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MO PAU

1. Lich sit van dé va Iy do chon deé tai

Bai toan can bang (Equilibrium problem), theo cach goi clia cac tac gia
L.D. Muu va W. Oettli [Nonlinear Anal. TMA., 18 (1992), 1159-1166], E.
Blum va W. Oettli [Math. Student, 63 (1994), 127-149], xuat hién lan dau
trong cong trinh ctia Nikaido - Isoda [Pac. J. Math., 5 (1955), 807-815] khi
tong quat hoa bai toan can bing Nash trong 1y thuyét tro choi khong hop
tac, n6 ciing dudc phat bicu dusi dang bat dang thitc minimax bdéi K. Fan
[Academic Press, (1972), 103-113], d6 1a bai todn EP(C, f) dugc phat biéu
duéi dang:

Tim 2* € C sao cho f(x*,y) >0, Yy € C,

4 do C la mot tap 10i, dong trong khong gian Hilbert H, f : C' x C' —
R U {400} la mot song ham can bang tréen C, tic la f(x,z) = 0 Vx € C.
Ta ki hiéu tap nghiém cia EP(C, f) la Sol(C, f).

Céc phuong phap gii bai toan can bang EP(C, f) thudng doi hoi tinh 16i
clia song ham theo bién thit hai va tinh don diéu hoac don diéu suy rong ciia
f, tinh dén nay da c6 mot s6 thuat toan khé hieu qua dé giai bai toan nay,
nhat 1a khi f 1a don diéu manh ho#c gid don diéu manh. Gan day mot so tac
gia B.V. Dinh va D.S. Kim [J. Comput. Appl. math., 302 (2016), 537-553],
J.J. Strodiot et al. [J. Global Optim., 64 (2016), 159-178] d& md rong thuat
toan kiéu chiéu giai bai toan bat dang thitc bién phan khong don diéu cho
bai toan can bang khong don dieu. Tuy nhién cac két qua con chua nhiéu.
Mit khéac, nhiéu bai toan can bang ndy sinh trong kinh té c6 song ham la
khong don diéu nén trong luan 4n nay, ching toi tiép tuc tap trung nghién
ctitu, xay dung mot s6 thuat toAn mdi gidi bai toan can bang ma song ham la

khong don diéu.



Cung v6i viéc nghién ctu, xay dung cac phuong phap giai bai toan can
bang, gan day nhiéu tac gid da quan tam dén viéc tim nghiém chung clia mot
ho cac bai toan can bang. Gia st f; : C x C — R, i € I, 1a cac song ham
xac dinh tren C, I 1a tap cac chi s6 hitu han hoic dém duge. Bai toan tim

nghiém chung ctia ho cac bai toan can bang 1a bai toan:
Tim z* € C sao cho fi(z*,y) >0, Vy € Cva Vi€ I,
Gia st o € (0,1), sao cho .., a; = 1, x6t bai todn can bang t6 hop:

Tim z* € C sao cho Zozifi(x*,y) >0,Vy € C. CEP
i€l
Ky hiéu tap nghiém ctia bai toan can bang to hop 14 Sol(C, Y ier Qifi).
Gan day, cac tac gid S. Suwannaut, A. Kangtunyakarn [Fixed Point The-
ory Appl., (2013), 291:26] da khang dinh ring khi tap chi s6 I 1a hitu han,
tic 1a [ ={1,2,..., N}, cdc song ham f;,i € I 1a don diéu va théa man mot
sO gia thiét cho trude thi:

N
MLy Sol(C, fi) = Sol(C, >~ i fi). (1)

i=1
Dé xay dyng phuong phap gidi mot s6 bai toan lien quan dén nghiém chung
clia bai toan can bang don diéu, cac tac gia S.A. Khan et al. [Comput. Appl.
Math., 37 (5) (2018), 6283-6307], W. Khuangsatung va A. Kangtunyakarn
[Fixed Point Theory Appl., (2014), 2014:209], S. Suwannaut va A. Kang-
tunyakarn [Fixed Point Theory Appl., (2014), 167:26], S. Suwannaut va A.
Kangtunyakarn [Thai J. Math., 14 (2016), 77-97] da st dung dang thic (1)
nham chuyén bai todn clia ho vé bai toan lién quan dén bai todn can bang to
hop. Tuy nhién, trong luan an nay, ching toi sé chi ra rang gia thiét vé tinh
don diéu clia cac song ham f;,7 = 1,2,..., N la chua du dé hai tap nghiem
d6 bang nhau. Dong thoi, ching toi sé thiét lap mot diéu kien du dé dang

thic do la dang.

Ngoai van dé tim nghiém chung clia bai toan can bang va mot ho cac bai
toan can bang, gan day bai toan tim nghiém chung ctia bai toan can bang
va bai toan diém bat dong ciing 1a mot dé tai thu hdt su quan tam, nghien

cttu ctia nhieu nha khoa hoc trong va ngoai nuée. Mot s6 thuat toan dudc



dé xuat cho bai toan tim nghiém chung nay thuong dugc st dung phuong
phap dao ham tang cuong cho bai toan can bang, két hgp v6i phép lap Mann,
ho#ic phép lap Halpern cho anh xa diém bat dong. Trong luan 4n nay bing
cach két hop phuong phap dudi dao ham tang cuong véi phuong phap lap
Ishikawa, ching toi dé xuat mot thuat toan mdi giai bai toan tim nghiem
chung clia bai toan can bang vé6i song ham f 1a gid don diéu, thoéa man dieu
kién kiéu Lipschitz, nhung céc hing sé kiéu Lipschitz c6 thé la khong biét

trude, va bai toan diém bat dong clia anh xa tua khong gian.

