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Loi cam doan

Toéi xin cam doan day la cong trinh nghién ctu cta to6i, dudi sy huéng dan
clia cac can bo trong tap thé huéng dan khoa hoc. Céc két qua viét chung véi cac
tac gid khac déu da duge sy nhat tri ciia cac dong tac gid khi dua vao luan an.
Cac két qua, so lieu trong luan an 1a hoan toan trung thuc va chua ting dudc ai
cong bo trén bat ky cong trinh ndo khac. Céc tai lieu tham khio dugce trich dan
day i

NCS. Nguyén Thi Thanh Ha



Loi cam on

Ban luan an nay duge hoan thanh tai BoO mon Toan, Khoa Cong nghé Thong
tin, Hoc vién Ky thuat Quan sy, dudi sy huéng dan cua TS Bui Van Dinh va TS
Dao Trong Quyét. Tac gia xin bay t6 long biét on chan thanh va sau sic t6i hai
thay huéng dan. Cac thay da luon danh cho tro sy quan tam, dong vién, giap do
rat tan tinh trong sudt thoi gian lam nghién citu sinh, dac biet 1a TS Bui Van
Dinh, nguoi da khong quan cong stc, ting bude dan dat, truyen cho tro niem
dam meé hoc tap, nghién cttu, ciing nhiéu ki nang, kién thic quy bau, dong thoi
luon khich 1é tro tiing budc vugt qua nhiing khé khan, thit thach trén buée duong
hoc tap, nghién citu.

Tac gia xin chan thanh cam on TS Ta Ngoc Anh, TS Hy Diic Manh, va cac
Thay Co6 trong Bo mon Toan, anh chi em, dong nghiép trong Khoa Cong nghé
Thong tin, Hoc vien K¥ thuat Quan su da luon quan tam, tao diéu kién va da
cho tac gid nhing ¥ kién déng géop quy bau trong suét qua trinh hoc tap.

Tac gid tran trong gii 16i cAm on dén Ban Giam dbc, Phong Sau Dai hoc,
Ban Chti nhiém Khoa Cong nghé Thong tin, Hoc vién Ky thuat Quan sy da luon
gitp da, tao diéu kieén thuan 1gi cho tac gid trong thoi gian lam nghién citu sinh.

Ban luan an nay sé khong thé hoan thanh néu khong c6 sy cam thong, chia
sé va gitup dd tit nhitng nguoi than trong gia dinh. TAc gid xin bay td long biét
on sau sic t6i bo me hai bén gia dinh. Dac biét, xin cdm on me, chong va hai
con yéu quy, nhitng ngudi da luon gan giii, cdm thong va sé chia cling toi trong
suot thoi gian qua. Tac gia thanh kinh dang ting mén qua tinh than nay dén gia
dinh than yéu véi tat cd tam long biét on, yéu thuong va tran trong nhat.

Tac gia



Mé dau

1. Lich sit van dé va Iy do chon deé tai

Thuat ngit "can bang (equilibrium)" da duge sit dung rong rai trong vat
1y, héa hoc, sinh hoc, ki thuat va kinh té hoc. N6 thuong dé cap dén cac dieu
kién hodc trang thai ciia mot hé thong trong do tat ca cac tac dong canh tranh
déu can bing. Chang han, trong vat 1y, can bing co hoc la trang thai ma trong
d6 tong clia tat ca cac luc vi mo men lén moi phan tit ctia hé théng déu bing
khong, trong khi chat luu duge cho 1a 6 trang thai can bang thity tinh khi né
trang thai nghi, hoac khi van téc dong chay tai mdi diem khong doi theo thoi
gian. Trong hoéa hoc, can bang dong lyc 1a trang thai clia mot phan ting thuan
nghich, trong dé toc do clia phan ting thuan bang toc do ctia phan ting nghich.
Trong sinh hoc, trang théi can bang di truyen biéu thi tinh trang trong dé mot
kiéu gen khong tién hoa trong quan thé tit thé hé nay qua thé hé khac. Trong
k¥ thuat, can bang giao thong 1 su phan bo 6n dinh du kién cta luu luong trén
cac con duong cong cong hodc qua cac mang may tinh, vién thong. Hon nita, 1y
thuyét can bang noi tiéng 14 mot nhanh co ban ciia kinh té hoc nghién cttu cac
dong Iuc clia cung, cau va gia ca trong mot nén kinh té trong pham vi mot trong
hai thi truong (can bang rieng) hodc mot vai thi truong (can bang chung).

Su can bang dac biét rat quan trong trong toan hoc, cu thé la trong céc hé
dong Iiic hoc, phuong trinh vi phan dao ham riéng, va phép tinh bién phan. Sau
su dot pha cua Iy thuyét tro choi va khai niém can bing Nash, thuat ngit nay da
dugc st dung trong toan hoc trong cac ngit cdnh rong hon rat nhiéu bao gom ca
nhiing khia canh quan trong ciia van trit hoc va quy hoach toan hoc. Nhiéu bai

toan lien quan dén su can bang bao gdm mot sé trong ching da ké & tren c6 thé



dugc nhin nhan trong mot thé théng nhat thong qua cac mo hinh toan hoc khac
nhau nhu: bai toan t6i wu, bai toan b, bai toan bat dang thic bién phan, bai
toan t6i uu hoa da muc tiéu, tro choi khong hop tac .... Hau hét cac mo hinh toan
hoc nay c6 cling mot cau tric chung co ban, cho phép ching ta phét biéu ching
mot cach thuan tién theo mot dang thic duy nhat. Ngudgc lai, néu c6 nhiéu mo
hinh cting ndm trong mot cau tric théng nhat sé cho phép ching ta c6 thé thiét
lap cong thitc chung cho cau tric thong nhat d6, nhu vay ching ta hoan toan
c6 thé phat trién cac nghién ctiu vé 1y thuyét cling nhu thuat toan cho mé hinh
chung, tit d6 mang lai kha nang tng dung rong rai hon cho cadc moé hinh riéng lé.

M5 hinh chung cho bai toan can bang dugc nghién cttu trong luan an nay cé
thé phét biéu nhu sau:

Cho H 1a mot khong gian Hilbert thue, C' 1a mot tap 10i, dong, khac rdng clia
H, va f : C x C — R 13 mot song ham can bang, tic 1a f(z,z) = 0 v6i moi z € C.

Bai toan can bang EP(C, f) 1a bai toan
Tim 2* € C sao cho f(z*,y) >0, v6i moiy € C. EP(C, f)

Bai toan nay xuat hién lan dau trong cong trinh ctia Nikaido - Isoda nam 1955
khi tong quat hoa bai toan can biang Nash trong 1y thuyét tro choi khong hop
tac trong [59], né ciing dugce xét dén dudi dang bat dang thiic minimax vao nim
1972 bdi tac gia Ky Fan, vi thé né con duge goi la bat dang thitc Ky Fan [27]. Bai
toan EP(C, f) thuong dudc st dung dé thiét lap diém can bang trong 1y thuyét
tro choi, chinh vi vay, né dugc goi 1a Bai todn can bang (Equilibrium problem)
theo cach goi clia cac tac gia L.D. Muu va W. Oettli nam 1992 trong [56], E.
Blum va W. Oettli nam 1994 trong [14].

Bai toan can bang kha don gidn vé mit hinh thitc, nhung né bao ham nhiéu
16p bai todn quen thuoc nhu: Bai toan t6i wu, bai toan bat ding thic bién phan,
bai toan diém bat dong Kakutani, bai toan diém yén ngya, mo hinh can bing
Nash trong 1y thuyét tro choi khong hop téac...(xem [12-14, 37, 56]). Bai toan can
bang dugc xem 1a mot mo hinh toan hoc thong nhat cho nhiéu 16p cac bai toan

quan trong riéng 1&. Bdi 1& do, nhieu két qua da biét ctia cac bai toan néi trén



c6 thé mé rong cho bai todn can bang tong quat véi nhitng diéu chinh phit hap,
tit d6 c6 thé dem lai nhiéu tng dung rong 16n. Ngudc lai cac két qua nhan duge
cho bai toan can bang ciing c6 thé dude ap dung cho céc trudng hop rieng ctia
no6 (xem [14, 46, 54, 55]...)

Cac huéng nghién citu thuong duge dat ra cho bai toan can bang ciing nhu
bat dang thic bién phan la nghién citu vé phuong dién 1y thuyét nhu sy ton tai
nghiém, cau tric tap nghiém, tinh on dinh nghiém da duge nhiéu nha nghién ctu
diic biet quan tam, c6 thé ké dén cac tac gia nhu M. Bianchi va S. Schaible trong
[11], G. Bigi va cac dong tac gia trong [13], B.T. Kien, J.C. Yao, va N.D. Yen
[40], I.V. Konnov [45], L.D. Muu va W. Oettli [56], N.N. Tam, J.C. Yao va N.D.
Yen [72]. Trong viéc nghién cttu bai todn can bang, van dé xay dyng phuong phap
gidi, danh gia toc hoi tu clia cac thuat toan déng vai tro rat quan trong, dén nay
da c6 kha nhiéu két qua dat duge nhu cia céc tac gid P.K. Anh, D.V. Hieu [5],
P.N. Anh va L.T.H. An [§], G. Bigi va cac dong tac gia [12], B.V. Dinh va D.S.
Kim [22], B.V. Dinh va L.D. Muu [24], G. Mastroeni [54], A. Moudafi [55], M.A.
Noor [60], L.D. Muu trong [62], va da dugdc cac tac gia L.D. Muu, N.V. Hien,
T.D. Quoc, N.V. Quy ap dung vao cdc mo hinh kinh té trong [57, 58].

Cac phuong phap giai bai toan can bang thong thuong doi hoéi tinh don dieu
hoac don diéu suy rong ciia song ham va da duge tién hanh nghién cttu rong rai
bdi nhiéu nha khoa hoc nhu trong ([1, 8, 20, 24, 25, 30, 37, 49, 61, 80]). Tinh
dén nay da c6 mot s6 két qua dat ducc cho 16p bai toan can bang 16i va don
diéu nay, trong dé c6 thé ké dén cac phuong phap ham danh gia (gap function
method) trong [53], phuong phép nguyeén 1y bai toan phu (auziliary subproblem
principle method) [54], phuong phap diém gan ké (prozimal point method) trong
[55], phuong phap hiéu chinh Tikhonov (Tikhonov reqularization method) trong
25, 73], ddc biet 1a cdc phuong phap chiéu (projection methods) [24], va phuong
phap dao ham tang cuong (eztragradient method) [8]. Gan day mot s6 tac gid da
xay dung thuat toan kiéu chiéu giai cac bai toan can bang va bat dang thic bién

phan khong don digu (xem [21, 65, 85]), tuy nhién cac két qua con chua nhiéu.



Mat khéc, cling vi nhiéu bai todn can bang ndy sinh trong kinh té c6 song ham
khong don diéu, cho nén trong luan an nay, ching toi tiép tuc tap trung nghién
citu, xay dung mot s6 thuat toan mdi gidi bai todn can bang ma song ham 1a
khong don diéu.

Cung véi viec nghién citu, xay dung cac phuong phap giai bai toan can bing,
gan day nhieu tac gia trong cac bai bao [5, 6, 30, 41, 66-68, 78]... da quan tam
dén viec tim nghiém chung ctia mot ho cac bai toan can bang, d6 1a bai toan sau
day.

Cho f; : C x C — R, i e I, la cac song ham xac dinh trén C, I la tap cac chi
s6 hitu han hoac dém dudgc. Bai toan tim nghiém chung ciia ho cac bai toan can

biing k¥ hieu 1a CSEP 1a bai todn:
Tim z* € C sao cho fi(z*,y) >0, Vy e C va Vi e I, CSEP(C, f;)

V6i a; € (0,1), sao cho Y, ;a; = 1, xét bai toan can bang t6 hop, viét tit 1a
CEP(C,> ;o  ifi(z,y)), la bai toan:

Tim z* € C sao cho Zaifi(a:*,y) >0,vy € C. CEP
iel

Ta ky hi¢u Sol(C, ), ; a:fi) 1a tap nghiém ctia bai todn can bing to hgp CEP.
Néu cac tap nghiém ctia hai bai toan CSEP va CEP bang nhau, thi viéc tim
nghiém chung ctia ho cac bai toan can bang c6 thé quy vé viéc tim nghiem ctia
bai toan can bang t6 hop. Trong mot sé truong hgp, viee giai bai toan can bing
t6 hgp CEP it phiic tap hon bai toan CSEP. Gan day, trong [66] cac tac gia S.
Suwannaut va A. Kangtunyakarn da khang dinh rang khi tap chi s6 I 1a hitu han,
tic 1a I = {1,2,..., N}, cac song ham f;,i € I 1a don diéu va théa man mot s6

gid thiét cho trude thi cac tap nghiém ciia hai bai toan trén bang nhau, tic 1a
N, Sol(C, f;) = Sol(C Zalfz (1)

Dé xay dung phuong phép giai mot sé bai toan lien quan dén nghiém chung ctia

bai todn can bang don di¢u, nhom cac téc gia trong cac bai bao [41, 42, 66-68]



da st dung dang thitc (1) nham chuyén bai toan ctia ho vé bai toan lién quan dén
bai toan can bing to hop. Tuy nhién, trong luan an nay, ching toi sé chi ra ring
gia thiét vé tinh don diéu clia cac song ham f;,i =1,2,..., N chua du dé hai tap
nghiéem dé bang nhau. Ddng thdi, chiing toi sé thiét lap mot diéu kien du dé ding
thic do la ding khong nhitng chi trong truong hgp cac song ham f;,i =1,2,..., N
htu han, ma con trong ca truong hop vo han cac song ham f;,i =1,2,....

Bén canh viéc nghién citu, xay dung cac phuong phap giai bai toan can bang,
bai toan diem bat dong ciing dudc rat nhiéu nha toan hoc quan tam nghién ctu
(xem [29, 34, 52]). Véi C 1a tap 16i, dong, khac rong cia khong gian Hilbert H,
va anh xa T : C — H, diém z € C dudc goi 1a diém bat dong clia 4nh xa 7' néu

T(x) = x. Tap cac diém bat dong clia anh xa T duge ky hieu 13
Fix(T) ={z € C: T(z) =z}.

Bai toan tim diém bat dong ctia &nh xa 7" la bai toan:
Tim z* € C sao cho T(z*) = z*.

Viéc tim diém bat dong ctia anh xa 7 ¢ mot vai trd quan trong cd vé phuong
dién 1y thuyét 1an thyc hanh tinh toan do pham vi ting dung hét stc to 16n clia
né (chang han viéc gidi cdc phuong trinh va bat phuong trinh c6 thé quy vé viec
tim diém bat dong clia mot anh xa phit hop). Khi H 1a mot khong gian Banach
va T 1a anh xa co thi dinh 1y diém bat dong Banach cho phép ta tim dugc diém
bat dong clia anh xa 7 xuét phéat tit mot diém 2 bat ky. Tuy nhién, khi 7 khong
la anh xa co thi dinh 1y diém bat dong Banach c6 thé khong con ding nita. Vi
vay, c6 nhiéu nha toan hoc da nghién citu, dé xuat cac phuong phap lap mdéi tim
diém bat dong clia mot s6 16p anh xa tong quat hon (xem [10, 29, 34]).

Ngoai van dé tim nghiém chung ctia bai todn can bang va mot ho cac bai toan
can bang, gan day bai toan tim nghiém chung ciia bai todn can bang va bai toan
diém bat dong ciing 1a mot dé tai thu hit sy quan tam, nghién citu ctia nhiéu nha
khoa hoc trong va ngoai nude, c6 thé ké dén cac tac gid nhu P.K. Anh va D.V.

Hieu [5], P.N. Anh [6, 7], N. Buong, N.D. Duong [15], L.C. Ceng va cac dong tac



gia [16], B.V. Dinh va cac dong tac gid [23], T.N. Hai [2], D.V. Hieu, L.D. Muu,
P.K. Anh [30], D.V. Hieu [31], A. Tada va W. Takahashi [69], W. Takahashi, M.
Toyoda [71], D.V. Thong [74], L.Q. Thuy va cic dong téc gia [75], N.T.T. Thuy,
P.T. Hieu [76], P.T. Vuong va cac dong tac gia [78]. Viec gidi cac bai toan nay
c6 ¥ nghia khoa hoc va thuyc tién, nhat 14 kha nang ap dung né vao cidc mo hinh
toan hoc ma céc rang budc ctia né c¢6 the biéu dién dusi dang bai toan diém bat
dong va/hodc bai toan can bang, nhat 1a nhitng bai toan trong xi 1y tin hieu,
phan bo tai nguyén mang, phuc hoi anh va moé hinh can bing ban doc quyen
Nash-Cournot trong kinh té (xem [32, 35, 50, 82, 83]). Mot s6 thuat toan duge
dé xuat cho bai toan tim nghiém chung nay thuong dudc st dung phuong phap
dao ham tang cuong, két hop véi phép lap Mann, hodc phép lip Halpern. Cac
phuong phap gidi bai toan tim nghiém chung clia bai todn can bang va bai toan
diém bat dong st dung thuat toan dao ham ting cuong thuosng phai giai hai bai
toan t6i wu 16i manh trén C tai mdi budce lap (xem [7, 78]). Khi tap C ¢6 cau tric
phtic tap thi viec giai cac bai toan t6i wu nay thuong co chi phi lén. Gan day, dé
tim phan tt chung ctia tap nghiém clia bai toan can bang EP(C, f) va tap cac
diém bat dong ctia &nh xa s-nita co (k-demicontractive), trong bai béo [31] tac
gia D.V. Hieu da dwa ra thuat toan sau day:

Thudt todn dudi dgo ham tang cuong Halpern (Thudt toin HSEM/[31])

Chon 2" € C va céc tham s6 A, {az}, {Be} sao cho 0 < \ < min{%, ﬁ}

0<ap <1, limp_oar=0and Zzozlak =400; 0<a<f < 1_7”

Budc 1. Giai hai bai toan t6i wu 16i manh

y* = argmin{Af(a*,y) + 3lly — <" 1y € C}
F=argmin{\f(y*.y) + glly — 2”1y € Hy},

trong d6 Hy = {z € H : (F — Mw* — % 2 — yF) <0} va wP € dof (2%, y¥).

Budc 2. Tinh tF = apa® + (1 — ay) 2,
M = BT (tR) + (1 - i)tk

Dat k:=k+ 1 va quay lai Budc 1.



Trong do6 ¢y, o 1a cac hing s kiéu Lipschitz cia song ham f.

Tac giad da chitng minh duge néu song ham f 1a gid don diéu, théa man diéu
kien kiéu Lipschitz, lién tuc yéu dong thoi va 16i theo bién thit hai, anh xa 7' 1a
k-nlia co va nia doéng tai 0 sao cho tap nghiém chung ctia bai toan can bang va
bai toan diém bat dong S = Sol(C, f) N Fix(T) # 0, thi day {z*} sinh bdi thuat
toan de xuat hoi tu manh t6i #* = Ps(a20).

Mot uu diem ctia Thudt todan HSEM trong [31] 1a chi phai gidi mot bai toan tbi

uu 16i trén C, nén thudng cé chi phi tinh toan thap hon. Tuy nhién, dé thuc hieén

1

thuat toan nay doi héi tham sd A can théa man dicu kien 0 < X < min{%, 36 b

nén khi cac hing s6 kieu Lipschitz khé wéc lugng hodc khong biét, thi viec ap
dung thuat toan nay mot cach trie tiép 1a kho khan.

