bai todn dang xét (Dinh ly 3.4, 3.5, 3.0).
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2. Mot s6 huwéng nghién citu tiép theo
Bén canh nhitng két qua da dat dudc trong luan an, trong thoi gian tdéi

ching toi dir dinh sé nghién ctu cac van dé sau:

o Xay dung mot so thuat todn chiéu kiéu thich nghi gidi bai todn can bing

khong don diéu trong khong gian Hilbert.

e Xay dung thudt todn gidi bai todn can bang tdch, bai todn can bang hai

cap khong don diéu.

e Nghién citu dé zuat thudat todn hoi tu yéu tdi nghiém ciua day ldp cho bai

toan can bang khong don diéu trong khong gian Banach.
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