2. Muc dich, d6i twong va pham vi nghién ciru

Trong luan an nay chiing t6i nghién cttu cac néi dung sau:

No6i dung 1. Xay dung phuong phap giai bai toan can bang vdi song
ham la khong don diéu.

Noi dung 2. Ching minh véi gia thiét cac song ham f;, i =1,2,..., N
la don dieu khong du dé tap nghiém ciia bai toan can bang to hop va
giao cac tap nghiém clia cac bai todn can bang bang nhau dong thoi

thiét lap mot diéu kien du dé hai tap nghiem d6 la bang nhau.

Noi dung 3. Xay dung thuat toan tim diém chung clia tap nghiem bai
toan can bang véi song ham 1a gid don diéu, théa man diéu kien kiéu

Lipschitz va tap céc diém bat dong ctia anh xa tua khong gian.

3. Phuong phap nghién ciu

o Dé gii bai toan can bing véi song ham 1a khong don diéu, ching toi
st dung phuong phéap chiéu nhting két hop véi phuong phap tim kiém
theo tia.

e Dé chi ra tap nghiém ciia bai toan can bang to hgp va giao ctia ho hitu
han cac tap nghiém céc bai toan can bang cé thé khong biang nhau véi
gid thiét cac song ham 1a don diéu, ching toi st dung phan vi du. Tiép
theo, ching toi stt dung cac cong cu ciia giai tich 16i dé chiing minh hai

tap nghiem dé bang nhau v6i mot s6 gia thiét thich hop.



e Chung toi st dung cac cong cu clia giai tich ham, gidi tich 16i, phuong
phap diém bat dong va 1y thuyét t6i wu dé xay dung thuat toan tim
nghiém chung ctia bai toan can bang vé6i song ham 1a gid don diéu, thoa
man diéu kien kiéu Lipschitz va bai toan diém bat dong clia anh xa tua

khong gian.

5. Két qua cua luan an
Luan an da dat dugc nhitng két qua chinh sau day:

o Dé zudt dudc mot so thudt todn gidi bai todn can bang vdi song ham
la khong don diéu, ching minh duge su hoi tu manh cia thudt todn dé

zuat.

o Chi ra duge tap nghiém cia bai todn can bing to hop va giao cdc tap
nghiém cia cdc bai todn can bang khong bang nhau khi cic song ham la
don diéu. Dong thoi thiét lap duoc diéu kién di dé hai tap nay la bang

nhau.

o Xay dung duogc thudt todn tim diém chung cta tap nghiém cia bai todn
can bang vdi song ham la gid don diéu, théa man diéu kién kiéu Lipschitz
khi cdc hing s6 va tip cic diém bat dong cia dnh va tua khong gidn,
ching minh su dude hoi tu manh cia thudt todn dé dén nghiém cia bai

todan ban dau.

6. Cau truc cua luin an

Luan an gom boén chuong.
Chuong 1: Mot s6 kién thitc chuan bi.
Chuong 2: Mot s6 thuat toan gidi bai toan can bang khong don dieu.
Chuong 3: Heé bai toan can bing va bai toan can bang to hgp.
Chuong 4: Mot thuat toan tim nghiém chung ctia bai toan can bang va bai

toan diém bat dong.



Chuong 1

MGt s6 kién thitc chuin bi

Trong chuong nay, ching toi nhic lai cAc khai niém ciing nhu cac két qua
b6 tro can thiét duge st dung & céc chuong sau.
1.1 Mot so khai niém va két qua cé ban

Muc nay trinh bay mot s6 khai niém co ban nhat lien quan dén tap 1oi,
ham 161, dao ham va dudi vi phan ciia ham 16i va cac két qua lién quan.
1.2 Bai toan can bang va su ton tai nghiém

Muc nay danh dé trinh bay vé bai toan can bing, cac truong hgp rieng
clia bai toan can bang va sy ton tai nghiém cla no.
1.3 Bai toan diém bat dong va mét so phuong phap tim diém

bat dong

Cac kién thtic co ban vé anh xa khong gian, anh xa tya khong gian,...,
bai toan diem bat dong va mot s6 phuong phap tim diém bat dong duge trinh

bay trong muc nay.



Chuong 2

Mot s6 thuat toan giai bai toan can biang khong don diéu

Trong chuong nay, ching toi nghién cttu mot s6 thuat toan giai bai toan
can bang ma song ham la khong don diéu trong khong gian Hilbert. Mai
thuat toan 1a sit két hop ciia phuong phap chiéu nhing va phuong phap tim
kiém theo tia.

Noi dung ctia Chuong 2 da dugce cong bo trong bai bao [CT1] thuoc Danh

muc cic cong trinh lien quan dén Luan an.

2.1 Thuit toan dao ham tiang cuong va phuong phap chiéu

nhung

Gid st Q C H 14 mot tap 16i mé chita tap 16i dong C va f : Q x Q — R
1a mot song ham can bang tren C. Xét bai toan can bang EP(C), f)

Tim " € C sao cho f(x*,y) >0, v6i moi y € C,

va bai toan lien két véi EP(C, f) duge goi 1a bai toan can bang Minty
MEP(C, /)
Tim y* € C sao cho f(x,y") <0 Ve € C.