Chinh vi vay, trong luan an nay biang cach két hop phuong phap dudi dao
ham tang cuong vdi phuong phap lip Ishikawa, chiing toi dé xuat mot thuat toan
mdéi gidi bai toan tim nghiém chung clia bai toan can bang v6i song ham f 1a gia
don diéu, théa man diéu kien kiéu Lipschitz, nhung céc hing s6 kiéu Lipschitz
c6 thé 1a khong biét va bai toan diém bat dong ctia anh xa 7' 1a tua khong gian.
2. Muc tiéu nghién ciu

Trong luan &4n nay, ching toi tap trung nghién ctu céc chi diém sau ve

bai toan can bang va bai toan diém bat dong trong khong gian Hilbert:
(i) Xay dyng thuat toan gidi bai toan can bang khong don di¢u.

(ii) Nghién cttu mdi quan hé gitta tap nghiém ctia bai todn can bang to hgp véi

giao cac tap nghiém clia cic bai todn can bang.

(iii) Thiét lap phuong phap tim nghiém chung clia bai toan can bang va bai

toan diém bat dong.

3. Poi tugng va pham vi nghién ciru
V6i cac muc tiéu dat ra nhu trén, trong ludn an nay ching t6i nghién cttu

cac noi dung sau:
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Noi dung 1. Xay dyng phuong phap giai bai toan can bang véi song ham
la khong don diéu.

Noi dung 2. Chiing minh v6i gid thiét cac song ham f;,i = 1,2,.... N 1a
don diéu khong di dé tap nghiém clia bai toan can biang to hop va giao
cac tap nghiém clia cac bai toan can bang bang nhau. T do, thiét lap dicu

kien du dé hai tap nghiem dé bang nhau.

No6i dung 3. Xay dung thuat toan tim diém chung ctia tap nghiém bai toan
can bing v6i song ham 1a gia don diéu, thoa man diéu kien kiéu Lipschitz

va tap cac diém bat dong ctia anh xa tia khong gian.

4. Phuong phap nghién ciu
Xuat phat tit muc tiéu ctia dé tai nghién citu, cting véi cac phuong phap
co ban ciia giai tich ham, giai tich 16i, phuong phap diem bat dong va 1y thuyét

t6i wu, ching toi st dung cac phuong phap nghién cttu nhu sau:

o D¢ giai bai toan can bang véi song ham la khong don diéu, ching téi st

dung phuong phap chiéu nhing két hop v6i phuong phap tim kiém theo tia.

e Dé chi ra tap nghiém ciia bai toan can bing to hop va giao ctia ho hitu han
cac tap nghiem céc bai toan can bing c6 thé khong bang nhau véi gia thiét
cac song ham 13 don diéu, ching toi sit dung phan vi du. Tiép do, ching
toi sit dung cac cong cu ciia giai tich 16i dé ching minh hai tap nghiem do6

bang nhau véi mot s6 gia thiét thich hop.

e Chiing toi stt dung cac cong cu ciia gidi tich ham, giai tich 16i, phuong phap
diém bat dong va 1y thuyét t6i wu dé xay dung thuat toan tim nghiém chung
clia bai toan can bang v6i song ham 1a gia don dieu, théa man diéu kien

kiéu Lipschitz va bai toan diém bat dong ctia 4nh xa tua khong gian.

5. Két qua cua luan an

Luan an da dat dugc nhitng két qua chinh sau day:
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o Dé zuat dugc thuat todn gidi bai todn can bang vdi song ham la khong don
diéu, va chitng minh duge su hoi tu manh ciua thudt toan dé zuat, tu dé da
dp dung thudt todn nay cho mot moé hinh can bang thi truong dién ban doc

quyén Nash-Cournot. Két qud nay dugc trinh bay dua theo bai bao [CT1].

o Chi ra duge tip nghiém ctia bai todn can biang to hop va giao cdc tap nghiém
cdc bai toan can bang khong bang nhau khi cic song ham la don diéu. Dong
thoi thiét lap duoc diéu kién di dé hai tap nay bang nhau. Két qud nay duge

trinh bay dua theo bai bao [CT2).

e Xay dung duogc thudt todn tim diém chung cia tap nghiém cia bai todn can
bang EP(C, f) vdi song ham f la gid don diéu, théa man diéu kién kiéu
Lipschitz va tap cdac diém bat dong cia dnh za tua khong gian T, ching
minh dugc su hoi tu manh cia thudt toan dé dén nghiém cia bai todn ban
dau. Dua ra mot soé vi du dé minh hoa su hoi tu cia thudt todn dé zudt.

Két qud nay dugc trinh bay dia theo bai bao [CTS).

Cac két qua chinh ctia luan an dudc céng b trong 03 bai bao va

da dugc bao cao tai:

1. Xémina ctia B6 moén Toan, Khoa Céng nghé Thong tin, Hoc vién K§ thuat
Quan su.

2. Xémina ctia Khoa Cong nghé Thong tin, Hoc vién Ky thuat Quan su.

3. Hoi nghi Khoa hoc cac nha nghién citu tré 1an thi XV (20/02/2020), Hoc vien
K¥ thuat Quan su.

4. Hoi théo T6i uu va tinh toan Khoa hoc lan thi 18 (20-22/8/2020), Hoa Lac,
Ha Noi.

5. Hoi nghi cac cyu hoc vien Vien Toan hoc - Mot s6 van deé trong Toan hoc

duong dai (11-12/9/2020), Ha Noi.
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6. B6 cuc ctia luan an

Ngoai phan M4 dau, Két luan, Danh muc cong trinh khoa hoc ctia tac gia
lien quan dén luan 4n va Tai lieu tham khao, luan an gom bén chuong, cu thé
nhu sau:

Trong Chuong 1 ching toi nhic lai mot s6 kién thiic co ban vé giai tich 1oi,
giai tich ham, 1y thuyét t6i wu, va phuong phap diém bat dong. Cu the, Phan 1.1
chiing to6i trinh bay mot s6 két qua co ban veé giai tich 16i. Phan 1.2 danh cho viéc
gidi thieu bai toan can bang va mot so6 truong hop riéng ciia né, cliing véi mot sé
dicu kién vé sy ton tai nghiém ctia bai todn can bang. Phan cudi cing 13 Phan
1.3, chting t6i nhéc lai bai todn diém bat dong va mot s6 phuong phap tim diém
bat dong.

Trong Chuong 2, chiing t6i nghién cttu, dé xuat mot s6 thuat toan hoi tu manh
cho bai toan can bang khong don diéu trong khong gian Hilbert thiuc. Chuong
nay duge bé cuc thanh ba phan: Phan 2.1 danh cho viéc nhac lai mot s6 cac thuat
toan hién c6 dé sit dung cho cac nghién cttu tiép theo. Phan 2.2, dya trén nhiing
thuat toan hién c6, mot sé gia thiét va cac bd dé ki thuat cho trude, ching toi
dé xuat va chitng minh thuat toan hoi tu manh déi véi bai toan can bing khong
don diéu trong khong gian Hilbert. Phan 2.3 ciia chuong danh dé trinh bay vi du
minh hoa cho thuat toan dé xuat.

Tiép theo 1a Chuong 3, ching toi tap trung nghién cttu mdi quan hé giita tap
nghiém ctia bai toan can bang to hop va giao cac tap nghiém ciia cac bai todn can
bang. Chuong nay gom c6 hai phan. Phan 3.1 14 phan mé dau, ching téi danh dé
chi ra v6i mot s6 gia thiét cho trude cac két qua trong cac bai bao [41, 42, 66-68]
c6 thé khong dang. Trong Phan 3.2, chiing toi trinh bay mot két qua nghién ctu
vé moi quan hé gitta tap nghiém ciia bai toan can bang té hop va giao clia mot
ho céc bai toan can bang.

Cudi cung 1a Chuong 4, ching toi tap trung cho viéc nghién ciu, dé xuat
thuat toan tim diém chung ctia cac tap nghiém ctia bai todn can bing va bai toan

diém bat dong. Cu thé chuong nay gom ba phan, Phan 4.1 1a phan mé dau danh
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cho viéc dat bai toan, nhic lai mot thuat toan hien co dé st dung cho cac nghién
citu tiép theo. Trén co s6 d6 va v6i mot so gia thiét, trong Phan 4.2 ching toi két
hop thuat todn dudi dao ham tang cuong két hop véi phuong phap lap Ishikawa
dé dua ra thuat toan tim diém chung ciia tap nghiém bai toan can bang véi song
ham 13 giad don diéu théa man diéu kien kiéu Lipschitz va tap céc diém bat dong
clia anh xa tua khong gian. Tiép theo ching toi chiing minh sy hoi tu manh clia
thuat toan va dua ra cac thuat toin hé quai trong mot sd truong hop dic biét.
Phan cudi ctia chuong 14 Phan 4.3 danh dé trinh bay mot s6 vi du sé minh hoa
cho thuat toan dé xuat, vi du cudi cing dude thyc hien trong khong gian Hilbert

vo han chiéu ciing cho két qua kha kha quan.
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Anh xa dong nhat
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Gia tri cuc tiéu cta f trén tap C
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Khoang céach tit  dén tap C

Hinh chiéu ctia « len tap C

Né6n phap tuyén ngoai ctia C tai

Bai toan can bang dudce xac dinh béi tap
C' va song ham f

Bai toan can bang Minty

Bai toan tim diém chung ctia mot ho cac
bai toan can bang

Bai toan can bang to hgp dude xac dinh
béi tap C va t6 hgp 16i cac song ham
fiyi=1 N

Bai todn bat dang thic bién phan (don
tri) dugce xac dinh bdéi tap C va anh xa F
Bai toan diem bat dong dudc xéc dinh
béi tap C va anh xa F

Tap nghiém ctia bai toan EP(C, f)

Tap nghiém ctia bai toan MEP(C, f)
Tap nghiém ctia bai toan can bang to hgp
Tap nghiém ctia bai toan VIP(C, F)

Tap cac diém bat dong clia anh xa 7.
Tap nghiém chung ctia bai toan can bang

va bai todn diém bat dong
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Chuong 1

Mot s6 kién thitc chuin bi

Trong Chuong 1, chiing toi nhic lai mot s6 két qua can thiét nhat dugc st
dung cho céc chuong tiép theo. Chuong nay gom c6 ba phan. Phan thit nhat
danh cho viéc trinh bay mot s6 khéi niém va két qua clia giai tich 16i. Phan thi
hai chiing to6i gidi thiéu bai todn can bang va mot s6 truong hop riéng, ciing nhu
st ton tai nghiém ctia bai toan can bang. Nhing kién thiic nay cé thé tim thay
trong cac tai lieu [3, 4, 10-13, 27, 38, 45, 64, 77]. Phan cudi cung ctia chuong
danh cho viéc trinh bay bai toan diém bat dong va mot s6 phuong phap tim diém
bat dong. Céc kién thitc vé phuong phap diém bat dong c¢é thé tham khéo trong
cac tai licu [10, 28, 29, 34, 52, 86).

1.1 Mot s6 khai niém va két qua co ban
Gia st H 1a mot khong gian Hilbert thuc, véi tich vo huéng (-, -) va chuan
tuong 1ing duge xac dinh béi |jz|| = \/(z,z), Vo € H. Day {2*} ¢ H dugc goi 1a

hoi tu manh t6i x* € H, ky hieu » — z*, néu ||z — 2*|| — 0. Day {z*} ¢ H dugc

goi 1a hoi tu yéu t6i o* € H, ky hieu » — z*, néu (u,z — z*) — 0,Vu € H.

Dinh nghia 1.1.1. [3]. Gid st X la mot khong gian véc to trén R, tap € € X

dugce goi la:
a. loinéu véi moi z,y € C va 0 <A <1 thi A+ (1 - \)y € C;
b. nén cé dinh tai 0 néu Az € C, v6i moi = € C, va A > 0;

c. non loi néu né vita 1a nén c6 dinh tai 0 vita 1a mot tap 16i.
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Ménh dé 1.1.2. [3, 64]. Tap hop C C X la 16i khi va chi khi C' chita moi to hop
10i clia cdc diém cta né. Tic la, C 107 khi va chi khi
k

k
WheN VAL ., A >0 0y N =1valafeC =) Nalec
j=1 J=1

Cac tap 10i 1a déng kin doi véi mot s6 phép toan nhu phép giao, phép cong,
phép nhan véi mot s6 thye. Tidc 1a, néu C va D 1a hai tap 10i trong X thi

CND, aC + BD ciing la cac tap 16i v6i moi «, B € R.

Dinh nghia 1.1.3. [3, 64]. Gia stt C 13 mot tap 10i, khac rong trong khong gian
Hilbert thue H va 2° € C. véc to w € H duge goi 1a phap tuyén ctia C tai 2 € C
néu
(w,z —2°) <0, Yz € C.
Khi d6 tap
Ne(axV) ={weH : (w,z—2° <0, Vo € C}

duge goi 1a nén phap tuyén ngoai (normal cone) cia C tai 2° va tap —Ng(a)

duge goi 1a nén phap tuyén trong ciia C tai 0.
Ro rang 0 € No(20) va tit dinh nghia trén ta thay Ng(2%) 14 mot nén 161 déng.

Dinh nghia 1.1.4. [4, 10]. Gi st C 1a mot tap khac rong (khong nhat thiét 161)
trong khong gian Hilbert H va véc to bat ky = € H, dit

de(x) = inf [lz - yl,
yelC
ta n6i do(x) 1a khodng cdch tit = dén C. Néu ton tai z* € C sao cho
do(z) = |lz — 2",
thi #* dugc goi 1a hinh chiéu clia z trén C va ky hieu la z* = Po(x).

T dinh nghia trén ta thay hinh chiéu ctia € H trén C la diém thudc C' gan

x nhat duge xac dinh béi

Pe(x) = argmin{|lz —y[| : y € C}.
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Néu C 1a mot tap 10i, dong, khac rdng ctia H, khi d6 v6i mdi » € H, Po(z) luon
ton tai va 1a phan tit duy nhat thuoc C théa man
lz = Pe(z)]| < lz —yl, Yy € C.

Chéng han, néu C = H = {y e H : (a,y) + b < 0}, v6i a € H va b € R, 14 mot niia

khong gian, thi ta c6

(2) x néu r € H,
PH$:
—%a néur ¢ H.

Phép chiéu trén tap 16i, déng c6 mot s6 tinh chat sau.

Ménh dé 1.1.5. ([10, Theorem 3.14, Proposition 4.8]). Gid s C la mot tap con

101, déng, khdac rong cia khong gian Hilbert H. Khi dé
a. hinh chiéu Po(z) cia x trén C luon ton tai va duy nhat vdi moi x;
b. z = Po(z) khi va chi khi x — 2z € No(z), hay (x — z,y — 2) <0 Vy € C;
c. |Pe(x) = Po(y)|? < (Po(z) = Po(y), = —y), Yo,y € H;
d. |Pc(z) = Pe)I* < v —yl? = |z — Po(z) —y + Po(y)|?, Yo,y € H.

Dinh nghia 1.1.6. [3, 77]. Gid st C C H 14 mot tap 161 dong, khac rdng va ham
s6 f: C — RU{+oo}, khi d6 ta noi

a. ham f dugc goi 1a 107 (conver function) trén C néu

FOx+ (1 =XNy) < Af(z2)+ (1 =N f(y), Vz,y € C, ¥\ € [0;1];
b. ham f dugc goi 1a 07 chat (strictly convex function) trén C néu
fOaz+ (1= Ny) <Af(z) + (L =A)f(y), Yo,y € C, x #y, VA € (0;1);
c. ham f 1a loi manh (strongly convex function) trén C v6i hé s6 > 0 néu

FOe+(1-N)y) < A @) +H1-N) T () =M1V ey, Yoy € C, ¥ € [0:1];
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d. ham f 1a tua loi (quasiconver) trén C' néu

fOz+ (1= N)y) <max{f(z), f(y)}, Vz,y € C, VA € [0;1];

e. cac tap

dom f={zeC: f(z) < o0},

epi f = {(z,7) € C xR : f(z) <7},

tuong tng dugc goi 1a mién hiu hicu (effective domain) va trén do thi

(epigraph) cia f;

g. ham f: C — RU {+oc} dugc goi 1a chinh thuong (proper function) néu

f(z) > —o0 v6i moi x € C' va domf # 0.
Dinh nghia 1.1.7. [77]. Gia stt ham s6 f : H — R. Khi d6

a. f dugc goi 1a nia lién tuc dudi (lower semicontinuous) tai ¥ € H néu
V{z*} c H: 2¥ — 7 thi
f(#) < liminf f(<*);

k—o0
f dude goi 1a ntta lién tuc dudi trén C néu né 1a nita lien tuc dudi tai moi

xzeC.

b. f dugc goi 1a nia lién tuc trén (upper semicontinuous) tai z € Hnéu V{z*}
H: zF — z thi

f(z) > limsup f(z*);

k—o00

f dudc goi la nita lien tuc trén trén C néu no la nia lién tuc trén tai moi
x e C.
Ham f dugc goi l1a lién tuc trén C néu né vira nita lién tuc dudi va vira nita

lién tuc trén trén C.
Tiép theo, ta nhic lai khai niem dao ham va duéi vi phan ctia mot ham 16i.

Dinh nghia 1.1.8. [3, 13]. Gi& stt ham s6 f: H — R, va 2 € H. Ta noi:
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a) ham f khd vi tai z néu ton tai véc to 2* € H sao cho

i J W) = f2) ="y — @)

y—e ly — =

=0,

véc to z* nhu thé duge goi 1a dao ham cla f tai x va duge ky hiéu 1a V f(z)

hoac f'(z);

b) ham f ¢6 dao ham theo hudng (directionally differentiable) d € H\{0} tai =

néu ton tai giéi han
iy &+ td) — f@)

t—0+ t

ta goi gidi han do 1a dao ham theo hudng d cua f tai z va ky hiéu 1a f/(z;d).

Dinh nghia 1.1.9. [3, 77]. Gid stt f : H — RU {400} 1a ham 16i chinh thuong,

w € H duge goi 1a dudi dao ham (subgradient) cia f tai x néu

fly) > (w,y —z) + f(z), Yy € H. (1.1)

Tap tat ca cac dudi dao ham ctia f tai z duge goi 1a dudi vi phan (subdifferential)
cia f tai x va duge ky hiéu 1a 0f(z). Ham f duge goi 1a khd dudi vi phan tai ©
néu 0f(v) # 0. Ham f dugc goi 1a khd dudi vi phan trén mot tap néu n6 kha dudi

vi phan tai moi diém thudc tap do.
Tit d6 ta c6 cac két qua sau.

Dinh 1y 1.1.10. [10, Theorem 16.2] Gid st f : H — RU{+oco} la ham 103, chinh
thuong, kha dudi vi phan. Khi do

" € argmin{f(z): z € H} & 0eaf(a”).

Dinh ly 1.1.11. [10, Proposition 26.5]. Gid st C C H la mot tdp loi, déng, cé
mién trong khdc rong, f: H — RU {+oco} la ham 10i, chinh thuong, nia lién tuc
dudi va khd dudi vi phan trén C. Khi dé 2° la diém cuc tiéu cia f trén C khi va
chi khi

0 € 9f(2") + Ne(2).
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1.2 Bai toan caAn bang va su ton tai nghiém

Gia st C 1a tap 101, déng, khac rong trong H, va ham f: C x C — R thoa
man f(x,2) = 0 véi moi x € C; ham f nhu vay dugce goi 1a song ham cin bing
(equilibrium bifunction). Bai toan can bang (hay con dudc goi la bat dang thiic

Ky Fan (xem [27]) 1a bai toan:
Tim z* € C sao cho f(z*,y) >0, Vy e C. (1.2)

Bai toan can bang lien két véi (1.2) dude goi 1a bai toan Minty, duge phat bicu
nhu sau:

Tim y* € C sao cho f(z,y*) <0, Vz € C. (1.3)

Ky hiéu céc bai toan (1.2), (1.3) tuong tng la EP(C, f), MEP(C, f) va céac tap
nghiém ctia ching lan lugt 1a Sol(C, f), Syy.

Bai toan can bang c6 dang kha don gidn, nhung bao ham nhiéu 16p bai toan
quan trong trong kinh té va nhiéu linh viic thyc tién khac nhau nhu bai toan toi
uu, bai toan bat dang thitc bién phan, bai toan diém bat dong, bai toan can bing
Nash trong tro choi khong hgp tac ..., né coi cac bai toan nay nhu nhiing truong
hop rieng dac biét va hgp nhat ching theo mot phuong phap nghién cttu chung
rat tien loi. Nhiéu két qua ctia cac bai toan noi trén cé thé mé rong cho bai toan
can bang tong quat véi nhitmg diéu chinh phit hop va do vay thu duge nhiéu tng
dung rong 16n. Nhiéu nghién citu ciing da chi ra rang, cac bai toan thuc té nhu
t61 uu, kinh té va k¥ thuat c6 thé duge mieu ta thanh céc bai toan can bing
tuong tng. Diéu do6 da gidi thich duge tai sao bai toan can bang dugce rat nhieu
nha toan hoc quan tam, nghién citu. Trong phan nay, chting to6i chi nhac lai maot
s6 nét chinh vé khai niém bai todn can bang vA mot s6 truong hop riéng ciing
nhu dicu kién ton tai nghiém ciia né.

Sau day 1a mot sé vi du vé nhitng bai toan quen thuoc c6 theé mo ta dudi dang
bai todn can bing.

1.2.1 Mot s6 truong hop riéng ctia bai toan can bing
Cho C 1a mot tap 16i, déng, khac rong ctia H.
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a. Bai toan t6i uu
Cho ham ¢ : C — R. Xét Bai todn toi wu, viet tat 1a (OP), 1a bai toan duge
phat biéu nhu sau:
Tim z* € C sao cho p(z*) < ¢(y), Yy € C.
Béang cach dit f(z,y) := o(y) — o(x) v6i moi z,y € C. Theo dinh nghia,

(") <o(y), Vye C & f(z*,y) >0, Vy e C.

Diéu d6 chiing t6 bai toan t6i wu 1a mot trudng hop riéng ciia bai toan can bang.
b. Bai toan bat ding thic bién phan
Gia st anh xa F : C — H la 4nh xa don tri. Bai toan bat déang thic bién phan

(don tri), viét tat 1a VIP(C, F) 1a bai toan
Tim 2* € C sao cho (F(2*),y —2*) >0, Vy € C.

Néu dit
flay) = (F(z),y — ), 2,y € C,
thi cac tap nghiém clia bai toan bat dang thic bién phan VIP(C, F) va bai toan
can bang EP(C, f) trung nhau.
Téng quat, bai toan bat déng thiic bién phan da tri (multivalued variational

inequality), viét tat 1a MVIP(C, F) 1a bai toan
Tim 2* € C vau* € F(2*) sao cho (u*,y —2*) >0, Vy € C,

trong d6 F: C — 2% 1a anh xa da tri sao cho F(z) 1a tap com pac khac rong véi
moi = € C. Bai toan nay ciing c¢6 thé dude mo ta dudi dang bai toan can bing.

That vay, do tap F(z) com péac v6i mdi z € C' nén ta c6 the dit
f(z,y) = max{{u,y —x) : u€ F(x)}.
Khi d6, néu z* cung véi u* € F(z*) 1a nghiém ciia bai toan MVI(C, F) thi

ucr(r*
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ttc 1a z* 1a nghiém cla bai toan EP(C, f).
Ngugc lai, néu 2* 1a nghiem ctia bai toan EP(C, f), do tap gia tri F(z*) com

pac nén ton tai u* € F(x*) sao cho

(u*,y —2*) = max (u,y —z*) = f(z*,y) >0, VyeC.
uEF (z)*

Diéu nay ching t6 z* véi u* € F(2*) 1a nghiém ciia bai toan MVIP(C, F).
c. Bai toan diém bat dong
Gia st F: C — C la anh xa don tri. Bai toan diém bat dong thong thuong

viét tat 1a FP(C, F) 1a bai toan
Tim z* € C sao cho z* = F(z*).
Bang cach dit
f(z,y) = {xr— F(z),y— ), z,y € C,
thi bai toan FP(C, F) va bai toan EP(C, f) la tuong duong v6i nhau.
That vay, néu z* 13 nghiém ctia bai toan FP(C, F) thi

fl@*y) = ("= F(2*),y—2") =0>0, Vy € C.
Ngugc lai, néu z* 1a nghiém ctia bai toan EP(C, f) thi

0< f(z*,y) = (2" — F(a"),y — ), Vy € C,

0 < (" = F(s*), F(z") — ) = —|la* = F(a")

Tit do, ta c6 z* = F(z*). (Theo dinh li diém bat dong Brower, moi anh xa lién
tuc tit tap com péc vao chinh né déu cé diém bat dong).

Tong quat, bai toan diém bat dong da tri, viét tat 1a MFP(C, F) 1a bai toan
Tim 2* € C sao cho z* € F(z"),

trong d6 F : ¢ — 2% 13 anh xa da tri, sao cho tap gia tri F(z) la tap 16i, com péc,

khéac réng. Bai toan nay ciing ¢6 thé mo ta duge dusi dang bai toan can bang.
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That vay, do F(x) la tap com péac v6i méi = € C nén ta dat

f(‘rvy) = max (x—u,y—x), vaye C.
uEF (x)

Dé théy, néu z* € F(z*) thi

fz*y) = H%a(mx)<:c* —u,y — ") > {(a* —aFy—2") =0, Vyel.
uer(x*

Vi vay, z* 1a nghiém ctia bai todn can bang EP(C, f).
Ngugce lai, gid sit 2* 1a nghiém ctia bai toan EP(C, f), tic la f(z*,y) > 0 v6i
moi y € C. Khi d6, 1ay y 1a hinh chiéu ctia z* lén tap 16i, com pac, khac rong

F(x*), ta dugc

(x —yw—x)zgﬁgﬁ)@ —u,u— "),
Do do
0< f(a*,y) = (@* —y,y —a%) = —|lz* — y||~

Dicu d6 chiing t6 y = z* € F(z*), vay z* 1a diém bat dong cia 4nh xa F.

d. Bai toan can bang Nash trong tro choi khéng hop tac

Xét mot tro choi khong hop tac gom p nguoi choi. Véi I := {1,...,p} la tap hitu
han céc chi s6 (tap p nguoi choi); tap C; € R™ la cac tap 161, dong, khac rong la
tap chién lugce ctia ngudi choi thii (i € ITvan, e N),va fi: C:=C1x...xCp, = R
tuong tng 1a ham thua thiét ctia ngudi choi thit i € I, (phu thudc theo tat ca cac
chién luge ctia nhiing nguoi choi khac). Véi x = (21,...,25),y = (y1,...,yp) € C,

ta dinh nghia
(xlyi]); =
Bai toan can bang Nash 1& bai toan
Tim z* € C sao cho f;(2*) < fi(z"|yi]), Yy € Ci, Vi€ 1. (NEP)

Diém z* nhu vay goi la diém can bing Nash. Vé ¥ nghia kinh té, diém can bing

Nash néi lén rang bat ky déi thii nao chon phuong an ra khoéi diém can bing
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trong khi cac d6i thii khac van giit phuong 4n diém can bing thi déi thi ra khéi
diém can bang sé bi thua thiet. Bing cach dit
floy) =Y {filzlu]) - fi(2)}; 2y € C,
el
ta dua dugce bai toan (NEP) vé bai toan EP(C, f).
1.2.2 Sy ton tai nghiém ctia bai toan can bang
Trong phan nay, ching t6i nhic lai mot s6 két qua vé sit ton tai nghiém,

tinh duy nhat nghiém ctia bai todn can bang EP(C, f). Chung toi chi dé cap
dén cac két qui quan trong md khong dua ra ching minh cac két qua do &
day. Cac chiing minh ciia céc két qua nay cé thé tham khao trong cac tai lieu
11, 13, 27, 38, 45].

Dé thuan lgi trong viéc trinh bay céc két qui, ta can mot sé cac gia thiét cta

song ham f: C x C' — R U {+4oc0} nhu sau.

(G1) f(-,y) 1a ham nita lién tuc trén trén C theo bién thit nhat véi méi y € C.
(G2) f(x,-) 1a ham tya 10i tréen C theo bién thit hai v6i méi = € C.

(G3) f(z,-) 1a ham nta lién tuc dudi tréen C' theo bién thit hai v6i mdi z € C.

Dinh ly 1.2.1. [13, Theorem 2.3.4], [27, Ky Fan’s Theorem|. Gid su f: Cx C —
R U {+o00} la mot song ham can bang théa man cic dieu kién (G1),(Ge). Gid su

rang it nhat mot trong cac gid thiét sau dugc théa man
i) C la tap com pac;

i) Ton tai mot tap con khdc rong W C C sao cho vdi moi x € C\ W, ton tai
ye W dé f(z,y) <0.
Khi dé bai toan EP(C, f) c¢6 nghiém.

D)

b

xét tinh duy nhat nghiém va cac phuong phap tim nghiém ctia bai toan

can bang, ta can dén cic dinh nghia sau day vé tinh don diéu ctia song ham f.

Dinh nghia 1.2.2. [11, 45]. Gid sit C C H. Song ham f : C' x C — R dugc goi la:
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don diéu manh (strongly monotone) trén C v6i hiang s6 7 > 0 néu véi moi
x,y € C' ta coO

flay) + fly.x) < —7lle =yl

don diéu chat (strictly monotone) trén C' néu véi moi z,y € C, ta ¢6
fla,y) + fly.x) < 0;

don diéu (monotone) trén C néu véi moi z,y € C, ta co
fla,y) + fly.x) < 0;

gid don diéu (pseudomonotone) tréen C' néu véi moi z,y € C, ta c6

flx,y) > 0= f(y,2) <0;

gia don diéu trén C tuong ting vdi D (pseudomonotone on C with respect
to D) néu
Va* € D,Vy € C, f(z*,y) > 0= f(y,z*) <0;

para-don diéu (paramonotone) trén C néu f l1a don digu trén C va

{z €Sol(C, f),y € C, f(x,y) = f(y,z) = 0} = y € Sol(C, f);

para-gid don diéu (parapseudomonotone) trén C néu f la gid don dieu trén

C va

{z e Sol(C, f),yeC, f(z,y) = f(y,x) =0} =y € Sol(C, f);

théa man dieu kién kiéu Lipschitz tréen C néu ton tai cac hing s6 ¢; > 0 va

co >0, va v6i moi z,y,z € C, ta co

flay) + £y, 2) > f(z,2) = allr = yllI* = c2lly — 2/
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T dinh nghia trén, ta co:
a)=b)=c)=d)=e f)=g),f)=c) vag)=d).

Néu f(x,y) = (F(z),y — z), v6i anh xa F : H — H. Khi d6 céc khai niém ve
tinh don diéu ctia song ham f trd thanh cac khai niem vé tinh don diéu tuong
ing ciia anh xa F. Hon nita, néu anh xa F 13 Lipschitz v6i hing s6 L > 0 trén C,
tic 14, ||F(z) — F(y)| < L|jz — yl|, Yo,y € C, thi f ciing théa méan diéu kien kiéu

_ Le

Lipschitz trén C' (xem [54, 62]), chang han, v6i cdc hing s6 ¢1 = £, ¢ = £, véi

moi € > 0.

Dinh 1y 1.2.3. ([11, Proposition 4.2], [45, Proposition 2.1.16)). Gid st f : CxC —

R U {+oco} la mot song ham can bdng.
i) Néu f la don diéu chat thi bai toan EP(C, f) c¢6 nhiéu nhat mot nghiém.

i) Néu f(z,-) la ham loi véi moi x € C, f théa man cdc gida thiét (G1) va (G3)

va la ham don dieu manh trén C, thi bai toan EP(C, f) c6 nghiém duy nhat.

1.3 Bai toan diém bét dong va mét sé6 phuong phap tim diém
bat dong
Trude tien ta nhic lai khai niem diém bat dong, tap diém bat dong cta
mot anh xa, va cac khai niém co ban ciia anh xa 7. Céc kién thiic trong muc nay

dugc trich dan chu yéu tir tai lieu [10, 28, 29, 34, 52, 86].

Dinh nghia 1.3.1. Gia stt C 14 mot tap 161, déng, khac rong trong khong gian
Hilbert H. Ta goi diem z € C la diém bat dong cta anh xa 7 : ¢ — H néu
T(z) ==x.

Tap cac diém bat dong clia anh xa T duge ky hieu I
Fix(T) ={z € C|T(z) = }.

Dinh nghia 1.3.2. [10]. Gid st C la tap 161, dong, khac rong ctia khong gian
Hilbert H va anh xa 7' : C — H. Khi d6 anh xa T dugc goi la:
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a) anh xa co trén C néu véi hing s6 0 <7 < 1 ta co

IT(z) =T < 7llz —yll, Yo,y €C;

b) anh xa khong gian (nonexpansive) trén C néu

I7(z) = Tl < llz = yll, Va,y € C;

¢) anh xa Lipschitz tréen C véi hang s6 L > 0 néu

|T(x) —T(y)|| < Lllz —yl, Va,yeC;

d) anh xa tua khong gian (quasinonexpansive) trén C néu Fix(T) # 0 va

”T(:L‘) - y” S HiL‘ - @/H, Vo € C? Yy e FlX(T>7

e) anh xa gid co (pseudocontractive) trén C néu

I1T(x) = T(W)II* < lle = ylI> + (1 = Tz — (I = T)yl?, Va,y € C;

f) 4nh xa k-nia co (k-demicontractive) néu Fix(T) # () va ton tai hang s6

k €]0,1) sao cho

IT(2) = yl* < llo =yl + £lla = T(2)[?, Vo€ O,y e Fix(T).

Tt dinh nghia trén ta co
a)=b=c), b)=d), b)=e),d = f)

Giad st T : C — C la mot anh xa (don tri). Bai toan tim diém bat dong cia
anh xa T la bai toan: Tim z* € C sao cho T'(z*) = 2™

Nhicu bai toan xuat hién trong cac linh vuc Giai tich va Dai s6 cling dudc
dua vé bai toan tim diém bat dong, nhung khong cé thuat todn tong quat dé tim
diém bat dong ctia anh xa 7 bat ki. Dé tim diém bat dong clia anh xa T ta phai
phan loai va st dung cau tric ciia né. Cu thé la:

- Néu T 1a anh xa co, ta c6 dinh 1y anh xa co ctia Banach sau day.
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Dinh 1y 1.3.3. (Pinh ly Banach)[86, Theorem 1.A]. Gid st (X, d) la mot khong
gian metric day du, C la tap déng, khdc rong cia X va dnh za T : C — C la dnh
za co. Khi dé T ¢6 mot diém bit dong duy nhat «* € X. Ngoai ra vdi moi z° € C

va day {z"} zdc dinh bdi 2" = T(z" 1), n > 1 thi 2" — x* khi n — oo.
- Néu T khong phai la anh xa co, chang han T 1a 4nh xa khong gian thi dinh
Iy Banach c6 thé khong con ding nita.

Vi du 1.3.4. Xét phép tinh tién T trong khong gian H = R”, dudc xac dinh bdi:
T(x) =2+ u, v6i0# u e R" la véc to ¢6 dinh.

Khi d6 T la anh xa khong gian, dang cit (bdo toan khodng cach), nhung khong
c6 diem bat dong. Tuy nhién, ngay cd khi T c6 diém bat dong thi phép lap
2"t = T(2") ciing c6 thé khong hoi tu t6i diém bat dong. Chang han ta xét vi
du sau:
Vi du 1.3.5. Xét phép quay mot goc a (0 < a < 27), quanh tam O trong khong
gian R?, dugc xac dinh béi:

T(z) = Q5 ().

Khi d6 Fix(T) = {O}, nhung phép lip

9 £ (0,0)
2" = T(2")
khong hoi tu vé diém bat dong.
Dé khic phuc nhuge diém ctia phép lip Banach, Mann da dua ra thuat toan

ap dung cho 16p céc anh xa khong gian (nonexpansive) (xem [10, 52]) nhu sau:

20 eC,
(1.4)

oF = apak + (1 — ag)T(2%),

trong d6 day tham s6 {a;} C [0,1]. Dinh ly sau day chi ra day lap {2*} sinh béi

thuat toan (1.4) hoi tu yéu t6i mot diém bat dong clia 4nh xa khong gian 7.
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Dinh 1y 1.3.6. [10, Theorem 5.14]. Gid s C la mot tdp loi, déng, khdc rong
cua H, va T : C — C la mot anh za khong gian sao cho Fix(T) # 0. Gid su
{ax} € [0,1] sao cho >

sinh bdi thuat todn (1.4) hoi tu yéu tdi mot diém thuoc Fix(T).

neN ar(1 — o) = +oo, va gid st 2 € C. Khi dé day {z*}
Mot phuong phéap noi tiéng khac dé tim diém bat dong ctia mot anh xa 7' 1a

Lipschitz gid co (Lipschitzian pseudo-contractive) da duge dé xuat béi Ishikawa

trong [34] nhu sau:

Dinh ly 1.3.7. [34]. Néu C la mot tdp loi, com pdc cia khong gian Hilbert H,

T:C — C la mot dnh za Lipschitz gid co va 2° € C, thi day {z*} zdc dinh bdi
M = T [ﬁkT(xk) + (1 - ﬁk)xk} + (1 — ag)a®, Vi e N, (1.5)
hoi tu manh téi mot diém bat dong cia danh za T, trong dé {oy} va {6} la cdc
day so duong théa man cdc diéu kién sau day
i. 0<ap <Br<1,VkeN;
11, limy o0 B = 0;
. Y pe | B = oo
Trong trudng hop C khong phai 1a tap com péc thi day {z*} c6 thé chi hai tu
yéu t6i diém bat dong ciia anh xa T' (xem [28]).