Ta ky hiéu céc tap nghiém cta bai toan EP(C, f) va MEP(C), f) tuong ting
1a Sol(C, f) va Sy.

Trong muc ndy, ching toi nhic lai hai thuat toan, d6 1a thuat toan dao
ham tang cuong (D.Q. Tran et al. [Optimization, 57 (2008) 749-776]) va
phuong phap chiéu nhing (W. Takahashi et al. [J. Math. Anal. Appl., 341
(2008) 276-286]) ma chiing toi két hgp dé dua ra thuat toan giai bai toan can
bang khong don dieu.



2.2 MGt sb thuét toan giai bai toan can bang khong don diéu
Bang cach két hgp thuat toan dao ham ting cudng va phuong phap chiéu
nhing néi trén, ching toi dé xuat cac thuat toan méi dé giai bai todn can
bang trong khong gian Hilbert thiyc ma khong c6 gia thiét gid don diéu cia
song ham.
Dé dat dugc muc tieu do, ching toi gia sit song ham f théa man cac gia

thiét sau.
(B1) f(x,.)1a16i trén © véi moi x € C
(B3) f 1a lien tuc yéu dong thoi trén © x Q.

Duéi day la mot s6 thuat toan dudge dé xuat dé gidi bai toan can bing
khong don diéu trong khong gian Hilbert thuc H.
a. Thuat toan 2.1

Budc khéi tao. Chon 2° = 29 € C, chon céc tham s6 7, u € (0, 1),
0<p<p,{pet Clp, pls v € [1,7] C(0,2), vadat Cp = C.

Budc lap k (k=0,1,2,...). C6 x* ta thyc hién céc budc sau:

Bude 1. Gidi bai toan quy hoach 16i manh tim nghiém
, 1
zﬁza@mm{ﬂﬂﬂn+5;m—ﬂﬂftyGC}- CP(a")

Néu yk = gk , thi dung thuat toan. Trai lai, thuc hién Budc 2.
Bude 2. (Quy téc tim kiém tia Armijo thi nhat) Tim my 1a s6
nguyén duong nhé nhat m sao cho

A (L= )ty

(2.1)
f(Zk’ma xk) - f(zk‘,m’yk) Z ﬁ“xk - kaQ

Dat g, = 0™, 2F = ZFme,

Bude 3. Lay w* € Oof (2%, 2%) va tinh v* = Po(a® — yopw”),

trong do O = W



Budc 4. Tinh

R Pe,,, (29,
v6i Clq = {x € Cy : ||z — u¥|| < ||z — 2F||}, v quay vé Buéce
lap k vé6i k duce thay bdi k + 1.
Nhan xét 2.1. Néu y* = 2% thi 2% 1a mot nghiém ciia bai toan EP(C, f).

Dinh Iy sau day thiét lap sy hoi tu manh ctia day {z*} t6i mot nghiem
clia bai toan can bang EP(C, f).
Dinh ly 2.1. Gid si rang song ham [ théa man cac gid thiet (By), (Ba).
Néu tap Sy khdc rong, thi cic day {z*}, {u*} sinh bdi Thuat toan 2.1 hoi

tu manh tdi mot nghiém x* cia bai toan EP (C| f).

Thay thé quy tdc tim kiém tia thi nhat (2.1) b6i mot quy tac khéc, ta
thu dugce thuat toan sau.
b. Thuat toan 2.2
Bué6c khéi tao. Chon 2° = 29 € C, chon cac tham s6 n, u € (0, 1),
0<p<p,{pc} Clp, pl, v € 7,7 C(0,2), vadat Gy = C.

Budc lap k (kK =0,1,2,...). C6 z* ta thuc hién cac bude sau:

Bude 1. Gidi bai toan quy hoach 16i manh tim
, 1
y* = argmin { f(a*,y) + o A c}. opEh

Néu yk = 2, thi dimg thuat toan. Trai lai, thuc hien Bude 2.

Budce 2. (Quy tac tim kiém tia Armijo thit hai) Tim my 14 sd nguyén

duong nhé nhat m sao cho

Zk,m — (1 _ 77m)l'k T nmyk

(2.2)
FRm, ) + 2l — g2 < 0.

Dit np = n™, 28 = 2P Néu 0 € O,f (25, 2%), thi dimg thuat
toan. Trai lai, thic hién Budc 3.

Budc 3. Chon w* € Oy f (¥, 2F) va tinh u* = Po(a*F — ypopw®),

k .k
trong d6 o = %



Budc 4. Tinh

xk‘—i—l — P0k+1 (33.9)7

v6i Chp = {x € O : ||lo — uF|| < ||z — 2%||}, v quay lai Buéc
lap k v6i k duge thay bdi k + 1.

Nhan xét 2.2.
e Néu 3% = 2% thi 2¥ 13 mot nghiem ctia bai toan EP(C, f);
e Néu 0 € 0of (2%, 2%) thi z* 14 mot nghiem ctia bai toan EP(C, f).

Bang cach lap luan tuong tu nhu trong chitng minh Dinh 1y 2.1, ta thu
duge dinh 1y sau day vé su hoi tu ctia Thuat toan 2.2.