Dé c6 duge thuat toan hoi tu manh, Halpern da dé xuat thuat toan sau day

cho 16p cac anh xa khong gian (xem [29])

20 eC,
(1.6)

phtl = ozkxo + (1 — Ozk)T(:)Sk),
trong d6 {ay} C (0,1), limy_,oo ap =0 va Y77 | ap = +oo. Su hoi tu ctia day {z*}

dugce cho bdi dinh 1y sau:
Dinh ly 1.3.8. [29]. Gid st C la mét tap loi, doéng trong khong gian Hilbert H

va T la dnh za khong gian trén C sao cho Fix(T) # 0. Gid si day {ay} C [0,1]

thoa man cac dieu kién
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Z) limk_wo A = 0,
i) Z;O:O o = +00,
) > gl — o] < oo

Khi dé, vdi bat ky 2° € C, day {«*} sinh bdi phép lap (1.6) hoi tu manh téi mot
diem thuoc Fix(T).
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Chuong 2

Mot s6 thuét toan giai bai toan can bang khong don diéu

Cac phuong phap giai bai toan can bang EP(C, f) thuong doi hoi tinh 161
theo bién thit hai va tinh don diéu hosic don diéu suy rong clia song ham f, tinh
dén nay da c6 mot s6 két qua dat ducc cho 16p bai toan can bang 16i va don
dieu nay (xem [8, 24, 25, 53-55, 73]). Gan day, mot s tac gid da xay dung thuat
toan kiéu chiéu dé gidi cac bai todn can bing va bat dang thiic bién phan khong
don dieu (xem [21, 65, 85]), tuy nhién cac két qua nay con chua nhiéu, mat khac
nhiéu bai toan can bang nay sinh trong kinh té c6 song ham khong don diéu.
Vi vay trong chuong nay, chiing t6i nghién cttu mot s6 thuat toan gidi bai toan
can bang ma song ham 1a khong don diéu trong khong gian Hilbert. Mdi thuat
toan 1a sy két hgp ciia phuong phap chiéu nhing (hay con goi la phép chiéu thu
hep lai) va phuong phap tim kiém theo tia. Chuong nay gom ba phan. Phan thi
nhéat, ching t6i danh cho viéc dat bai toan va nhic lai thuat toan dao ham tang
cuong (xem [62]) va phuong phap chiéu nhiing (xem [70]) dé st dung cho nghien
citu tiép theo. Phan tht hai, ngoai viéc trinh bay mot sé bd dé ki thuat, ching
toi dé xuat hai thuat todn gidi bai toan can bang ma song ham 1a khong don
diéu. Phan cudi cling ciia chuong 13 vi du s6 minh hoa cho thuat toan.

Noi dung chinh ctia chuong nay da duge cong bd trong bai bao [CT1] thude
Danh muc cac cong trinh lién quan dén Luan an.

[CT1] B.V. Dinh, N.T.T. Ha, N.N. Hai, and T.T.H. Thanh (2018), Strong
convergence algorithms for equilibrium problems without monotonicity, Journal

of Nonlinear Analysis and Optimization. 9 (2), pp. 139-150.
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2.1 Thuat toan dao ham tang cuong va phuong phap chiéu
nhung
Gia st Q ¢ H 1a mot tap 10i, md, chita tap 16i dong C va f: QO x Q = R

14 mot song ham can bang trén C. Xét bai toan can bang EP(C, f)
Tim z* € C sao cho f(x*,y) >0, v6i moi y € C,
va bai toan lien két véi EP(C, f) duge goi la bai toan can bang Minty MEP(C, f)
Tim y* € C sao cho f(z,y*) <0 Vz € C.

Trong Chuong 1, ta da ky hiéu céc tap nghiém ctia bai toan EP(C, f) va MEP(C, f)
tuong tng 1a Sol(C, f) va Syy.

Nhu da biét (xem [36]), néu song ham can bang f ¢6 cac tinh chat:
e f(-,y) la nita lién tuc trén trén C theo bién thit nhat véi Vy € C,
e f(x,-) 14 16i trén C theo bién thit hai véi Vo € C,

thi Sar C Sol(C, f).

Con néu song ham can bang f 1a gid don dieu trén C thi ta c6 Sol(C, f) C Sy.

Ta bat dau chuong nay bang viéc nhic lai mot sd thuat toan giai bai todn can
bang EP(C, f) va thuat toan chiéu nhing sé dugc stt dung sau day.

Dé giai bai toan can bang gia don diéu va khong kiéu Lipschitz trong khong
gian R", tac gid D.Q. Tran va cac dong tac gia trong [62, Algorithm 2a] da de
xuat két hop thuat todn dao ham tang cudng trong [43] véi quy tac tim kiém tia

Armijo trong [9] dé c¢6 duge thuat toan sau.
Thuat toan dao ham tang cudng [62, Algorithm 2a]
Budc khdi tao. Chon 2° € C, n, € (0,1), va 0 < p, v € [7,7] € (0,2).

Budc lap k (k=0,1,2,...). C6 2% ta thyc hién cic bude sau:
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Budc 1. Giai bai toan quy hoach 16i manh
. 1
min { £(e*,9) + o lly —a*|?: y € O CP(ah)
dé tim nghiem y* duy nhat ciia né.
Néu y* = z*, thi ditng thuat toan. Tréi lai, chuyén sang Budc 2.
Bude 2. (Quy tac tim kiém tia Armijo) Tim my, 1a s6 nguyén duong
nhé nhat m sao cho
P = (L —am)ah + oy,
kom ok ko, k k_ k|2
flehm, ah) — f(28myR) = 4ozt =yt )®.
Dat ny, := ™, 2F 1= 2,

Budc 3. Chon w € 0y f (%, 2%), 1ay o = %, tinh
o = Po(a® — ypopw®),
va quay ve Budc lap k vé6i k duge thay béi k + 1.

Cac tac gid da chitng minh duge day {z*} sinh béi thuat toan hoi tu t6i mot
nghiem cia EP(C, f) véi diéu kién tap nghiem Sol(C, f) # . Cac két qua nay
nay van diang trong khong gian Hilbert H véi chiing minh hoan toan tuong tuy.

Gia su T : C — C la anh xa khong gian, tic la
1T (z) =TI <z —yll, Yo,y € C.

Dé tim mot diém bat dong ctia &nh xa T trong khong gian Hilbert thuc, Takahashi
va cac dong tac gia trong [70] da de xuat phuong phap lip duge biét nhu 1a phuong

phap chiéu nhiing nhu sau.
Phuong phap chiéu nhiing [70]

Budc khdéi tao. Chon 1Y = 29 € O, chon cac tham s6 a € [0,1), {ax} C [0, q]

va dét C() =C.
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Budc lap k (k=0,1,2,...). C6 2* thyc hién cac budc sau:

Bude 1. Tinh
yF = ot + (1- &k)T(xk),

Cr1 = {z € Ot [lz — ¥l < [lo — "1}

Bude 2. Tinh

{L'k+1 — P0k+1 ([I)g),

va quay lai Buéc lap k véi k duge thay béi k + 1.

Cac tac gia da chitng minh duge day {z*} sinh béi thuat toan hoi tu manh
tél x* = PFiX(T)(xg).
2.2 Mot s6 thuat toan giai bai toan can bang khong don diéu
Xuat phat tir cac thuat toan dao ham tang cuong trong [62], phuong phap
chiéu nhtng trong [70] va cic cong trinh gan day [17, 21, 65, 85], ching toi deé
xuat cac thuat toan méi dé giai bai toan can bang trong khong gian Hilbert thuc
ma khong c6 gia thiét gid don diéu clia song ham bang cach két hgp hai thuat
toan nay.
Dé dat duge muc tiéu do, ching t6i gia st song ham f thoéa man cac gid thiét

sau.
(B1) f(z,.) 1a16i tren Q v6i moi x € C;
(By) flalien tuc yéu dong thoi trén Q x .

Dinh nghia 2.2.1. [78]. Mot song ham ¢ : C x C — R dugc goi la lién tuc yéu
dong thoi tren C x C néu véi moi x,y € C va {2*}, {y*} 14 hai day trong C hoi tu

yéu tuong ting téi x va y, thi o(2¥,y*) hoi tu t6i p(z,y).

V6i mdi z, z € C, ta ky hieu dyf(z,2) 1a dudi vi phan ctia ham 16i f(z,.) tai

x, tic la,

Oaf(z,x) :={weH: f(z,y) > f(z,2) + (w,y — x), Vy € C}.
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Dac biét,
Oaf(z,2) ={weH: f(z,y) > (w,y — 2), Yy € C}.
Chiing toi cling nhic lai mot s6 bo dé ki thuat dude sit dung cho viéc ching

minh sy hoi tu t6i nghiém clia cac day lap trong thuat toan ducc dé xuat.

Bo6 dé 2.2.2. [78]. Gid st f : Q x Q — R la mot song ham théa man cic diéu
kien (B1) va (B2). Gid st z,5 € Q va {2}, {y*} la hai day trong Q hoi tu yéu

tuong wng tdi z,y. Khi dé, vdi e > 0 bat ky, ton tain > 0 va k. € N sao cho
o €
an(‘rkayk) - (92f(x,y) + EBa
vdi moi k > ke, trong dé B la hinh cau don vi trong H.

Bo dé 2.2.3. [54]. Vdi cdc gid thiét (By) va (B), diém «* € C la mot nghiém ciia

bai todn EP (O, f) khi va chi khi né la mot nghiém cia bai todn can bing:
1
Tim z* EC’:f(:c*,y)—i—Q—pHy—a:*HQZO, Vy € C. (AEP)

BO dé 2.2.4. [84, Lemma 1.5]. Gid st C la mot tap loi, dong, khdc rong cia H.
Gida st {z*} la mot day trong H va v € H. Néu bat ky diém gidi han yéu cia day
{2*} thuoc C va

2" = ull < lu— Po(u)ll, Vk,

thi 2% — Po(u).

Bo dé 2.2.5. 21, Lemma 2.5|. Vdi cdc gid thiét (B1) va (B2), néu {z*} ¢ C la
mot day hoi tu manh tdi z, va day {w*}, vdi w* € dof(2F, 2¥), hoi tu yéu tdi w,

thi w € d2f(z, 2).

Bo6 dé 2.2.6. [23, Lemma 5]. Gid st song ham can bing f théa man cdc gid
thiét (By) va (By) tuong tng trén Q va trén C, vdi day {=¥} c C, 0 < p < p,
{or} C lp, p]. Xét day {y*} xdc dinh nhu sau

. 1
yk:argmln{f(xk,y)+—2 ||y—xk||2: ye(]}.
Pk

Khi dé, néu day {«*} bi chan, thi day {y*} ciing bi chan.
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Duéi day, 1a mot s6 thuat toan dude dé xuat dé giai bai toan can bang khong
don diéu trong khong gian Hilbert thyc H.
a. Thuat toan 2.1

Budc khdi tao. Chon z¥ = 29 € C, chon cac tham s6 7, 1 € (0,1),0 < p < p,
{pr} Clp, £, w € [v,7] € (0,2), vadat Co = C.
Budc lap k (k=0,1,2,...). C6 2% ta thyc hién cic bude sau:

Budc 1. Giai bai toan quy hoach 16i manh tim nghieém
. 1
yk:argmm{f(xk,y)-|-2—pk||y—:zk||2 : yGC}. CP(z")

Néu y* = z*, thi ding thuat toan. Trai lai, thuc hien Budce 2.

Bude 2. (Quy tac tim kiém tia Armijo thit nhat) Tim my, 14 s6 nguyéen

duong nhé nhat m sao cho

zk,m — (1 o nm)xk + nmyk’
Flm k) — p(hm, ) > ok g2,

Dat oy, = ™, 28 = 2R

Budc 3. Lay w* € 0o f (2%, 2%) va tinh v* = Po(2¥ — ypopwt), trong do
()
Tk = T
Budc 4. Tinh
xk+1 — PCk—H (x9)7
VOl Cpy1 = {x € C) ¢ ||lx — uP|| < ||z — 2F||}, va quay vé Budc 1ap k véi

k dugc thay bdi k + 1.
Nhan xét 2.2.7. Néu y* = 2% thi 2¥ 13 mot nghiem ctia bai toan EP(C, f).

Trude khi chiing minh sy hoi tu ctia Thuat toan 2.1, ching toi nhic lai bo deé

sau da dugc chitng minh trong [62].
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Bo dé 2.2.8. [62, Lemma 4.3, Lemma 4.5]. Gid sit song ham f théa man cdc gid

thiét (B1) va (Bz), khi dé ta cé:

(a) Quy tdc tim kiém theo tia (2.1) la zdc dinh tot, tic la vdi moi k deu ton tai

s0 nguyén duong nhé nhat my, théa man (2.1);
(b) f(zF, 2%) > 0;
(c) 0¢&daf(2F 2%);
(d) Ngoai ra, néu Sy # 0, thi
lu® = a1 < fla® = 2|7 = (2 = ) (oxl|w®])?, vdi moia® € Sar. (2:2)
Dinh Iy sau day thiét lap sy hoi tu manh ctia day {z*} t6i mot nghiém ctia
bai toan can bang EP(C, f).

Dinh 1y 2.2.9. Gid si rang song ham f théa mdn cdc gid thiét (By), (Bs). Néu
tap Sy khdc rong, thi cic day {z*}, {uF} sinh bdi Thudt todn 2.1 hoi tu manh tdi
mot nghiem z* cia bai toan EP (C, f).

Chitng minh. Lay z € Sy € C = Cp. Tt Bo dé 2.2.8, ta c6
lu* = 2| < |2 = 2| = (2 = ) (on ][] (2.3)
Vi, € [1,7] € (0,2), ta nhan dugce

17 — |l < |7 - 2¥]. (2.4)

Tit bat dang thitc (2.4), bang quy nap ta c6 thé két luan duge rang z € Cy v6i
moi k.

Theo Budc 4, z* = P, (29), ta c6
|zF — 29| < ||z — 29|, Vz € Cj, (2.5)

vl vay,

l2* — 29|l < ||z — 27, k. (2.6)
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Do d6, day {z*} 1a bi chan. Két hgp véi (2.4) ta c6 day {u*} cling bi chan.
Vi 2FF1 € ¢ va tit bat dang thic (2.5), ta ¢

2% — 29| < |]a**! — 29|, Vk. (2.7)
Mat khéc, do day {z*} bi chan, nén ta nhan dugc
lim ||z* — 29| =7 > 0. (2.8)
k—o00
Ngoai ra,

ka—!—l . l’kHQ — ka—!—l — 2949 — :L’k||2
= [|lz" Tt — 29))2 + |29 — 2F)|? + 2R — 29, 29 — 2F)
= [P — 2|2 |29 — )P+ 20 — 2 a9 — k) — 2)j0? - 2F|?

< e —a?)? — fla® — a9,

trong d6 bat dang thiic cudi cling c6 duge vi zF = Pg, (29) va 2F*1 € ¢y, khi do,
(2h 1 — 2k 29 — o) <0.
T (2.8), ta duge

lim [z*! —2%| = 0. (2.9)
k—oo

Béi vi #F* € Oy 4, ta suy ra
2 =Pl < fla® = 2P M =t < 2l - 2F .

Két hop véi (2.9) ta co
lim ||u* — 2*|| = 0. (2.10)
k—o0

Tiép theo, ta chi ra rang cac day {z*}, {«*} hoi tu manh t6i 2* = B ¢, (29).
R6 rang O, 1a tap 16i, dong, khac rong, nén Cj, déng yéu. Vi Cpyq C Cp, Yk va
z* € Oy, nén 2F € Cy, v6i moi k > ko. Gid st  1a diém tu yéu bat ky ctia day
{z*}, tic 13, ton tai day con {2} clia day {2*} sao cho z¥ — % khi j — co. Vi
day {z%} C C,,Vj > i va tinh déng yéu ctia Cy,, nén & € Cy,, Vi. Do d6 & € Oy, Vk,

hay T € ﬂ,;";OCk.
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Dat 2% = Py ¢, (29). Tt (2.6) ta co,
l2* — 29| < fla* — 29|, VE.

Ta c6 thée két luan ring day {+*} hoi tu manh t6i «* theo Bo dé 2.2.4. Cling véi
(2.10) ta cling c¢6 day {«*} hoi tu manh t6i z*.

Tiép theo, ta chi ra rang x* 13 nghiém clia bai toan EP(C, f).

Theo (2.3), ta c6 bat dang thic

(2 =) (oxllw)? < lla* = |l [l2* - 2| + [|lu* — 2]]. (2.11)
Vi € [v,7] € (0,2), va (2.10), ta nhan duge tir (2.11) la

lim oy |lw®| = 0. (2.12)
k—o0

Tt day {z*} bi chan va Bo dé 2.2.6, ta ¢6 day {y*} bi chan. Theo d6, day {z*}
ciing bi chan. Stt dung Bo dé 2.2.5, day {w*} ciing bi chan. Theo (2.12), ta c6
lim f(2%, 2%) = lim [oy|w®||]||w"|| = 0. (2.13)
k—oo k—oo

Mat khac, ta co

0= f(2F %) = f(*, (1 — )2k + npy®)

< (L =) f(F,2%) + e f (2, 9),

vi vy, ta nhan duge tu (2.1)

P8, a%) = (25, 2%) — (5 y")]

H k k2
> 1 — k2.
> ol o)
Két hop véi (2.13) ta suy ra
lim n)|z* — %> = 0. (2.14)
k—ro0

Tiép theo ta xét hai truong hgp sau:
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Truong hop 1. limsup;_,. nx > 0.
Khi d6 ton tai 7 > 0 va mot day {n,} C {n} sao cho ng, > 7, Vi, va tit (2.14), ta
nhan duge

lim ||zF — o] = 0. (2.15)
1— 00

Luu ¥ rang 2% — 2* va (2.15), diéu nay dan dén y* — 2* khi i — oo.

Theo dinh nghia ciia y* ta c6

_ 1 _ ks 1 _ _
F@by) 4 o—lly = a0 > b y) 4 ol =2 e co (2.16)
2Pk¢ kai

Khong méat tinh tong quat, ta gid thiét rang lim; o pp, = p*. Cho i — oo, do
abi — 2 yF — 2* vi dya vao tinh lién tuc yéu dong thoi clia f, tit (2.16) ta nhan
dugc

flz*y) +

1 2
—2*” > 0.

Theo Bé dé 2.2.3, ta ¢6
f(z*,y) >0, vy e C.
Do do, z* la mot nghiém ctia bai toan EP(C, f).
Truong hop 2. limg_, np = 0.
Vi day {y*} bi chin, khi d6 ton tai day con {y*} c {y*} sao cho y* — y khi
1 — 00.

Theo dinh nghia ctia y*, ta c6

2 <0. (2.17)

1
Fa®yP) + 5 |ly* — o™
(0 + 5
Mat khac, theo quy tac tim kiém tia Armijo (2.1), v6i my, — 1, ta c6

FlRome=1 gy _p(kome =1k o LHyki _ ki

2, 2.18
5o (2.18)

i

Két hop véi (2.17) ta dugc

ki _ g2 <

[f(zki’mkiil,yki) _ f(zki,mkifl’xki)}_ (2.19)

==

. _ 1
flah k) < —HHZJ

Theo quy tac tim kiém tia, 2Fome—1 = (1 — el ghi 4 pme—lyki - pme =1 5 0 Vi

2 hoi tu manh t6i 2, y¥ hoi tu yéu tdi 7, dieu d6 dan dén 2™ ~1 hoi tu manh
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661 o* khi i — oo, Ngoai ra, day {5 [ly* — 2%
2 ton tai. Khi do, theo gigi han

quat, ta c6 thé gia st ring lim;_s o —||y

U (2.19) ta nhan duge

Fa) < = lim sy =t < S ).

1—+00

Vi vay, f(z*,7) =0 va lim;_, o [[yF —
mot nghiém cia bai toan EP(C, f). O

Thay thé quy tac tim kiém tia thit nhat (2.1) béi mot quy tac khac, ta thu
duge thuat toan sau.

b. Thuat toan 2.2

Budc khdi tao. Chon 2% = 29 € C, chon cac tham s6 7, 1 € (0,1),0 < p < p,
{pe} Clp, Pl € [1,7] € (0,2), va dat Cp = C.

Buéc lap k (k=0,1,2,...). C6 2* ta thyc hién cac bude sau:
Bude 1. Giai bai toan quy hoach 16i manh tim
yk:argmin{f(xk,y)JrQkaHy—kaQ : yeC}. CP(z")
Néu y* = 2%, thi ding thuat toan. Trai lai, thuc hien Budce 2.
Bude 2. (Quy tac tim kiém tia Armijo thit hai) Tim m; 1a s6 nguyéen

duong nhé nhat m sao cho

Skm — (1 _ nm)xk + nmyk
(2.20)

FER™yR) + ||zt — | < 0.
Dat mp = o™, 28 = 2P Néu 0 € dof(2F, 2%), thi ding thuat toan.
Trai lai, thuc hién Budc 3.

Budc 3. Chon w* € dof(2¥, 2¥) va tinh u* = Po(aF — ypopwh),

trong do o} = W
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Budc 4. Tinh
xk+1 —_ PCk+1 (Ig),

VO Cpyq = {x € C) ¢ ||z — uF|| < ||z — ¥}, v quay lai Buéc lap k véi

k dugce thay béi k + 1.
Nhan xét 2.2.10.
e Néu y* = 2% thi 2¥ 13 mot nghiém ctia bai toan EP(C, f);
e Néu 0 € dpf (2%, 2%) thi 2F 1a mot nghiem clia bai toan EP(C, f).

Bo6 dé 2.2.11. [62, Lemma 4.2, Lemma 4.5]. Gid si song ham f théa man cdc
gid thiét (B1) va (Ba), khi dé ta cd:

(a) Quy tac tim kiém tia (2.20) la zdc dinh tot, tic la vdi moi k déu ton tai so
nguyén duong nhé nhat my, théa man (2.20);

(b) f(<*,y%) <0;

(c) Néu Sy # 0, thi

b =22 < fla* — 2" 2 = (2 = 3) (o lob 1), vdi moi 2* € Sy,

Stt dung Bd dé 2.2.11, bang cach lap luan tuong tuy nhu trong chiing minh
Dinh Iy 2.2.9, ta thu dugc dinh 1y sau day vé sy hoi tu ciia Thuat toan 2.2.

Dinh ly 2.2.12. Gid st song ham f théa man cdc gid thiét (By), (B2). Néu tap
Sy khdc rong, thi day {z*}, {u*} sinh bdi Thudt toan 2.2 hoi tu manh téi mot
nghiém x* cia bai toan EP(C, f).

2.3 Vi du minh hoa

Dé minh hoa cho cac thuat toan duge dé xuat, trong muc nay, ching toi
xét mot bai toan can bing phat sinh trong mo hinh can bang thi truong dién ban
doc quyen Nash-Cournot, mo hinh nay da duge nghién cttu trong [18, 63]. Trong

mo hinh nay, c6 n¢ cac cong ty san xuat dién, cong ty thit ¢ sé hitu I; don vi phat
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dien. Gia st n? 1a s6 tat ca cac don vi phat dién va z 1a véc to c6 cac thanh phan
zi,i=1,2,...,n9, trong d6 x; 1a luong dién nang ducc san xuat bdéi don vi phat
dién tht i va o = Zfil z; 14 tong lugng dién niang san xuit duge clia tat ca cac
don vi phat dién. Ching ta gia sit gia dién p 1a mot ham affine gidm ctia o, diéu
d6 c6 nghia 13 san luong dién san xuat ra cang nhicu thi gia dién cang giam, cu

thé 1a ,
p(z) =378.4 -2 le = p(o).
i=1

Khi dé6 lgi nhuan ctia cong ty thi ¢ duge cho bdi
file) =p() Y wj = eilxy),
jel jel;
trong d6 c;j(z;) 1a chi phi ctia don vi j khi sdn xuat lugng dién nang z; duge xac
dinh bdéi

¢j(x;) == max{c)(z;), cj(x;)}

v6i
a? 51 "
—1/8,; 1 1
J

trong do ozj?, 6"?,7;‘? (k=0,1) 1a cac tham sb cho trudc.

Ky higu 2™ va 2! la lugng dién nang nh6 nhat va 16n nhat c6 thé san xuét
duce bdi don vi san xuat dien thit j. Khi d6 tap chién luge ctia mo hinh dudge cho
duéi dang

C={zx=(21,...,2"")7: x;mn <uzj <™, Vi

Béng cach dat ¢' == (¢, ..., ¢%)7T vdi

va dinh nghia

A= 22(1 ~ (AT, B:= QZqi(qi)T, (2.21)



45

c ng

a:=-3874) ¢ vac(z) =) c¢lx;). (2.22)

i=1 j=1
Khi d6 mo hinh can bing ban doc quyén nay c6 thé dua vé bai toan can bing

EP(C, f) sau ([63, Trang 155]):
Tim z* € C: f(2*,y) = [(A+ B)z* + By +a]* (y — 2*) + c(y) — c(z*) > 0, ¥y € C.
C6 thé thay ring, A khong phai la ma tran nita xac dinh duong va

Flay) + fy2) = —(y — )" Aly — @),

do do6 song ham f la khong don diéu.

Mit khac, tit biéu thiic xdc dinh song ham f va ham c(z), ta c6 thé thay f
théa man cac gia thiét By va Bs.

Chung toi da chay Thuat toan 2.1 cho bai toan nay véi cac dit liéu tuong ung
trong mo6 hinh dau tién ctia bai béo [18], trong dé s6 cong ty (Com.) la n¢ = 3,
s6 cac don vi phéat dien (Gen.) 1a n9 = 6, cu thé cong ty thit nhat c6 mot don
vi phat dién 1a {1}, cong ty thit hai ¢6 hai don vi phat dién la {2,3} va cong ty
thit ba c6 ba don vi phat 1a {4,5,6}. Gia tri clia cdc tham s6 duge cho trong cac

bang sau:

C
Com. | Gen. | 2. | Thax | Toi, | Thax

1 1 0 80 0 80

2 2 0 80 0 130

2 3 0 50 0 130

3 4 0 95 0 125

3 D 0 30 0 125

3 6 0 40 0 125

Bang 2.1: Can duéi va can trén clia san lugng dién san xuat bdi cac don vi phat dién.
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Gen | o0 || & | 8 | o
1 0.0400 | 2.00 | 0.00 | 2.0000 | 1.0000 | 25.0000
2 0.0350 | 1.75 | 0.00 | 1.7500 | 1.0000 | 28.5714
3 0.1250 | 1.00 | 0.00 | 1.0000 | 1.0000 | 8.0000
4 0.0116 | 3.25 | 0.00 | 3.2500 | 1.0000 | 86.2069
5 0.0500 | 3.00 | 0.00 | 3.0000 | 1.0000 | 20.0000
6 0.0500 | 3.00 | 0.00 | 3.0000 | 1.0000 | 20.0000

Bang 2.2: Cac gia tri ctia tham s6 chi phi khi san xuat ra méi don vi dién.

Ching toi da tién hanh thyc hien Thuat toan 2.1 bing phan mém Matlab,
phién ban R2014a chay trén Laptop véi cau hinh Intel(R) Core(TM) i5-3230M
CPU@2.60 GHz v6i Ram 4GB. Dé két thiic thuat toan, ching toi sit dung tieu

E2

chuan diing

bay trén Bang 2.3 véi mot s6 diem khdi tao khac nhau va mot sb6 gia tri khéc

k""l,l-k”

max{1,[[z*][}

nhau cua tham s chinh.

< € v6i sai 50 € = 1073, Cac két qua tinh toan dugdc trinh
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Iter(k) | p ¥ b ¥ ¥ zk zf Cpu(s)

0 0.1 0 0 0 0 0 0

691 46.6583 | 32.0728 | 15.0832 | 21.9862 | 12.3870 | 12.4071 | 136.0017
0 0.5 0 0 0 0 0 0

1166 46.6541 | 32.0750 | 15.0845 | 21.9224 | 12.4209 | 12.4389 | 151.3664
0 0.9 0 0 0 0 0 0

847 46.6440 | 31.9437 | 15.2014 | 21.6995 | 12.5953 | 12.4952 | 162.2410
0 0.1 30 20 10 15 10 10

629 46.6531 | 32.1041 | 15.0509 | 22.0089 | 12.4180 | 12.3606 | 122.1176
0 0.5 30 20 10 15 10 10

504 46.6416 | 31.9645 | 15.1811 | 21.6667 | 12.5630 | 12.5629 | 135.5798
0 0.9 30 20 10 15 10 10

711 46.6482 | 32.0263 | 15.1150 | 21.6827 | 12.5460 | 12.5657 | 147.0316

Béang 2.3: Céc két qua tinh toan ting véi mot s6 diém xuat phat va tham s chinh.

Bang 2.1, Bang 2.2 va Bang 2.3 ¢6 cac ky hiéu nhu sau:

g

X

C

X

man’

main’

.:CC

max

Iter(k): bude lap thi k.

Cpu(s): thoi gian tinh toan tinh bang giay.

1a san Iugng dién nhé nhat va 16n nhat clia cac cong ty.

29,42 12 sdn lugng dién nhé nhat va 16n nhat cia cac don vi san xuat.
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Két luin Chuong 2

Trong chuong nay, ching toi da dé xuat cadc Thuat toan 2.1 va Thuat toan
2.2 dé giai bai toan can bang véi song ham la khong don diéu trong khong gian
Hilbert thiic. Cac thuat toan do 1a sy két hop gitta phuong phap chiéu nhing véi
quy tac tim kiém theo tia. Chung toi da ching minh duge sy hoi tu manh clia
cac thuat toan dé xuat trong cac Dinh 1y 2.2.9 vA Dinh 1y 2.2.12, dong thoi ching
toi da Ap dung thuat toan dugc dé xuat cho mot mo hinh can bang thi truong

dien ban doc quyen Nash-Cournot.
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Chuong 3

Hé bai toan can bang va bai toan can bang td hop

Trong chuong nay, chiing toi nghién citu méi lien hé gitta tap nghiém ctia he
bai todn can bing véi tap nghiém ciia bai toan can bang to hop. Cu thé, ching
toi sé chi ra rang vdi gid thiét cic song ham f;,i = 1,2,..., N 1a don diéu thi tap
nghiém ctia hai bai toan nay cé thé khong bang nhau. Do do, cac két qua trong
mot s6 bai bao [41, 42, 66-68] c6 thé khong diing. Dong thoi, chiing t6i cling thiét
lap mot diéu kién du dé hai tap nghiém nay triing nhau trong ca hai truong hop
ho cac song ham 13 hitu han v& vo han. Cac két qua nay da dude cong bo trong
bai bdo [CT2] thuoc Danh muc cong trinh lién quan dén Luan an.

[CT2) N.T.T. Ha, T.T.H. Thanh, N.N. Hai, H.D. Manh, and B.V. Dinh (2019),
A note on the combination of equilibrium problems, Mathematical Methods of
Operations Research, 91, pp. 311-323, (SCIE).

3.1 Mgé dau

Cho C la mot tap 161, déng, khac rong trong khong gian Hilbert H va
fi :CxC —=R,i=1 N la cic song ham xac dinh trén C. Bai toan tim nghiém
chung ctia mot ho hitu han cac bai toan can bang duge dé cap dén trong cac bai

bao [41, 66-68], ky hieu 1a CSEP la bai toan:
Tim z* € C sao cho fi(z*,y) >0, Vye Cvai=1,2,... N, CSEP(C, f;)

hoac tuong duong,

tim z* € X := N, S0l(C, f;).
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Véi a; € (0,1),i=1,..., N sao cho Zf\il o; = 1, xét song ham to hop:
N
S aih(e.0), Vi € C
i=1
Bai toan can bang to hop viét tat 1a CEP(C, Zfil ;i fi) 1a bai toan:
Tim z* € C sao cho f(z ZOéZfZ z*,y) >0, Vy e C.

Ta ky hiéu Sol(C, Zf\il ;i fi) 1a tap nghiém clia bai toan can bang to hop.

Trong [66], v6i mot s6 diéu kien nhat dinh cic tac gid khang dinh ring:
M= ISOI(O fl - SOI Zazfz

Do d6, cac nghieém chung ctia mot ho hitu han cac bai toan can bang c6 thé dugc
tinh bang cach don gian 13 tim nghiém ctia to hop 16i bat ky ctia ho cac bai toan
can bang d6. Tu két qua nay, trong cac bai bao [41, 42, 66-68] cac tac gid da si
dung né dé chuyén cac bai toan ctia ho vé bai toan lien quan dén bai toan can
bang t6 hap.

Trong phan nay, ching toi chi ra rang, véi cac dieu kien duge dua ra nhu

trong [66], quan hé

N
Sol (C, Z%fi) C N1Sol(C, fi)

i=1
khong phai luon luon ding. Do d6, cac két qua khéac dude dua ra trong cac bai
bao gan day trong [41, 42, 66-68] 1a khong dung béi vi ching dya trén bao ham
thitc sai ¢ trén. Hon nita, ching toi dua ra mot diéu kien du dé cong thic trén

khong chi ding khi N hitu han ma con ding khi N = +oc.

Trude khi chi ra mot s6 ménh dé trong cac bai bao lién quan t6i khang dinh
trong [66], ching t61 nhic lai mot s6 gia thiét da duge cac tac gid st dung sau

day.
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Gia thiét C.
(C1) ¢(z,2) =0 v6i moi z € C,

(C2) ¢ don diéu trén C;

(C3) ¢ la nita lién tuc trén theo tia (upper hemicontinuous), tic la, v6i moi
x,y,z € C,

lim sup o(tz + (1 = t)z,y) < o(z,y);
t—0+

(C4) V6imdiz € C, p(x,-) lanta lien tuc dudi (lower semicontinuous) va 1oi trén

(O

(C5) V6ir >0 cd dinh, va z € C, ton tai tap con 16i, com pac khac rong B ¢ H

va r € C'N B, sao cho

1
gp(y,x)+;(y—z,z—x><0, Vye C'\ B.

Dudi day 1a nam phét bi¢u da dugc trinh bay trong céc bai bao [41, 42, 66-68].

Phat biéu 3.1.1. ([66, Lemma 2.7]) Gid st cdc song ham fi,i=1,2,...,N théa
man cdc gid thiét (C1) — (C4) va NY.,Sol(C, f;) # 0. Khi do

N
N1Sl(C, £i) = Sol(C, Y aifilw,y)),

n=1
N
trong do, o; € (0,1) vdi moii=1,2,...,N va > ao; = 1.
n=1
Néu Phat biéu 3.1.1 ding thi n6 cho phép chiing ta tim cac nghiém chung ciia

N bai toan can bang bing cach gidi mot bai toan can bang to hop.

Phat biéu 3.1.2. ([67, Theorem 3.1]). Gid st F la mot dnh za co vdi hé s6 co

tréen H va A la mot todn t tuyén tinh bi chan, duong manh trén H vdi hé so 7,

O<7<Z. Voi moii =1,2,...,N, gia st f; : C x C — R la song ham théa man
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cac gid thiét (C1) — (C4) vdi X = NN Sol(C, f;) # 0. Gid st {z*}, {y*}, {z*} la cdc
day sinh bdi 2! € H va

(

Yy aifi(Fy) + 2y -k —ah) > 0w e ¢

N

Yk = Hch(xk) + (1 - Qk)zk,

Pt = Gy F(2F) 4 (I — 0, A)y*,

\
trong dé {61}, {0}, {px} € (0,1),0 < a; < 1,Vi = 1,...,N. Gid si cic dieu kién

(1) — (v) sau la ding.
(i) limy oo 6 = 0 0@ S50 6 = o0;
(i) 0<0<6,<8<1, vdi6,06€(0,1);
(1)) 0 <a<ar<a<l,vdia,ac(0,1);
(iv) Y ai=1;
(v) SO 8 — 8] < 00, 3000 10kt — Okl < 00, 352 ok — prl < 0.
Khi dé cac day {z*}, {y*} va {z*} hoi tu tdi ¢ = Py(I — A+ ~yF)q.

Phat biéu 3.1.3. ([42, Theorem 3.1]). Gid st cic song ham fi,i = 1,2,...,N
théa man cdc gid thiét (C1) — (C4) va X = NY,Sol(C, f;) # 0. Gid st cic day {z*}

va {y*} duoc sinh bdi u, 2 € H va
N
S aifi(yFoy) + oy —yF gt =) > 0,vy € C,
P = Npu 4 pua® + Sy

trong do, { i}, {mr}, {0k} C (0,1) va Ay + pp + 0 = 1; {px} C (p.p) C (0,1),

0<a;<1,Vi=1,...,N. Gid si cic dieu kién (i) — (iii) ding:
(Z) hmk_m, )\k =0 va Zzozo )\k = o0y
(ii) Soiyoi =1

(1) S0y 0k41 = 6k < oo.
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Khi dé cdc day {z*} va {y*} hoi tu téi g = Px(u).

Phat biéu 3.1.4. ([68, Theorem 3.1]). Cho F la dnh za co vdi hé s6 T trén
H va gid s fi,i = 1,2,...,N théa man cdc gid thiét (C1) — (C4). Vi gid thiét
X = Sol(C, f;) #0, gid st cdc day {z*} va {y*} dugc sinh bdi 2! € C va
N
Simaifiyt ) + oy = yFyF - k) > 0wy € C,
zhtl = )\kF(xk) + ,ukPC(xk) + 6pyF

trong do, {\c}, {m}, {0k} C (0,1) sao cho A +pup+06, = 1 Vk; {pr} C (p,p) C (0,1),

0<a;<1,Vi=1,...,N. Ngoai ra, gid si cic dieu kién (i) — (iii) ding:
(i) limy_yoo Ay = 0 va Y 72 g A = 00;
(i) ¥ i =1;

(iii) Z;)il |Pk41 — pr| < o0.

Khi dé cac day {«*} va {y*} hoi tu tdi ¢ = Py (u).

Phat biéu 3.1.5. ([41, Theorem 4.2]). Gid sit cdc song ham fi,i = 1,2,...,N
théa man gid thiét C va X = N Sol(C, f;) # 0. Vi a¥ 2t € H, gid s cdc day
{2®Y, {y*Y va {2*Y dugc sinh bdi

)
yF = 2k 4 ), (aF — b

I8 ik )+ Ly — 2k —yh) 20wy e C

2Pt = Nk 4 2
\

trong dé, {0} C [0,0],0 € [0;1], {Me}, {s} C (0,1) va Mg + g = 1 vdi moi k;
{p} C (p,p) € (0,1), 0 < o < 1,Vi =1,...,N. Gid st rang cic dieu kién sau

ding:
(i) Oxlla™ — 2571 < oo

(ZZ) Zzoil o < 00 va limi_m a; = O,‘
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(ii1) Y2 [k — prl < 00, D07 [Akpr — Al < oo
Khi dé day {«*} hoi tu tdi ¢ = Py(u).
Nhan xét 3.1.6.

e Ma3i Phat bicu 3.1.2 - 3.1.5 khang dinh rang day {z*} nhan dugc theo cac

thuat toan tuong ting hoi tu t6i mot nghiém cta bai toan CSEP.
e Trong Hé qua 3.2.2 (b) - (e) dudi day cho thay ching c6 thé khong ding.
3.2 Moi lién hé gitra tap nghiém cua hé bai toan can bang va
bai toan can bang to hop
Trong muc nay ching toi sé chi ra véi cac gid thiét (C) — (C4), cac Phat
biéu 3.1.1 - 3.1.5 ¢6 thé khong dung.