Dinh 1y 2.2. Gid st song ham [ théa man cdc gid thiét (B1), (By). Néu tap
Sar khdc rong, thi day {z*}, {u*} sinh bdi Thuat toan 2.2 hoi tu manh tdi
mot nghiem x* cia bai toan EP(C, f).
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Chuong 3

Hé bai toan can bang va bai toan can bang td hop

Trong chuong nay, chiing to6i nghién cttu méi lien hé gitta tap nghiém
cia hé bai toan can bing véi tap nghiém clia bai toan can bing to hgp. Cu
theé, ching toi sé chi ra ring véi gia thiét cac song ham f;,7 = 1,2,..., N la
don diéu thi tap nghiém ctia hai bai toan nay cé thé khong biang nhau. Tiép
theo, chiing toi ciing thiét lap mot diéu kién du dé hai tap nghiém nay tring
nhau.

Noi dung ctia chuong nay da dugc cong bd trong bai bao [CT2] thuoc

Danh muc cong trinh lién quan dén Luan an.

3.1 Mé dau

Cho C 1a mot tap 10i, déng, khac rong trong khong gian Hilbert H. Gia
st f; : Cx(C =R, 7=1,N la cac song ham xac dinh trén C. Bai toan tim
nghiém chung ctia mot ho hitu han cac bai toan can bang ky hieu la CSEP

la bai toan:
Tim z* € C sao cho fi(z*,y) >0,Vye Cvai=1,2,..., N,
hoédc tuong duong,
tim z* € X := N3, Sol(C, f;).

Véi a; € (0,1),2 =1,..., N sao cho Zf\il a; = 1, xét song ham to6 hop:

N
Zaifi(gjay): VI,y eC.

1=1
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Bai toan can bang t6 hop viét tit 13 CEP 1a bai toan:

N
Tim 2* € C sao cho f(z*,y) = Y aifi(z*,y) >0, Vy € C.
i=1
Ky hiéu Sol(C, vazl «; f;) 1a tap nghiém ctia bai toan can bang to hop.
Ching t6i nhic lai mot s6 gid thiét dude st dung sau day:
Gia thiét C.

(C1) p(x,z) =0 v6i moi x € C;
(C2) ¢ don diéu tréen C;

(C3) ¢ la ntta lién tuc trén theo tia (upper hemicontinuous), tic la, véi moi
z,y,z € C,
lim sup (tz + (1 —t)z,y) < ¢(,y);

t—0t
(Cy) V6i moi x € C) p(x,-) 1a nia lien tuc dudi (lower semicontinuous) va
10i trén C
(Cs) Véi r > 0 cd dinh, va z € C, ton tai tap con 16i, compact khac rong
B CHvax e CnN B, sao cho
1
oy, r)+—-{y—z,z—z)<0,Vy € C'\ B.
r

Duéi day 1a nam phat bicu da dugce trinh bay trong mot s6 bai béo c6 thé
sé khong ding.

Phat biéu 3.1. (S. Suwannaut, A. Kangtunyakarn [Fixed Point Theory
Appl., (2013) 291:26]). Gid su cic song ham f;,;v = 1,2,..., N théa man
cic gid thiét (Cy) — (C4) va NY,Sol(C, f;) # 0. Khi do

N
mfilsOl(Cg fZ) = 801(07 Z Oéifi(xa y)))
n=1

N
trong do, o; € (0,1) vdi moii=1,2,...,N va Y a; = 1.
n=1
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Néu Phat biéu 3.1 dang thi né cho phép ching ta tim cac nghiém chung

ctia N bai todn can bang bang céch giai mot bai toan can bing t6 hap.

Phat biéu 3.2. (S. Suwannaut, A. Kangtunyakarn [Fixed Point Theory
Appl., (2014) 167:26]). Gid st F' la mot dnh za co vdi hé so co T trén H
va A la mot toan ti tuyén tinh bi chan, duong manh trén H vdi hé s6 7,
0 < v < Z Véi moi i = 1,2,...,N, gia sit f; : C x C — R la song
ham théa mén cic gid thiét (C1) — (C4) vdi X = NN, Sol(C, f;) # 0. Gid st
{2%}, {y*}, {2F} la cde day sinh bdi 21 € H va

Zz’zil aifi(zka y) + P_1k<y - Zka Zk - CEk> > O,Vy € C7

y* = 0, Po(z®) + (1 — ;) 25,

2" = Gy F(ab) + (I — 0 A)Y",

trong dé {0}, {0}, {pr} C (0,1),0 < o; < 1,Vi = 1,...,N. Gid st cic
dieu kien (1) — (v) sau la ding.

(i) limg_y00 6p = 0 0G4 D oy O = OO;

(i) 0 <0 <60, <0<1, 06 0,0 c(0,1);
(1)) 0 <a<a,<a<l, viiaace(0,1);

(1v) 22]11 a; =1;

(0) 300 [Ohr = Ok| < 00, D232 |Ohr — Okl < 00, 032 |prsa — pil < oo
Khi do cac day {2*}, {y*}, va {2*} hoi tu téi ¢ = Py(I — A+ ~vF)q.