Véi C 1a mot tap 10i, dong, khéac rong ctia H va fi,i = 1,..., N la cac song

ham xac dinh trén C sao cho
NSol(C, fi) # 0.
Véi o € (0,1),i=1,...,N va S0 a; = 1, ta x6t song ham 6 hop xac dinh béi
N
> aifi(z.y),Va,y €C.
=1

R6 rang rang néu z* € N, Sol(C, f;) thi fi(z*,y) > 0,Vy € C, vai=1,2,...,N
Do do,

Zazfz ay > 0 Vy e C.
Vi vay z* € Sol(C, Zfil aifi(z,y)) va
N Sol(C, f;) c Sol(C Zazfl z,y)) (3.1)

Dinh 1y sau day ching t6 rang véi cac gid thiét (C1) — (C4) thi bao ham thitc
ngugc lai ctia (3.1) khong phai luon duang.
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Dinh 1y 3.2.1. V§i méi so nguyén N > 2, ton tai tap C loi, déng, khdc rong
trong H, ton tai cdic song ham fi, fa, ..., fn xdc dinh trén C théa man cdc gid

thiét (C1) — (C4) va ton tai cic s6 a; € (0,1),i=1,2,..., N, Zl]\il a; =1, sao cho

N
Sol (C, Zai fl-> ¢ NY,Sol(C, f;).

i=1
Chiing minh. Ta chi can chiing minh truong hop H = R? va N = 2 (béi vi ta c6
thélay f3 = f1 = ... = 0). Titmuc dich nay, v6i z = (21, 22) € R?, y = (y1,12) € R?

ta xét tap C va cac song ham fi, fo dugc cho nhu sau
C = {(331,.1‘2) cR?: x1 > 0,29 > 0},

fi(z,y) = zoy1 — T1Y2,
fa(z,y) = z19y2 — T2U1.

Khi d6 ta co: fi(z,2) = 0,Vz € C va v6i moi z,y € C, ta dugc
filz,y) + fily, x) = zay1 — w1y2 + Y21 — Y12 = 0.

Do vay, f1 1a don diéu trén C. V6i méi x € C ta cliing ¢6 fi(x,y) la tuyén tinh

theo y, va nhu vay fi(z,-) & ham 16i theo y v6i moi x. Hon nita, 16 rang fi 1a

ham lién tuc trén C x C. Do d6 song ham f; thda méan céc gia thiét (C1) — (C4).
Tuong t, fo thda méan céac gia thiét (C1) — (C4). Ngoai ra, c6 thé thay ring

Sol(C, f1) = {0} x [0, 4-00),

Sol(C, f2) = [0, +00) x {0}

Vi vay,
Sol(C, f1) NSol(C, f2) = {(0,0)}.

Bay gio, ta xét mot to hgp ctia fi, fo dude cho nhu sau
1 1
f(z,y) = 5h(ey) + 5 fo(e,y)

_ %[fl(x,y) + fol,y)]

=0, Ve,yeC.
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R0 rang f thoa méan cic gid thiét (Cy), (C2), (C3), va (C4). Hon nita

Sol(C, f) = C' = [0,400) x [0, +00),
do doé,

801(07 f) Q: 801(07 fl) N SOI<C7 f2)
Dinh 1y dugc chitng minh xong. O

T dinh 1y nay, ta c6 hé qua sau
Hé qua 3.2.2. Cdc Phdt biéu 3.1.1 - 3.1.5 khong phdi luon ding.
Ching minh. Gia st N = 2, v6i tap C va cac song ham fi, fo duge xac dinh nhu
trong Dinh 1y 3.2.1. Xét t6 hop ciia fi va fo dudgc cho béi
1 1
f(‘rvy) = Efl(xay) + §f2<$,y) = 07V5Uay eC.
Do do,
X = SOI(C, f1) N SOI(O, f2) = {(0, O)},

Sol(C, f) = C =[0,+00) x [0, +0c0).

Khi dé6 ta c6 cac két qud sau:
(a) Phat biéu 3.1.1 1a sai bdi vi Sol(C, f) ¢ Sol(C, f1) N Sol(C, f2).

(b) Gia st ta xét thuat toan dudc cho trong Phat bicu 3.1.2. V6i z! € C sao
cho x # (0,0) va dat F(z) = 2!, Az = 2, Vo € R% Chon v =1, ta ¢6

p
1 kE Kk k
ﬁ<y_Z,Z —x)EO,VyGC’,

< yk = Hkpc(l‘k) + (1 - Qk)zk,

P =gt + (1 — 6o

\

Do do

)
2k = Pc(xk),

§ ¥* = Po(2b),

" = gt + (1 — 6p) Po(2).

\
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Vi z! € C ta c6 thé két luan 2% = 2!, Vk. Tt 2! ¢ X diéu nay c6 nghia la

Phat biéu 3.1.2 14 sai.

Lay u = 2! € C sao cho z! # (0,0). Day {z*} sinh béi Phét bieu 3.1.3 trd
thanh

;

(y =y yF k) >0, vy e,

R = Nou 4 ppa® + oy

\

Do do6

p

y* = Po(a%),

2R = Apu + pgpa® +—5k}{j(xk).

\
Viztl=ueC,y* € Cva N, +pup+6, =1, day {«¥} c C va do vay «F = u, Vk.

Diéu nay dan dén zF — v ¢ X va nhu vay Phat bicu 3.1.3 la sai.

Lay x! € C sao cho x! # (0,0) va dat F(z) = 2. Khi d6 cac day {zF} va
{y*} dugc sinh bdi Phat biéu 3.1.4 c6 dang

y =yt yF —ak) >0, vy e C,

o = N\ F(2%) + pup Po(aF) + oy~

Vi vay

xk+1::Akxl%—ukxk—kékft(xk)

Tzt € O v A\ + i + 0, = 1 ta c6 zF = 21, Vk. Vi 2! ¢ X nen Phat biéu
3.1.4 1a sai.

Trudc tién, ta chi ra rdng song ham f; théa man gid thiét (Cs). V6i muc
dich d6, ¢6 dinh » > 0 va 2z € C, ta c6

1
fl(ywx) + ;<y — %,z = ZL'> = T1Y2 — X2Y1

L= 21— 2 + (= 22) (e — )

1

= ?/1(;
1

a ?(Z1(21 — 1) + 22(22 — 22)).

(21— 21) —22) + yo(z1 + %(22 — 7))
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Béang cach chon x = (21,20 + (21 + 1)), ta c6 x € C va

fily, x) + %(y —zz—x)=—yi(n2t+r(zn+1) —ya+2(a+l). (3.2)

Bang cach dit
B={(yi,12) eR*: || <21+ 1, Jyo| < 2o (21 + 1) + 22(z1 + 1)},
ta c6 B 1a tap con 10i, com pac, khac rong trong R? va
r=(z1,20+7r(z1+1)) e CNB.
T (3.2) ta co

1
fl(yax) + ;

(y—z,z—2)<0, Vy e C\ B.
Tuong tu, fo thda man gid thiét (Cs).

Lay ' = 20 € C sao cho 2% # (0,0). Khi d6 ¢y* = 2F, 2¥ = 2% v6i moi k va
day {z*} sinh bdi thuat toan trong Phat biéu 3.1.5 trd thanh z* = 2!, Vk. Vi vay,
Phét biéu 3.1.5 la sai. []

Tit Dinh 1y 3.2.1 ta c6 thé thiy ring véi cac gid thiét (C1) — (C4) khang dinh
NN, Sol(C, fi) = Sol(C, f),

khong phai luon ding. Vi vay mot cau héi ty nhién 1a véi dicu kién nao thi ding

thitc nay ding. Dinh 1y sau cho ta cau tra 1oi véi gia thiét:
(C'3) ¢ la para-gia don diéu (parapseudomonotone) trén C.

Dinh ly 3.2.3. Gid st cdic song ham fi,i = 1,2,... théa man cdc gid thiét
(Cl)a(CIQ)a(C?)) va (C4), sa0 cho m;.ilSOMC’? fZ) 7& @ va f(xvy) = Zzoil Oéifi(ﬂ?,y),

voi o > 0,Vi =1,2,... va Z;’il i = 1 la song ham zdc dinh tot trén C, tic la,

f(zy) =00, aifi(m,y) hot tu vdiVa,y € C. Khi do

N5Zy Sol(C, f;) = Sol(C, f). (3.3)
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Chiing minh. Theo gid thiét vA bao ham thic 6 (3.1), ta c6
0 # N2 ,S0l(C, f;) C Sol(C, f).

Do d6, ta chi can chitng t6 bao ham thic nguge lai. V6i muc dich do, ta lay

x* € Sol(C, f), khi do,
fa*y) = aifila*,y) 2 0,vy € C. (3.4)

i=1

Lay z € N2, S0l(C, f;) ta c6
filz,y) >0, WyeCvavi=12...

va, dic biet

fi(Z,x*) > 0,Vi. (3.5)
Vi cac song ham f; la gia don diéu trén C, nén

fi(z*,z) <0, Vi. (3.6)

Co6 dinh j > 1 va thay y bdi z trong (3.4), ta nhan dugc

0<a;fi(a"2)+ Y aifi(a",7)
j#i=1
va theo (3.6) ta co
fi(z*,z) > 0. (3.7)
Tit cac bat dang thitc (3.6) va (3.7) suy ra
fj(l’*,f‘) =0, Vj. (38)

Do cac song ham f; 1a gia don diéu trén C, nén ta c6 f;(z,2*) <0, v6i moi j.

Két hop diéu nay vdéi (3.5) ta dugc
fi(@,2%) =0, V. (3.9)
St dung (3.8) va (3.9) v6i tinh para-gia don diéu ctia moi f;, ta nhan duge

€ Sol(C, f;). Vj.
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Vi vay
" € N2, Sol(C, fi).

Ching minh dinh 1y duge hoan thanh. ]
Nhan xét 3.2.4.

e Tit chiing minh trén, ta thay rang Dinh ly 3.2.3 van ding khi H 14 khong

gian Banach thuc.

e Vi cac gid thiét (C1),(C'2), (Cs), (Cs) va NX,S0l(C, f;) # 0, song ham f ¢6
thé khong xac dinh t6t trén C, tham chi song ham f khong xac dinh tai

moi diém (z,y) € C x C ma z # 0 hodc = # y. That vay, ta xét vi du sau:
filw,y) =4'2(y —x), Vo,y € C=1[0,+00) vai=1,2,...
Khi d6 c6 thé thay ring cac song ham f; thoa man:

i) fi(z,z) =0, Vz € C;
ii) f; 1a para-gia don diéu trén C;
iii) f la lien tuc trén C;
iv) Véi mdi z € C, f;(z,-) 1a ntta lien tuc dudi va 16i trén C,
v6i Vi > 1 va N2, Sol(C, f;) = {0}. Tuy nhién, v6i a; = 2%, song ham t6

hop f(z,y) = 221 a; filz,y) = Z;’il 2iz(y — r) 1a khong xac dinh t6t trén
C. Chang han, ta c6: f(1,2) = > 0 2" = oco.

e Lay fi(x,y) = 0 v6i moi i > N, cong thiic (3.3) tré thanh
N, Sol(C, fi) = Sol(C, f).

Do d6, Phat biéu 3.1.1 1a dtng khi gia thiét (C2) dugc thay thé bdi gia thiét
(C'y).
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o Céac tac gia trong [66] da khang dinh ring véi cac gia thiét (C1) — (C4) thi
fi(@, %) = 0,Vi = 1,2,...,N, trong d6 7 € Sol(C, N a;f;) va z* € Q.
Nhung diéu nay véi gid thiét (C;) khong nhat thiét dan dén 7 = 2*. That

vay, trong Dinh 1y 3.2.1, ta da c6:
N
Sol (C,Zaiﬁ) =[0,00) x [0,00) 3 (1,1) =7 # 2* = (0,0) = Q.
i=1

e Cac Phat biéu 3.1.2 - 3.1.5 14 ding néu gia thiét (C2) dudc thay thé bai gia
thlét (C2bis):

(Copis) ¢ la para-don diéu trén C.

e Khi bai toan can bang tré thanh bai toan bat dang thic bién phan thi Phat
biéu 3.1.1 vin khong ding. Chang han, ta xét tap C = [0, +o0) x [0, +00),

va cac anh xa Fy, F5 xac dinh trén C, duge cho bdéi:
Fi(x) = (z9, —11), Fa(z) = (—x2,71).
Khi do6, ta nhan dugc
(Fi(z),y — x) = zay1 — 2192 = f1(z,y),

(Fa(z),y — x) = 2192 — w201 = fa(2,9),
tic 1a, cac bai toan bat ding thic bién phan dé chinh la cac bai toan can

bing v6i cac song ham f; va fo da xét trong chiing minh Dinh 1y 3.2.1.

e Miic dit ¢6 thé xét mot cach hinh thic bai toan can bang t6 hop cho mot
ho v6 han dém dugc céc song ham, tuy nhién song ham t6 hop, dit ¢ xéc
dinh t6t, chua chic da c6 nhiing tinh chat t6t nhu nhitng song ham thanh
phan (tinh nita lién tuc trén theo tia va tinh nita lien tuc dudi). Vi thé cac
thuat toan trong cac phat biéu 3.1.2 - 3.1.5 cho mot ho dém dudc cac bai

toan can bang don diéu, chua chic da hoi tu.
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Két ludn Chuong 3

Trong chuong nay, ching toi da chi ra rang véi gid thiét cdc song ham
fiyi=1,2,..., N la don diéu, tap nghiém ctia bai toan can bing td hop va giao
cac tap nghiém ciia cac bai toan can bang khong bang nhau. Dong thai, ching
toi cling dua ra dude diéu kien di dé hai tap nghiem dé bing nhau khong chi
trong truong hop ho cac song ham la httu han (f;,i = 1,2,..., N) ma con trong

ca truong hop vo han (f;,i=1,2,...).
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Chuong 4

Mot thuét toan tim nghiém chung ctia bai toan can bang va

bai toan diém bat dong

Trong nhitng nidm gan day, bai toan tim nghiém chung ctia bai toan can bang
va bai toan diém bat dong va cac bién thé ciia né da duge nghién cttu béi rat nhieu
nha khoa hoc. C6 thé ké dén mot s6 cong trinh tieu biéu nhu [2, 5, 15, 16, 30, 74—
76]. Dac biet, trong luan an tién si ctia minh, tac gia T.N. Hai [2] d& dé xuét thuat
toan tim kiém theo tia Armijo két hgp véi ki thuat lai ghép dé tim nghiém chung
ctia ho hitu han cac bai toan can bang vé6i cac song ham 1a gia don diéu va bai
toan diém bat dong ctia anh xa khong gian. Trong chuong nay, ching toi dé xuat
mot thuat todn méi tim diém chung ctia tap nghiém ciia bai todn can bing gia
don dieu va bai toan diém bat dong ciia 4nh xa tua khong gian trong khong gian
Hilbert. Thuat toan nay c6 thé dude xem nhu la sy két hop gitta phuong phap
dudi dao ham tang cudong (subgradient extragradient) cho bai toan can bang va
phuong phéap Ishikawa cho bai toan diém bat dong. Su hoi tu manh clia cac day
lap sinh ra bdi thuat toan téi nghiém chung ctia bai toan thu duge dudi cac gia
thiét chinh la &nh xa diém bat dong nita déng (demiclosed) tai 0 v& cac hing s6
kiéu Lipschitz ctia song ham f c¢6 thé khong biét. Phan cubi ctia chuong la mot
s6 vi du s6 dugc trién khai dé minh hoa cho hiéu qua tinh toan ciia thuat toan
duge dé xuat.

Noi dung chinh ctia chuong nay da duge cong bd trong bai bao [CT3] thuoc
Danh muc cac cong trinh lién quan dén Luan an.

[CT3] H.D. Manh, N.T.T. Ha, T.T.H. Thanh, and B.V. Dinh (2020), The
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Ishikawa subgradient extragradient method for equilibrium problems and fixed
point problems in Hilbert spaces, Numerical Functional Analysis and Optimiza-
tion. 41 (9), pp. 1065-1088, (SCIE).
4.1 M6 dau

Gia st C la tap 1oi, dong, khac rong trong khong gian Hilbert H, f :
C x C — R 1a song ham can bang trén C, T : C — C la anh xa tia khong gian,
v6i Fix(T) 1a tap cac diém bat dong ctia 4nh xa 7. Trong chuong nay, ching toi
xét bai toan sau day:

flz*,y) >0, vy e C
Tim z* € C sao cho (@3] (4.1)

T(z*) = z*.

Chiing ta bat dau chuong nay bang viéc nhic lai mot thuat toan trong bai bao
[31]. Dé tim nghiém chung ctia tap nghiém ctia bai toan EP(C, f) va tap cac diém
bat dong clia &nh xa s-nita co T, trong [31] tac gia da dé xuat sita doi phuong
phap duéi dao ham ting cuong déi véi bai toan bat dang thiic bién phan trong
[17, 44] dé c6 duge thuat todn sau:

Thuat toan dudi dao ham tang cudng Halpern [31] (Thuat toan
HSEM)

Chon 2 € C va cac tham s6 A, {ax}, {8} sao cho 0 < A < min{5-, 5-}.

0<ap<l limy o, =0va ) ", =400; 0<a< B <HE

Trong dé c1,co 1a cac hing s6 kiéu Lipschitz ctia song ham f, va « 1a hé s6
nta co cua anh xa 7.

Budc 1. Giai hai bai toan t6i wu 16i manh
y* = argmin{\f(z*, y) + 3lly — 2F|* 1 y € C},
2 = argmin{Af(y*, y) + 3lly — 2¥(|? 1 y € Hy},

trong do, Hy = {x € H: (zF — Ak — y* 2z —F) <0} va w¥ € oo f (2%, yF).

Budc 2. Tinh t* = apa® + (1 — ay,) 2,

M = BT (tF) + (1 — i)tk
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bat k:=k+ 1 va quay lai Budc 1.

Thuat toan HSEM trong [31] 1a sy két hop gitta phuong phap dudi dao ham
tang cuong cho bai toan can bang véi phuong phap lip Halpern déi véi anh xa T,
trong dé song ham f 1a gid don diéu, théa man diéu kien kiéu Lipschitz, T 1a d4nh
xa nita co v6i hé sé  va nita déng tai 0. Uu diém chinh ctia thuat toan nay la chi
yéu cau gidi mot bai toan 16i manh trén tap C, con bai thit hai 1a trén mot nia
khong gian Hj,. Hon nita, day lap {z*} hoi tu manh t6i mot nghiem 2* = Ps(20)
clia bai toan vdi gia thiét bai toan c6 nghiém, tiic 1a tap nghiem S = Sol(C, f)N
Fix(T) # 0.