Phat biéu 3.3. (W. Khuangsatung, A. Kangtunyakarn [Fixed Point Theory
Appl., (2014) 2014:209]). Gid st cic song ham f;,1 = 1,2,..., N théa man
cic gid thiét (C1) — (C4) va X = N Sol(C, fi) # 0. Gid s cic day {x*} va
{y*} dugc sinh bdi u, z' € H va

N
i cifiyty) + oy — oty —at) > 0,vy € C,
oF = A\ + ,uka:k + Jkyk

trong do { A}, {fte}, {0k} C (0, 1) va Ag+px+0x = 1; {pr} C (p, p) C (0,1),
0<a; <1,Vi=1,...,N. Gid st cic dieu kién (i) — (ii1) ding:
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(Z) limk_>oo )\k =0 va ZZO:O )\kz = OOy
(ii) ity i =1;
(iii) S0ty |Ops1 — O] < oo
Khi dé cdic day {z*}, {y*} hoi tu téi g = Py (u).
Phat biéu 3.4. (S. Suwannaut, A. Kangtunyakarn [Thai J. Math., 14 (2016)
77-97]). Cho F' la dnh za co vdi hé s6 T trén H va gid s fi, 1 =1,2,..., N
théa man cdc gid thiét (Cy) — (Cy). Vi gia thiét X = NN Sol(C, f;) # 0, gid
st cic day {x*} va {y*} dugc sinh bdi 2t € C va
Yyt y) + Sy —oFyf b)) 20, vy e G,
P = N F(2%) + . Po(2®) + 61y"
trong do { e}, {pr}, {0k} C (0,1) sao cho A\, + i + 0, = 1 Vk; {pr} C

(p,p) C (0,1), 0 < aj < 1,Vi = 1,...,N. Ngoai ra, gid si cic dieu kién
(1) — (i12) ding:
(i) limg_00 A, = 0 va ZZO:O A = 00;
(“) Z’f\il a; = 1;
(1i1) 3220 [Pk — pr| < o0
Khi do cic day {2*}, {y*} hoi tu tdi ¢ = Py(u).
Phat biéu 3.5. (S.A. Khan et al. [Comput. Appl. Math., 37(5) (2018) 6283-
6307]). Gid st cic song ham fi,i = 1,2,..., N théa man Gid thiét C va
X =NN,Sol(C, f;) # 0. Vai 2°, 2t € H, gid sit cic day {*}, {y*} va {2F}
dugc sinh boi
y* = 2F + O (aF — 2P
Zi]\il aifi(zk7 y) + ka<y o Zk) Zk o yk> > Oavy S Ca
R = Nab + g 2F
trong do {0} C [0,0],0 € [0;1], { e}, {pr} C (0,1) va A + g, = 1 vdi moi
k: {pr} C (p,p) C (0,1),0 <y <1,¥i=1,...,N. Gid sit rang cic dieu

kién sau diung:
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(i) Or||z* — 25| < o0;
(ii) > o2, v < 00 va lim; o o = 0;
(iit) 32725 |prr — prl < 00, 22754 [ Ak — Aw| < oo
Khi do day {x*} hoi tu tdi ¢ = Py(u).
Nhan xét 3.1.
e Mbi Phat biéu 3.2 - 3.5 khang dinh riang day {2*} nhan dugc theo cac
thuat toan tuong tng hoi tu t6i mot nghiém cua bai toan CSEP.

e Trong Hé qua 3.1 dudi day cho thay cac Phat biéu 3.2 - 3.5 c6 thé khong
ding.

3.2 Moi lién hé gitra tip nghi€ém cua hé bai toan can bang va
bai toan can bang to hgp
Trong muc nay ching toi sé chi ra véi cac gia thiét (C;) — (Cy), cac Phét
biéu 3.1 - 3.5 c6 thé khong ding.

V6i C' 1a mot tap con 161, dong, khac rong ctia H va f;,i = 1,..., N 1a

cac song ham xac dinh trén C' sao cho
X =N, S0l(C, f;) # 0.
Xét song ham té hop xac dinh béi
N
Z aifi(xu y)7 VZE, y e Cu
i=1
trong d6, a; € (0,1),2=1,..., N va Zfilai = 1.

R6 rang, néu 2* € NN Sol(C, f;) thi fi(x*,y) > 0,Vy € C,i=1,2,...,N.
Do do

N
Zazfz($*7y) Z Oavy € C
i=1

Vi vay z* € Sol(C, 3oV, i fi(x, y)) va

N
Ny Sol(C, f;) € Sol(C, Y aifi(x,y)). (3.1)

1=1
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Dinh 1y sau day chiing t6 rang véi cac gia thiét (C;) — (C4) thi bao ham thitc
nguge lai ctia (3.1) khong phéi luon dang.

Dinh 1y 3.6. Vdi mdi so nguyén N > 2, ton tai tap C o3, déong, khdc rong
trong H, ton tai cdc song ham f1, fa, ..., fx xdc dinh trén C' théa man cac gid
thiét (Cy) — (Cy) wva ton tai cic s6 oy € (0,1),i=1,2,...,N, SN a; =1,

sao cho

N
Sol (C, > f¢> Z NY Sol(C, f;).

T dinh 1y nay, ta c¢6 hé qua sau.
Hé qua 3.1. Cdc Phadt biéu 3.1 - 8.5 khong phdi luon ding.