Tuy nhién, trong thuat toan nay, tham sé A phai théa man dicu kien 0 < X <
min{z-, 7=}, trong d6 c1, ¢z 1a cac hang s6 kiéu Lipschitz. Khi céc hang s6 kiéu
Lipschitz ¢1, o ¢6 thé khong biét hoic khé udc lugng thi ta khong thé ap dung
mot cach tryc tiép thuat toan nay.

Dé khéc phuc han ché nay, trong phan tiép theo ching to6i dé xudt mot thuat
toan mai bang cadch mé rong thuat toan trén dé tim nghiém ctia bai todn (4.1),
trong d6 song ham f la gia don diéu, thoa méan diéu kien kiéu Lipschitz va T
13 4nh xa tya khong gian. Mot cach chinh xéc, chung toi dé xuat sit dung thuat
toan dudi dao ham ting cudng trong [8, 39] dé giai bai toan can bang két hop
v6i phuong phap lap Ishikawa déi véi anh xa 7' thay thé cho qua trinh lap cia
Halpern nhu trong Thuat toan 4.1 trong [31]. Hon nita, thuat toan ctia ching toi
c6 thé duge ap dung truc tiép cho truong hop cac hing sb kiéu Lipschitz cia song
ham f chua biét bang cach thay doi bude lip A mot cach thich hop, cap nhat lien
tuc.

4.2 Mot thuit toan tim nghiém chung ctia bai toan can bang
va bai toan diém bat dong

Dé giai bai todn (4.1) tim nghiém chung ciia bai toan can bang va bai toan
diém bat dong, ching to6i gia st song ham f thoéa man cac gia thiét sau day.

Gia thiét D.

(D1) f la lien tuc yéu trén C x C;
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(D2) f(x,-) 1a 161 va kha dudi vi phan trén C v6i moi z € C;
(D3) f la gid don diéu trén C tuong ting véi Sol(C, f);
(D4) f théa man diéu kién kiéu Lipschitz trén C;

(D5) T la anh xa tya khong gian sao cho I — T la nita dong tai 0, tic la théa

man tinh chat: V{z*} c C, 2% — 2, va T(2*) — 2¥ — 0, thi T(z) = =.

Gid stt p : C — (—00; +00] 1a mot ham 161, chinh thuong, nita lien tuc dudi va
p >0, anh xa gan ké clia ¢ v6i tham s6 p duge dinh nghia bdi
. 1 )
prox,,,(z) = argmin{pp(y) + 5lly —=|* : y € C} v € H.
Anh xa gan ké ¢6 mot s6 tinh chit sau (xem [10]).
B6 dé 4.2.1. Vdi moi z € H, uw e C, ba khing dinh sau day la twong duong:
(i) u = prox,,(z).
(11 e dp(u).
(111) (v —u,y —u) < p(gp(y) - gp(u)) vd1 moi y € C.

Tiép theo 14 mot s6 bo dé quan trong dude st dung cho nhitng nghién ctu

tiép theo.

Bo dé 4.2.2. [81, Lemma 2.5] Gid st {s;} la mot day cic s6 thyc khong am sao
cho:

Sp41 < (1 — Ag)sg + Aedx + mg, Ve > 0,

trong dé { .}, {0x}, {ne} théa man cdc diéu kién sau:
(i) {\} € [0,1], 32 A = oo, hode T[(1—X) = 0;
k=0 k=1

(11) limsup 5, < 0;

k—o00

(i4i) m, >0 Vk >0, np < oo.
k=0
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Khi dé lim sj, = 0.

k—o0
Bo dé 4.2.3. [51, Lemma 2.1]. Gid st {r;} la mot ddy cdc so thuc khong am sao
cho ton tai mot day con {re,} cia {ry} théa man ry, <ry,,,,vj € N. Khi do ton
tai mot day khong gidm {m;} C N sao cho lim my = oo, va cdc tinh chat sau

n—oo

dugc théa man vdi moi k € N (du lon):
T'my, < 'mi+15 va T < T'my+1-
Thc té, my, la s6 m lon nhat trong tap {1,2,...,k} sao cho ry < Tyt

Ta biét rang néu song ham f va anh xa T théa man Gii thiét D, thi tap
nghiem Sol(C, f) clia bai toan EP(C, f) 1a 16i, déng (xem [12]) va tap cac diém
bat dong Fix(T) cting 16i va dong ([10, 33]). Do d6, S = Sol(C, f)N Fix(T) la
tap 16i va déng. Tuy nhién, né khong duge xac dinh mot cach ro rang, ching ta
khong thé tim duge diém z* € S mot cach truc tiép. Trén co sé cac thuat toan
hién c6 va cac gid thiét trén, thuat toan sau day cho ta cach tim z* € S.

Thuat toan 4.1

Buéc khdi tao. Chon 2 = 29 € C, py > 0, § € (0,1), va chon day {u},
{or}, {8k}, {m} sao cho {ux} C [0,1], limy o i, = 1, {a} C [, @] C (0, 1),
{8} c [8,8] € (0,1), {w} < [v.7] € (0,1) v ay + B + v = 1,Vk.

Budc lap k (k=0,1,2,...). C6 z* ta thuc hién cac budc sau:
Bude 1. Giai cac bai toan quy hoach 16i manh tim
k - k 1 k2 k
y :argmm{f(:z: ,y)~|—2—pkl|y—x % : yEC}. CP(z")
Budc 2. Chon w* € 0y f (2%, 4*) sao cho z¥F — ppw* —y* € No(y*) va tinh
k - k 1 k2
- argmm{f(y y) + Z_PkHy -2 ye Hk},

trong do

Hk:{xEH:<xk—pkwk—yk,x—yk>§0}.
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Budc 3. Tinh
th = Apxd + (1 — )\k)zk,
ub = ppa® + (1 — )T (),
2 = i + B + yk,T(tk).
min { £ (" — *12 + 5 — "), i} nén p>0
Pk+1 =
Pk néu trai lai
va quay ve Buéc 1ap k v6i k duge thay béi k + 1.

Nhan xét 4.2.4.

e Néu f(x,y) = (F(x),y — x), vdi dnh za F : C — H. Khi dé Budc 1 va Budc
2 trd thanh tim
y* = Pe(a® — ppF(a")),
va
= P (o — pP(5))
Vi Hy, la mot nata khong gian, 2* duge xdc dinh bdi cong thic tuong minh.

o Luon ton tai w* € dof (a*,y*) dé o* — ppw® — % € No(yF).

e Tu dinh nghia cia day {py} trong Thudt todn 4.1, cé thé thay ring {py} la
day gidm. Ngodi ra, néu f théa man diéu kién kiéu Lipschitz vdi cdc hing

s6 L1 va Ly trén C thi ta cé:

P = f(‘rk’ Zk) - f(yka Zk) - f(xkvyk)
< Lfla® = o"|* + Lafly* - 2|7

< max{Ly, Lo} (la* — 1> + [ly* — 2"|1%).
Do do Pk > min{m, po},Vk

Dinh 1y sau cho ta sy hoi tu ctia Thuat toan 4.1.
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Dinh 1y 4.2.5. Gid st S = Sol(C, f)n Fix(T) # 0, va day {\:} C (0,1), thda
man Y A\ = oo,klim Ay = 0. Khi dé vdi Gid thiét D cdc day {z*}, {y*}, {F}
k=0 o0
sinh bdi Thuat toan 4.1 hoi tu manh tdi nghiém z* = Ps(29).
Truée khi trinh bay chitng minh Dinh 1y 4.2.5, ta can chting minh b6 dé sau.
B6 dé 4.2.6. Cdc day {z*}, {zF}, {t*} va {u*} la bj chan.
Chitng minh. Gia st 2* € S = Sol(C, f)N Fix(T). Xuat phat tit dinh nghia cia t*
ta co
I8 — o) = Pt + (1= A2 — 27|

= [Ar(2? — %) + (1 = \) (2" = 2")

< Aella? = 2|+ (1 = M) |27 = 2¥]).
Tu dinh nghia ctia v* ta c6

o — 2 = e + (1 = ) T(2*) — 27

= [l (2® = 2*) + (1 = ) (T(*) — )|

(4.2)
< pglla® = 2| + (1 = ) J2* — 27|
— It — ).
Vi
. 1
= argmin { f(s*,9) + 3 —lly — "7 y e By},
Pr
nén theo Bo dé 4.2.1, ta suy ra
pe(f(W" y) = FF, 27) = (a8 = 2F g = 2F), vy € H.
Thay y = 2* vao bat ding thic trén, ta dudc
pe(fy" a*) = f(yF =) = (o = 25 = 2h). (4.3)

Vi 2* € Sol(C, f), y* € C va f(z*,%*) > 0, tit tinh gid don diéu cia f ta c6
f(y*¥, 2*) <0. Do do, tu (4.3) suy ra

—onf (" 2) > ot = 2R a2, (4.4)
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B&i vi w* € o f (2%, ¢*), cho nén

do doé,

hay

AV
e
. ol
Ny
|
Neayd
=
<
Ny
m
Q

f(xk7y> - f(xk7yk)

Lai vi z* € Hy, nén ta co

suy ra

k

<.§C - pkwk - yku Zk - yk> S 07

pr(wh, 2 — ) > (@ —yF =),

T (4.4), (4.5), va (4.6) ta két luan rang

20,(f

hay

Do vay

(4.5)

(4.6)

(4, 28) = F(5, ) = £, 01)) 2 2((ah — 2 a” = )+ ok =y ),

208 (f(2%,2%) = F(4F, %) = F(@ 0h)) 2)12F =¥ )P = [la* = 2|7

Sl Al R ATl [

k k k k k k
1% — 2| < fla® — 2™ — [la* — ¥ — [|=" = ¥

+ 201 (f (. 2%) = f(4F,27) = F(2*,9).

Theo dinh nghia ctia py ta co

k k k k k k
127 = 2*|” <||la® — ¥ — [la* — |2 = |27 = F)?
Pk
+ 2o (F (2R, 2%) = F(5, %) = (25, 0))
Pk+1
< ok — |2 = ¥ — oF|2 = 2% = 4|
Pk k k k k
+ =5l — "7+ 127 = y0)P)
Pk+1
Pk
=|la® — 2*|]” = (1= ==6) (Il — " 1> + ||2* — 4" ]1?).
PEk+1

(4.7)
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Vi lim 225 =4 € (0;1), ton tai N > 0 sao cho

k—so0 PE

12 = 2*|| < |2 — ¥, vk > N.
R6 rang la

2" — 2% = [lagu® + Bp2® + % T () — 2|
= [l (uF — %) + B (2" — %) + % (T(*) — 2*)|

< aglluf — 2| + Bl — 2|+l T(F) — 2],
do do6, v6i moi k> N ta co

12" — 2| < (o + Bi) [l 2® — 2| + yellt* — =¥
< (ke + B2 — 2| + v (Anlla? — 2| + (1= M) [l2* — o))
= [ag + B + (1 = W)][l2* — 2*|| + v Aelle? — 2|
= (1 =y Ae)l2" — 2| + pAfl2? — 2*|

< max{[la? —2*|, [la* — 2|} < - - < max{fJa? —a*||, | — 2|},

vi vay day {z*} bi chan. Tu d6, cac day {z*}, {y*}, {t*}, v& {«*} bi chin. Diéu
nay da hoan thanh chiing minh Bo dé 4.2.6. O

Bay gio ching ta chiing minh Dinh 1y 4.2.5.

Ching minh. Vi S = Sol(C, f)N Fix(T) # 0 la tap 16i déng, khac réng trong
khong gian Hilbert thyc H, ton tai duy nhat phan tit 2* € S sao cho x* = Ps(29).
Theo Ménh dé 1.1.5, ta c6

(9 —x* p—2a*) <0,Vp e S. (4.8)

k+1

T dinh nghia cua x*" ta co

ka+1 . x*H2 :Hakuk + ,Bkzk +7kT(tk) - .CE*||2
=[lag(u” — %) + Br(2* — 2*) + (T (t*) — 2*)||?

=aglluf — 2% + Bll2* — ¥ |2 + | T(F) — 22
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— o Bllu® — 2F|* = apyel | T(8%) — u¥|1? = BellT () — 2|17
<aplluf = 2*|? + Bell = — 2| + T (") — 27|
— ol (%) = uP)1? = Byl T (£7) — 2%
<aplluf —2*|* + Bill2" — 2| + et - 27|
— k| T(H) — " ||* = Beyl| T(¢7) — 27|12
Vi vay
25 — 27|12 < ol — 2712 + Bell2® — 2712 + el Ana? + (1 = Ap)2F — 272
— ol T(t7) = uP|1* = Bl T (£F) — %12
<agllu® — ¥|2 + B2 — 2| + 20y e — 2*, tF — )
+ (1= M)mllz® — 2% = el T(F) — )2 = Byl T (%) — 24|12
= ag|juf — 2*|* + [Br + (1 = M) 127 — 272

+ 20y (f — 2%t — %) — apl|T(EF) — u))? = Byl T(EF) — 27|12

Két hop v6i (4.2) va (4.7), v6i moi k > N, ta ¢6

Ja* 1 — |2 < eylla® — 2|2
+ (B + (1= M)ml (l2® — 2|2 = ll2® — y*)2 — ||25 — *)1?)
+ (B + (1= Ae)me] 225 (1l — 112 + 12 — *)2)
Pk+1
+ 20k (a? — 2%t — 2) — | T(EF) — ¥ = Byl T(¢F) — 25|12

* Pk
= (1= M) |2* — 2*)|2 — (1 —- ) 7 (2% = "1 + 125 = ")
Pk+1

+ 20z — 2%t — %) — apl|T(¢F) — uF||? = B | T(#F) — 22,
(4.9)

trong do Tk — 1- A — )\k:”)/k-

Do do,
k+1 2 k 2 Pk k k| 2 k k2
" — 2* ) < Jla® — 2] —(1—pk—H )m(llx =y lI* + 112" = ")

+ 20 (2 — 2 17 — 2% — ag | T(EF) — )12 = Byl T(EF) — 27|12
(4.10)
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Chiing ta xét hai truong hgp riéng biét sau.
Truong hop 1. Ton tai M > N sao cho
2"+ — 2| < fla* — 2|, VE > M,
trong truong hop nay, gidi han ctia day {||z* — 2*||} ton tai, gid st
lim ||z% — 2*|| = a > 0.
k—o0
Tu (4.10), ta 6
Pk * *
(1 - ) il = F I 4+ 112 = o |7) < [la® = 2|7 — [l - 2
Pk+1
+ 20y (29 — 2¥, th— x*).
Vi oy € [a, @) € (0,1) va limg oo A, = 0, ta ¢6 liminfy 7 > 1—a > 0. Ngoai

ra, lim (1 —-2-§) =1—6 > 0, day {t*} bi chan, ta nhan dugc trong gi6i han ctia
k—oo Pr+1

bat dang thic trén la
lim [lz% — %] =0 va lim ||2* — ¥ = 0. (4.11)
k—o00 k—o00

Do d6, lim ||z% — 2*|| = 0.
k—o00

Vi ||uF — 2% = (1 — )| T () — 2| v limy_yo0 gz, = 1, ta dugc

lim ||u* — 2*|| = 0. (4.12)
k—o00
Vi vay, lim ||2F — u¥|| = 0.
k—o0
Twong tu, ta nhan dugce
lim ||t¥ — 2% =0, va lim ||t* —2¥|| = 0. (4.13)
k—o0 k—o00

Vi day {z*} bi chin, ton tai mot day con {z™} hai tu yéu tdi p° € H, sao cho

limsup(z?d — 2%, 2% — %) = lim (29 — 2%, 2™ — 2*) = (29 — 2%, p" — 2%).  (4.14)
k—00 n—00

Két hop v6i (4.11) va (4.13) ta nhan dugc cac day {y"™}, {z™}, {t™}, {u™} hoi tu
yeu t6i p? va pl € C.

Vi g™ = prox, gm,(#™), theo BS dé 4.2.1, ta c6

P (F (2™ y) — f(a™, y"™)) > (2™ —y"™ y —y™), Yy € C.
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Cho k — oo, stt dung tinh lién tuc cia f va lim p,, = p > 0, ta nhan dugc
n—oo

F°y) = (" 0°) 2 0.
Vi vay
F0%y) 20, vy € C.
Diéu nay c6 nghia rang p¥ 14 mot nghiém ctia bai toan EP(C, f).
Tiép theo, ta can chiing t6 rang p° € Fix(T).
That vay, tu (4.9), ta c6
2"+ = 22 < (1= M) [l = 2*(|* + 2M e (29 — 2%, 8F — 2%)
— ap | () = u¥|* = Bl T () = 24|17
< (1= M)l — ¥ + 2Mm(a? — 2%, — 2*)
(%) — %
Do do, ta co
0= lim (o™ —2*? — ||2" — 2*|?)
k—00
< ligninf(—)\k'ykﬂxk — 22 20y (29 — 2t — ) — apy]| T (EF) — uF)?)
—00
kH2 k||2

= — limsup oy | T(t*) — u¥||* < —aylimsup |T(t*) — u

k—o00 k—o00
Cho nén,
lim ||T(t*) — «*| = 0.
k—00
RO rang la
T (%) =8I < IT(EF) = || + [lu® = 2®|] + [|2* = 28]
Két hop diéu nay véi (4.12) va (4.13) ta nhan dugc
lim ||T(t%) — || = 0.
k—00
Vi day {t"} hoi tu yéu téi p°, I}im |T (") —t"™|| =0 va I — T la nita dong tai 0,
—00
ta c6 thé két luan rang p¥ € Fix(T). Do vay

P’ € S =Sol(C, f) NFix(T).
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Tu (4.8), (4.14), ta nhan dugc

limsup(z9 — z*, 2% — 2*) = (29 — 2*,p" — 2*) < 0.
k—o0

Vi vay

limsup(z? — «*, t* — 2*) = limsup (a9 — «*, t* — %)
k—o0 k—o0

+ limsup(z¥ — z*, 2% — %) < 0.
k—o00

Tu (4.9), Vk > M, ta c6
5t — 2| < (1= M) ll2® — 212 + 20mefa? — 2, tF — ).
Theo Bo dé 4.2.2, ta co
lim ||z — 2*||> = 0.
k—o00
Do d6 z* hoi tu manh t6i z*.
Trudng hdp 2. Ton tai mot day con {||z™ — z*||} ctia day {||z¥ — 2*|} sao

cho

|z — 2*|| < [|]2™ ! — 2*||,Vk € N.
Tt Bo dé 4.2.3, ton tai mot day khong giam {m;} ¢ N sao cho klim my = 00 va
— 00

bat dang thic sau day thoa man véi moi k € N

™ — 2% < lam™H =t vt -2t < e -] (415)

Tu (4.10), ta c6

(1 o Pmy (5) ka(mek _ ymkH2 + ”ka _ ymkHQ) < ”xmk _ x*HQ o mekJrl _ $*||2
Pmy+1

+ 2\, (7 — 2% T — ).

Vi liminfy oo 7, > 1 —@ > 0 va lim (1 — 22%-§) =1 —§ > 0, nén tit bat dang
k—o0 Prmp+1

thtc trén ta nhan dugce

lim [|z™ — ™| =0, lim ||z —y™*| = 0.
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St dung bién doi tuong tu nhu trong ching minh ctia Truong hgp 1, ta nhan
ducc

lim sup(z9 — z*,t"™ — z*) <.
k—o0

V6i moi my, > N, ta co
|z — )2 < (1 — Xy ) 2™ — Z¥(12 4 2 Yo (29 — ¥ ™ — 2*).
Tu (4.15) ta co
o 22 < (1 A 4T — 02 D (29 — 7 — )

Do do,

2™ — 2% < 2(zf — 2%t — 2¥), Vmy, > N.

limsup(z9 — z*,t"™ — z*) <0,
k—o0

ta nhan dugc giéi han

lim ||z — 2% = 0 va lim [« — 2*| = 0.
—00 k—o0

T (4.15), nén ta c6 |lz% — o*| < [J2™F! — 2*||, do do, klim |2* — 2*|| = 0. Chiing
—00

minh dinh 1y dugce hoan thanh. ]

Khi T = I- 14 4nh xa dong nhat ctia H, ta nhan dugc thuat toan sau dé giai
bai toan EP(C, f), trong d6 cac hang sb kieu Lipschitz clia song ham f khong doi
héi phai biét.

Thuat toan 4.2

Bué6c khéi tao. Chon ' =29 € C, pp > 0,6 € (0,1) va cac day {aw}, {6k}, {7}
sao cho {o} C [a, @] € (0,1), {8} € [8,8] € (0,1), {m} € [v,7] € (0,1) va
ok + B+ = 1, Vk.

Budc lap k (k=0,1,2,...). C6 2 ta thyc hién cic budc sau:
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Budc 1. Giai bai toan quy hoach 16i manh tim
. 1
y’f:argmm{f(xk,y)—l-ﬂIIy—kaz: yEC}. CP(z%)
Budc 2. Chon w* € 0y f (2%, 4*) sao cho z¥F — ppw* —y* € No(y*) va tinh
. 1
Zk = argmin {f(yk7?/> + 2_||y - $k||2 Lye H/c}a
Pk
trong do,
Hy, = {x e H: (" — ppu* — ¥,z —y*) <0}
Budc 8. Tinh
tk = )\kxg -+ (1 - )\k)zk,
gF = akxk + Bkzk + ’}/ktk.
Dat p = f(z%, 2%) = f(y¥, 2F) = f(2F, %) va dat
min {3 ([l=% = o*12 + 125 = ¢*]1%), p}, néu p>0
Pk+1 =
DOk néu trai lai
va quay ve Buéc 1ap k v6i k duge thay béi k + 1.

Hé qua sau day khang dinh su hoi tu manh ctia Thuat toan 4.2 duge suy ra
truyc tiép tit Dinh 1y 4.2.5.
Hé qua 4.2.7. Gid su tap Sol(C, f) # 0, day {\¢} C (0,1) sao cho > A\, = o0
k=0
va lim A\, = 0. Khi dé vdi cic gid thiét (D) — (Ds), cac day {z*}, {y*} va {*}

k—o0

sinh bdi Thudt toan 4.2 hoi tu manh tdi nghiém x* = Psoyc,p) (29).
Khi f(z,y) = (F(z),y — ) véi moi z,y € C, v6i anh xa F : C — H, bai toan
can bang EP(C, f) trd thanh bai todn bat dang thiic bién phan (VIP) sau day:
Tim 2* € C sao cho (F(z),y —x) > 0, Vy € C.
Ky hiéu Sol(C, F') 1a tap nghiém ctia bai toan (VIP). Trong trudng hgp nay, ta
nhan dugce thuat todn tim phan tit chung clia tap nghiem S = Sol(C, F)N Fix(T)
ctia bai toan (VIP) va tap cac diém bat dong ctia T 1a anh xa tiya khong gian

trong khong gian Hilbert H duéi day.
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Thuat toan 4.3

Bud6c khdi tao. Chon 20 = 29 € C, pg > 0, 6 € (0,1) va cac day {ux},
{ar}, {Be}, {m} sao cho {u} C [0,1],limy o0y, = 1, {a} C [, @] C (0,1),
{6} € [8,8] € (0,1), {m} € [1,7] € (0,1) va ag + B+ = 1, Vk.

Budc lap k (k=0,1,2,...). C6 2* thyc hién cdc bude sau:

Bude 1. Tinh
y" = Po(a® — ppF(a%)).
Bude 2. Lay w* = zF va tinh

2k = Py, (2% — pp F(4Y)),

trong do,
Hy = {x e H: (" — ppu* —y* 2 —y*) <0}

Bude 3. Tinh

th = Apxrd + (1 — )\k)zk,
ub = ppa® 4+ (1 — )T ("),

= akuk + Bkzk + yk,T(tk).
Dat p = (F(2%), 2% — 2F) — (F(y), 2F — oF) — (F(aF), y* — 2F) va dat

min { & (o — o2 + 1% — H12), pi}, néu p>0
Pk+1 =
Pk néu trai lai

quay vé Budc lap k véi k duge thay béi k + 1.

Tt Dinh 1y 4.2.5, ching ta c6 hé qua sau day ve sy hoi tyu manh ctia Thuat
toan 4.3.

Hé qua 4.2.8. Gid st S = Sol(C, F) NFix(T) # 0, va day M\, € (0,1) théa man
S e oA = 00, limy oo Ay = 0. Khi d6 vdi Gid thiét D cac day {z*}, {y*}, {*}

sinh bdi Thuat toan 4.8 hoi tu manh tdi nghiém z* = Ps(x9).
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4.3 Mot s6 vi du minh hoa

Trong phan cudi cling ctia chuong, ta xét mot s6 vi du minh hoa cho sy
hoi tu ctia Thuat toan 4.1, dong thoi so sanh né véi mot thuat toan dudi dao
ham tang cuong Halpern (xem Thuat toan HSEM) trong [31].

Ching to6i tién hanh cac tinh toan cho Thuat toan 4.1 va Thuat toan HSEM
trong [31] bang ngon ngit 1ap trinh Matlab, phién ban R2014 va dugc thuc hien
tréen Laptop vé6i cau hinh Intel(R) Core (TM) i3-4005U @ 1.70GHz, 1700 Mhz, 2
Core(s), 4G Ram. Dé két thiic cAc thuat toan, chiing toi stt dung tiéu chuan ditng

Err = H:L‘k_H — ka <evéie>N0.

Vi du 4.3.1. Trong vi du nay, ching toi xét bai toan trong khong gian H = R?
va song ham f : H x H — R xuat phat tit mo hinh can bang Nash-Cournot [18, 62]

duge dinh nghia nhu sau.

trong do, P,Q € R5*® 1a hai ma tran cap nam sao cho ma tran @ 1a ddi xiing, nita

xac dinh duong va ma tran @ — P 1a nita xac dinh am. Tu cac két qua trong [62],

— + — HSEM
1 —— TT 4.1

1
0 500 1000 1500 2000

Hinh 4.1: S6 buée lap ciia cadc Thuat toan 4.1 va HSEM trong Vi du 4.3.1
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Hinh 4.2: Sy thay déi clia p;, trong Vi du 4.3.1

song ham f thoa man cac diéu kien (Dy) — (D4) v6i cac hing s6 kiéu Lipschitz

Ly =Ly = @. Chung toi l1ay dit lieu trong [62], chi tiét nhu sau,

_31 2 0 O 0_ _1.6 1 0 0 0_

2 36 0 0 0 1 16 0 0 O
P=10 035 2 0(.Q=] 0 0 15 1 0
0O 0 2 330 0 0 1 150

_O 0O 0 O 3_ _0 0O 0 O 2_

5 [E—
vig=(1,-2,-1,2,-1)", ¢ = {xeR5 S > 1,5 <2 <5, 1;5}.
i=1
Ta xét anh xa T : R? — R5 dudc cho bdi cong thitc sau:

1 5

trong do

(xl,...,zlji,...,:lfg)) neu x; < a;
(:/Ul,...,ai,...,fli5) neu r; > a;,

véii=T1,5vaa=(1,1,111)"
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5

Tir [82] ta c6 thé thay ring T 1a 4nh xa tua khong gian va Fix (T) = () Fix (T;).
i=1

Chung t6i minh hoa sy hoi tu ciia Thuat toan 4.1 va so sanh n6 véi Thuat toan

HSEM [31] nhu sau. Trong Thuat toan HSEM, ta lay A = ”P;Q”, ap = k%h Br = 3.

Con trong Thuat todn 4.1, ta chon p = 1000, 6 = 0.9, A = =, = 1 — &7,

ap = 0.2, By = 0.4, 3 = 0.4. Diém xuéat phat 1a xo = (1,3,1,1,2)7. Tiéu chuan

ding la ||93"’+1 — ka < e v6i e = 107°. Trong trudng hop nay,
e nghiém xap xi dugc tinh cho Thuat toan 4.1 1

(—0.724815,0.803666,0.720101, —0.866164, 0.200635)T,

e nghiém xap xi duge tinh cho Thuat toan HSEM [31] 1a

(—0.724586,0.80402,0.719916, —0.865651, O.201025)T :

Két qua chi tiét duge dua ra trong Bang 4.1 va trong Hinh 4.1. Ngoai ra, sif thay

doi ctia tham sb py cling duge dua ra trong Hinh 4.2.

Thuat toan 4.1 | Thuat toan HSEM

Iter(k) 1139 1888

Cpu(s) 45.74 74.02

Bang 4.1: S6 budc lap va thai gian CPU (tinh bang giay) duge tinh theo cac
Thuat toan 4.1 va HSEM trong Vi du 4.3.1

T Bang 4.1 ta c6 thé thay ring Thuat toan 4.1 chiém wu thé hon Thuat toan
HSEM trong [31] vé ca s6 bude lap va thoi gian chay thuat toan.
Vi du 4.3.2. V6i song ham f nhu trong Vi du 4.3.1, trong vi du nay, hai ma
tran P, Q € R™" dugc sinh ngau nhién va véc to ¢ duge chon ngau nhién véi cac
phan ti ctia n6 thuoc [—n,n]. Tap chap nhan duge C 1a mot tap 16i da dien va

dugc xac dinh nhu sau

C={xeR": Az <b,lb <z <ub},
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trong d6 A 1a mot ma tran cap m x n (n = 5,10,15,20 va m = 50,100) v6i cac
phan t ctia né duge sinh ngdu nhien trong [—2,2], va b € R" la mot véc to voi
cac thanh phan ctia n6 duge tao ngau nhién trong [1, 3], b 1a véc to khong, ub 1a
mot vée to voi cac phan tit duge tao ngau nhien trong [0,n]. Anh xa T dude xéc
dinh bdi

x néu [|z|| <2,
T(x) =

ﬁ néu ||z|| > 2.
Cac tham s6 trong cd hai thuat toan dudc chon nhu trong Vi du 4.3.1. Tiéu
chuan dimg la ||:c’erl — ;z:’“H < e =10"°. Cac két qua dugc tinh toan theo Thuat
toan 4.1 va HSEM dugc hién thi trong bang Bang 4.2 va trong Hinh 4.3 (v6i
m = 100, n = 20).

2 T T T T T T T T
— « —HSEM
‘ —o—TT4.1
1h
oF,|
o
1} 1
Y o
& \
B
D i
k] .
,3k \
e .
h .
—4r ¢ o _* .
. .
.- '.-.;7_7' e .,
-5 I L .,ﬂ L T e,

0 200 400 600 800 1000 1200 1400 1600 1800

Hinh 4.3: S6 budc lap ctia cac Thuat toan 4.1 va HSEM trong Vi du 4.3.2.

Vi du 4.3.3. Trong vi du tiép theo, hai ma tran P,Q € R™", tap chap nhan
dude O, va cac tham s6 trong cac Thuat toan 4.1 va HSEM duge chon nhu trong

Vidu 4.3.2, q 1a véc to khong. Anh xa T dugc cho bdi

Zﬂ(m),

T(x) =

Wl =
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m = 50 m=100
Thuat toan 4.1 | Thuat toan HSEM | Thuat toan 4.1 | Thuat toan HSEM
! Cpu(s) | Iter(k) | Cpu(s) | Iter(k) | Cpu(s) | Iter(k) | Cpu(s) | Iter(k)
5) 20.82 430 23.99 594 23.96 440 26.09 622
10 41.15 805 49.89 1136 40.60 800 56.22 1134
15 43.91 1139 67.91 1888 53.83 923 71.93 1306
20 137.37 | 1133 | 172.51 1602 160.82 | 1160 | 215.40 1640
Bang 4.2: Két qua tinh toan cho Vi du 4.3.2.
m = 50 m = 100
Thuat toan 4.1 | Thuat toan HSEM | Thuat toan 4.1 | Thuat toan HSEM
! Cpu(s) | Iter(k) | Cpu(s) | Iter(k) | Cpu(s) | Iter(k) | Cpu(s) | Iter(k)
5) 13.28 454 19.48 643 17.83 399 23.87 563
10 21.41 747 31.80 1056 30.89 709 45.20 1006
15 37.23 886 49.39 1252 44.29 941 64.85 1330
20 55.26 1106 70.33 1564 53.84 1130 78.34 1601
Bang 4.3: Két qua tinh toan cho Vi du 4.3.3.
trong do
Ti(e) = T néu ||z — a’|| <2
Tea) néu |z —dll| > 2,
v6i 1= 1;2 va
T néu (c,z) <1
Ty(x) =

£ néu (c,z) > 1,

al =(-2,0,...,0)T.a> = (2,0,....0)T,c = (1,1,..., )T

Nhu truée do, ta chon sai s6 ka“ — ka < e =107°. Cac két qua dudc hién

thi trong Bang 4.3.

T cac vi du trén, ching ta c6 thé thay ring, véi ciing ngudng sai s6, Thuat

toan 4.1 ¢6 1gi thé hon so v6i Thuat toan HSEM, dic biet 1a vé s6 budce lap (Iter.)
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va thoi gian thuc hien (CPU(s)).

Vi du 4.3.4. Trong vi du cudi cung, chung t6i gia st rang H = L2([0,1]) v6i tich

vo hudng

va chuan cam sinh
1
|z == / |z(t)|2dt, Vo € H.
0
Ching toi xét tap chap nhan dugdc
C={zeHl: |z|| <1},

va song ham f: H x H — R dugc cho béi (xem [79])

f(z,y) = <(g— ||x||> x,y—x>.

Tt két qua clia [79], song ham théa man Diéu kién (D4) véi cac hing s6 kicu
Lipschitz Ly = Ly = ;Z. Anh xa T duge cho béi
x néu ||z|| <1,
=z néu ||z|| > 1.
Ta chon pg = 6,6 = 0.9, Ay = 25,k = 1 — 737, Br = 0.4, 4, = 0.4. Diém xuét phat

1a 2% = 55 (sin(—3t) + cos(—10t)), tieu chuan dung la ||zF+! — 2*|| < e = 1076, Cac

két qua dugc hién thi 6 Bang 4.4 va Hinh 4.4.

Iter(k) | Cpu(s)

Thuat toan 4.3 705 1.28

Bang 4.4: Thit nghiém cho Vi du 4.3.4

Bang 4.1, Bang 4.2, Bang 4.3 va Bang 4.4 ¢6 cac ky hiéu nhu sau:
e Iter(k): buée lap thi .

e Cpu(s): thoi gian tinh toan tinh bang giay.
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Hinh 4.4: S6 buéc lap ctia Thuat toan 4.3 trong Vi du 4.3.4.
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Két luin Chuong 4

Trong chuong nay ching toi da dua ra mot thuat toan tim diém chung cta
tap nghiém clia bai toan can bing va bai toan diém bat dong. Thuat toan nay
14 sy két hop gitta phuong phap duéi dao ham tang cuong cho bai toan can bang
v6i song ham la gia don diéu, thoa man diéu kien kiéu Lipschitz, va phuong phap
lap Ishikawa d6i véi 4nh xa tua khong gian. Sy hoi tu manh ctia thuat toan thu
duoc khi cac hing sb kiéu Lipschitz clia song ham c6 thé khong duge biét trude.
Cudi chuong ching toi dua ra mot vai vi du sé6 minh hoa cho syt hoi tu ctia thuat

toan de xuat.
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Két ludn

1. Két qua dat dudc

Trong luan an nay, ching toi tap trung nghién citu mot sd van dé vé bai
toan can bang to hgp, xay dung thuat toan gidi bai toan can bang khong don
diéu, va phuong phap tim nghiém chung ctia tap nghiém ctia bai toan can bang

va bai todn diém bat dong. Luan an da dat dudc mot sb két qua sau:

o Xay dung dugc hai Thudat todn 2.1 va 2.2 bang cdach két hgp phuong phdp
chiéu nhing va cic quy tdc tim kiém tia tuong ung dé gidi bai todn can
bang ma song ham la khong don diéu. Chiing minh dugc day lap sinh bdi
cdc thudt todn dé hoi tu manh tdi nghiém cia bai todn can bang (Dinh ljj
2.2.9 va Dinh Iy 2.2.12), dong thoi dp dung thudt todn vao mo hinh can
bang thi truong dién bin doc quyén Nash-Cournot. Két qud nay dugc thé
hien ¢ [CT1].

o Chitng minh dugc tap nghiém cia bai toan can bang to hop va giao cac tap
nghiém cia ho cdc bai todn can bang la khong bang nhau khi cdc song ham
la don dieu (Dinh lyj 3.2.1). Chiing toi ciing dua ra mot diéu kién di dé hai
tap nghiém dé bang nhau trong cd truong hop hiu han (fi,i = 1,2,..,N)
va truong hop vo han (fi,i=1,2,...) (Dinh lij 3.2.3). Két qud nay duoc thé
hiéen ¢ [CT2].

e Bing cdach két hop phuong phdp dudi dao ham tdng cuong vdi phuong phdp
lap Ishikawa, ching toi da dé wuat thudt todn tim nghiém chung cta tdp
nghiém bai toan can bang EP(C, f) vdi song ham f la gid don diéu, théa

man dieu kién kiéu Lipschitz va bai todn diém bat dong cua dnh xa tua
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khong gian T (Thuat todan 4.1). Ching toi da ching minh dugc day lap sinh
bdi thuat toan hoi tu manh tdi nghiém chung cia bai todn dang zét (Dinh ly
4.2.5 ), dong thoi trinh bay mot s6 vi du minh hoa cho thudt toan dé zudat.

Két qud nay dugc thé hién ¢ [CT3).
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2. Mot s6 huéng nghién ciu tiép theo
Bén canh nhiing két qua da dat dudc trong luan an, mot so6 van dé chung toi

tiép tuc nghién cttu trong thoi gian téi l1a:

e Xay dung mot s6 thudt todn khong phdi kiéu chiéu nhing gidi bai todn can

bang khong don diéu trong khong gian Hilbert va khong gian Banach.

o Tiép tuc nghién ctu moi quan hé gita tap nghiém cia Bai todn can bang to
hop va giao cdc tap nghiém cia cdc bai todn can bang vdi cic gid thiét nhe
hon vé tinh para-don diéu, para-gid don diéu, dong thoi dp dung vao mot
I6p bai todn lien quan dén tap nghiém chung ctia mot ho cdc bai todn can

bang.

o Xay dung thuat toan tim nghiém chung ciua bai todn can bang va bai todn

diém bat dong trong truong hop song ham la khong don diéu.
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