Tit Dinh 1y 3.6 ta c6 thé thiy ring véi cac gia thiét (C;) — (C4) khang
dinh
MiiSol(C fi) = Sol(C. f),
khong phai luon dang. Vi vay mot cau hoi ty nhién 1a véi dieu kién nao thi
ding thitc nay dang. Dinh Ij sau cho ta cau tra 16i véi gia thiét:

(C'3) ¢ la para-gia don dieu (parapseudomonotone) trén C.

Dinh 1y 3.7. Gid st fi,1 = 1,2, ... la cdc song ham théa mdn cdc gid thiét
(C1), (C'9), (C3) va (Cq) sao cho NM2,Sol(C, f;) # O va song ham f(x,y) =
Yoy aifi(x,y), trong dé o > 0,¥i = 1,2,... va Yy .2, o = 1 la zdc dinh tot
tren C, tic la, f(x,y) = > oy a; fi(z,y) hoi tu vdi Va,y € C. Khi dé

N2, Sol(C f;) = Sol(C, f). (3.2)
Nhan xét 3.2.
e Dinh Iy 3.7 van ding khi H 1& khong gian Banach thuc.

e V6i cac gia thiét (C1), (C's), (C3), (C4) va N2,Sol(C, f;) # (), song ham
f c6 thé khong xac dinh t6t tréen C, tham chi song ham f khong xac
dinh tai moi diém (z,y) € C x C ma x # 0 hosic x # y. That vay, ta

xét vi du sau:

filw,y) = 4'2(y — ), Vo,y € C =[0,+00) vii =1,2,...
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Khi d6 c6 thé thay ring cac song ham f; théa méan cac gid thiét
(C1),(C5),(C3) va (Cy), v6i Vi > 1 va N2, Sol(C, f;) = {0}. Tuy
nhién, v6i o; = 27, song ham td hop f(z,y) = Yoo, aifi(z,y) =
S 2z(y — x) 1a khong xac dinh t6t trén C. Chéng han: f(1,2) =
2oy 2! = oo.
Lay fi(x,y) = 0 v6i moi i > N, cong thiic (3.2) trd thanh

N, Sol(C, f;) = Sol(C, f).

Do d6, Phat biéu 3.1 14 dung khi gia thiét (Co) dude thay thé béi gia
thiét (C').

Cac tac gia S. Suwannaut va Kangtunyakarn [Fixed Point Theory Appl.,
(2013) 291:26.] da khéng dinh ring vi cac gid thiét (C) — (C4) thi
fi(@,x*) =0,Vi=1,2,..., N, trong d6 Z € Sol(C, "N, a; f;) va z* €
Q2. Nhung diéu nay véi gia thiét (C;) khong nhat thiét dan dén = = z*.
That vay, trong Dinh ly 3.6, ta da co:

N
Sol <C,Zaifi> =10,00) X [0,00) > (1,1) =7 # 2" = (0,0) = Q.

Céc Phat bicu 3.2 - 3.5 1a diing néu gia thiét (Cy) dugce thay thé béi gia
thiét (Copis):
(Caopis) ¢ la para-don diéu trén C.
Khi bai toan can bang trd thanh bai toan bat ding thic bién phan thi
Phét bicu 3.1 vAn khong ding. Chang han, ta xét tap C' = [0, +00) X
[0, +00), va cac anh xa Fy, Fy xac dinh trén C', duge cho béi:
Fl(x) = (CE'Q, —xl), FQ(.I) = (—xg,xl).

Khi d6, ta nhan dugce

(Fi(z),y — ) = 2291 — 1192 = f1(z,9),

(Fy(z),y — ) = 1y2 — 2201 = fa(z,9),
tic 13, cac bai toan bat dang thitc bién phan dé chinh la cac bai toan
can bang véi cac song ham f; vd fo da xét trong chitng minh Dinh ly
3.6.
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Chuong 4

Mot thuét toan tim nghiém chung ctia bai toan can bang va

bai toan diém bat dong

Trong nhitng nam gan day, bai toan tim nghiém chung ciia bai toan can
bing va bai toan diem bat dong va céc bién thé ctia né da dude nghien citu
bdi rat nhieéu nha khoa hoc. Trong chuong nay, ching toi dé xuat mot thuat
toan mdi tim diém chung clia tap nghiém clia bai toan can bang gia don
dieu va bai toan diem bat dong ciia anh xa tua khong gian trong khong gian
Hilbert. Thuat toan nay c6 thé dudc xem nhu 1a su két hop giita phuong phap
dué6i dao ham tang cuong (subgradient extragradient) cho bai toan can bang
va phuong phép Ishikawa cho bai toan diém bat dong. Su hoi tu manh ctia
cac day lap sinh ra bdi thuat toan t6i nghiém chung ctua bai toan thu dugc
dudi cac giad thiét chinh 14 4nh xa diém bat dong nita déng (demiclosed) tai
0 va cac hing s6 kic¢u Lipschitz clia song ham f c6 thé khong biét.

Noi dung chinh ctia chuong nay da duge cong bd trong bai bao [CT3]

thuoc Danh muc cac cong trinh lién quan dén Luan an.

4.1 M6 dau

Gia st C' la tap 1oi, déng, khac rdong trong khong gian Hilbert H, f :
C x C — R la song ham can bang tréen C, T : C' — C' 1 anh xa tia khong
gian, véi Fix(T') 1 tap cac diem bat dong ctia anh xa T. Trong chuong nay,
ching toi xét bai toan sau day:
fa*y) 20, Vyel

Tim z* € C sao cho (4.1)
T(x*) = a*.
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4.2 Mot thuat toan tim nghiém chung cua bai toan can bang
va bai toan diém bat dong
Béang cach md rong thuat toan dudi dao ham tang cudng Halpern (xem
D.V. Hieu [RACSAM., 111(3) (2017), 823-840], ching toi dé xuat két hop
thuat toan dudi dao ham ting cuong ddi vdi bai toan can bang can bang ma
song ham la gia don diéu va phuong phap lip Ishikawa cho bai toan diem
bat dong clia anh xa tya khong gian.
Dé lam duge didu do, ta gid si song ham f théa méan cac gia thiét sau.
Gia thiét D.
(Dy) f 1alien tuc yéu tréen C x C;
(Dy) f(x,-) 1a16i va kha dudi vi phan tren C' véi moi x € C
(D3) f la gia don diéu tren C' tuong tng véi Sol(C, f);
(D,) f thoa man diéu kién kiéu Lipschitz tren C;
(D5) T la anh xa tua khong gian sao cho I — T la nita dong tai 0, tic 1a thoa

man tinh chat: V{z*} C C, 2% — z, va T(2*) — 2% — 0, thi T(z) = .

Duéi day la thuat toan dé xuat cho bai toan (4.1).
Thuat toan 4.1

Buéc khéi tao. Chon 2° = 29 € C, py > 0, 6 € (0,1) va chon
day {ur}, {an}, {Br}, {1} sao cho {ur} C [0,1], limp_oo ptr = 1,
{ar} C [a,a] € (0,1), {Br} € [B,6] € (0,1), {m} C 1,71 C (0,1)
va ay + B + v = 1, Vk.

Budc lap k (k=0,1,2,...). C6 2* ta thuc hién cac budc sau:

Budc 1. Giai cac bai toan quy hoach 161 manh tim

ko : k TR K
v =argmin{ f*p) + oy =P ye Ol CPEY
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Budc 2. Chon w* € 0y f (2, y*) sao cho 2* — ppw® — 9% € Neo(y¥)

va tinh
, 1
= argmin { fs",9) + 5 —lly —2*?: y € Hi},
Pk
trong doé
Hy={z € H: (2" — ppw" — y" 2 — y*) <0}
Bude 3. Tinh

th = Apx? + (1 — )\k)Zk,
uf = a4+ (1 — )T ("),
oF = Ozkuk + ﬁkzk + va(tk).

Dat p = f(a¥,25) — f(y*,25) — F(a,y") va dat

min {3 ([l2% — "> + [12* = 4*I1?), pi}, néu p >0
Pk+1 = )
Pk neu trai lai

va quay ve Buéc lap k v6i k duge thay béi k + 1.
Dinh 1y sau cho ta sy hoi tu cua Thuat toan 4.1.

Dinh 1y 4.1. Gid s¢ S = Sol(C, £)N Fix(T) # 0, va day {\.} C (0,1), théa

man Y. A\ = oo,klim M = 0. Khi dé véi Gid thiét D cic day {z*}, {y*},
k=0 — 00

{2F} sinh bdi Thudt todn 4.1 hoi tu manh tdi nghiém x* = Ps(29).

Dinh 1y dugde ching minh dua vao bo dé sau day.

Bo dé 4.1. Cac day {2*}, {2*}, {t*} va {u*} la bi chan.

Khi T = I- 1a anh xa dong nhét ctia H, ta nhan dugc thuat toan sau dé
gidi bai toan EP(C, f), trong d6 cac hing s kiéu Lipschitz ctia song ham f
khong doi hoi phai biét.

Thuat toan 4.2

Bué6c khdi tao. Chon 2° = 29 € C, py > 0, 6 € (0,1) va cac day

{ar}, {6k}, {7} sao cho {ar} C [a,a] C (0,1), {B} C B, 5] C (0,1),
{v} C 1,7 € (0,1) va ay + B + v = 1, Vk.
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Budc lap k (k=0,1,2,...). C6 2* ta thuc hién céc budc sau:

Budc 1. Giai bai toan quy hoach 16i manh tim
_ 1
yk:argmm{f(mk,y)+2—pk‘|y—xk\|2 : yEC}. CP(a")

Bude 2. Chon w* € 0y f (2%, 9*) sao cho 2* — ppw* — y* € Neo(y¥)
va tinh
, 1
= amgmin { £y, y) + 5 —lly — "I+ y € Hi},
Pk
trong do,
H, = {:c cH: (xk—pkwk—yk,x—yk> < 0}.
Budc 3. Tinh

T Apxd + (1 — /\k)Zk,
F = Ozkﬂfk + Bkzk + ”yktk.
Dit p = F(a*, =) — F(ub, =) — (¥ o) va dat
min {35 ([[2* = y* 1> + [2* = ¢*[1*), pr}, néu p>0

Pk+1 = ) o
Pk s neu trai lai

va quay ve Buéc lap k véi k dude thay bdi k + 1.

Hé qua sau day khang dinh su hoi tu manh ctia Thuat toan 4.2 duge suy
ra tryc tiép tit Dinh 1y 4.1.

o

Heé qua 4.1. Gid s Sol(C, f) # 0, day { ¢} C (0,1) sao cho Y A\ = o0
k=0
va lim Ny = 0. Khi dé vdi cic gid thiét (Dy) — (Dy), cic day {z*}, {y*} va

k—o0
{2k} sinh bdi Thudt todn 4.2 hoi tu manh tdi nghiem x* = Psoic,1)(29).
Khi f(z,y) = (F(x),y — ) v6i moi z,y € C, véi &nh xa F' : C' — H, bai
toan can biang EP(C, f) trd thanh bai toan bat dang thic bién phan (VIP)
sau day:
Tim z* € C sao cho (F(x),y —x) >0, Vy € C.
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Ky hiéu Sol(C, F') la tap nghiém cta bai toan (VIP). Khi d6, ta nhan duge
thuat toan tim phan tit chung ctia tap nghiem S = Sol(C, F)N Fix(T) cua
bai toan (VIP) va tap cac diem bat dong ctia anh xa tiya khong gian T trong
khong gian Hilbert H duéi day.

Thuat toan 4.3

Bué6c khéi tao. Chon 2° = 29 € C, py > 0, 6 € (0,1) va cac day
{1}, {ow}, {Br}, {7} sao cho {px} C [0, 1], limp—oo pr. = 1, {ou} C

[, @] € (0,1), {B} € [8,8] € (0,1), {m} C [1,7] C (0,1) va
ag + By + v =1, Vk.

Buéc lap k (k=0,1,2,...). C6 2 thuyc hién cac budc sau:
Budc 1. Tinh
k_ k k
y' = Po(a” — prpF' (7).
Budc 2. Lay w® = o va tinh 2% = Py, (2% — pr.F(y*)), trong do,
Hy={z e H: (zF — ppw* — y*, z — y*) <0}.
Budc 3. Tinh
th = Aexd + (1 — /\k)Zk,
W = et + (1= ) T("),
- ozkuk + ﬁkzk + ’}/kT(tk).
Dit p = (F(z*), 2" — 2*) — (F(y"), 2" —y*) — (F(2"),y* — o)
va dat
min {2 (% — g* 2+ 1% — *12), i}, néu p >0

Pk+1 = . o
Pl neu trai lai

va quay veé Buéc lap k véi k duge thay béi k + 1.
Tt Dinh 1y 4.1, ta ¢6 hé qua sau vé sy hoi tu manh ctia Thuat toan 4.3.

Hé qua 4.2. Gid st S = Sol(C, F)NFix(T) # 0, day \r € (0,1), théa man
S oMk = 00, limy o0 Ay = 0. Khi dé véi Gid thiét D cic day {a*}, {y*}
va {2} sinh bdi Thudt todn 4.3 hoi tu manh tdi nghiem x* = Ps(z9).
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Keét luan va kién nghi

1. Két qua dat dudc
Trong luan an nay, ching toi tap trung nghién citu mot s6 van deé ve
bai toan can bing va bai toan diém bat dong. Luan an da dat dugc mot so

két qua sau:

o Xay dung duoc hai Thudt todan 2.1 va 2.2 bang cach két hop phuong phdp
chiéu nhing va cdc quy tdc tim kiém tia tuong ing dé gidi bai todn can
bang ma song ham la khong don diéu. Ching minh dudc déy lap sinh bdi
cdc thuat todn dé hoi tu manh tdi nghiém ciia bai todn can bang (Dinh
Iy 2.1 va Dinh lyj 2.2).

o Chitng minh dugc tap nghiém cia bai todn can biang to hop va giao cdc
tap nghiém cia ho cdc bai toan can bang la khong bang nhau khi cdc
song ham la don diéu (Dinh ly 3.6). Ching toi cing dua ra mot dicu
kien di dé hai tap nghiém dé bang nhau trong cd truong hop hitu han
(fi,1 =1,2,...,N) va truong hgp vo han (f;,i =1,2,...) (Dinh ly 3.7).

e Bang cdch két hop phuong phdp dudi dao ham tiang cuong vdi phuong
phdp lap Ishikawa, ching toi da de zuat thudt todn tim nghiém chung
ctia tap nghiém bai toan can bang EP(C, f) vdi song ham [ la gid don
diéu, théa man diéu kién kiéu Lipschitz va bai todn diém bat dong cia
anh za tua khong gian T (Thudt todn 4.1). Ching toi da chiing minh
dugc day lap sinh bdi thudt todn hoi tu manh tdi nghiém chung cia bai
toan dang xét (Dinh ly 4.1).
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2. Mot s6 huéng nghién citu tiép theo
Bén canh nhiing két qua da dat dugc trong luan an, trong thoi gian t6i

ching to6i dur dinh sé nghién cttu cac van dé sau:

o Xay dung mot s6 thudt todn khong phdi kiéu chiéu nhing gidi bai todn

can bang khong don diéu trong khong gian Hilbert va khong gian Banach.

o Tiép tuc nghién ciu moi quan hé gita tap nghiém cia Bai todn cdn
bang to hop va giao cdc tap nghiém cia cdc bai todn can bing vdi cdc
gid thiét nhe hon vé tinh para-don diéu, para-gid don diéu, dong thoi dp
dung vao mot ldp bai todn lién quan dén tap nghiém chung ciia mot ho

cac bai todn can bang.

o Xay dung thudt todn tim nghiém chung ctia bai todn can bang va bai

todn diém bat dong trong truong hop song ham la khong don diéu.
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