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Loi cam doan

Toéi xin cam doan day la cong trinh nghién ctu cta toi, duéi sy huéng dan
clia cac can bo trong tap thé huéng dan khoa hoc. Cac két qua viét chung véi
cac tac gid khac déu da dude sy nhat tri clia cac dong tac gid khi dua vao luan
an. Cac két qua trong luan an 1a hoan toan trung thic va chua ting dude cong
bd trong cong trinh clia cac tac gid khac. Cac tai lieu tham khao dudc trich dan
day du.

NCS. Phan Thi Huong



Loi cam on

Ban luan an nay dugc hoan thanh tai Bo mon Toan, Khoa Cong nghé Thong
tin, Hoc vien Ky thuat Quan sy dudi sy huéng dan ctia PGS. TSKH. Doan Thai
Son va TS. Ta Ngoc Anh. Trong qua trinh hoc tap va nghién ctu, tac gid da
nhan dude su dong vien, khuyén khich va chi bao rat tan tinh ctia tap thé giao
vien huéng dan. Cac thay da khong quan cong stic, danh rat nhiéu thoi gian thao
luan, rén gitia va dinh huéng cho tro. Nghién citu sinh xin duge bay t6 long biét
on chan thanh va sau sic t6i hai Thay.

Nghién cttu sinh xin chan thanh cdm on cac thay co trong Bo mon Toan,
Hoc vien K§ thuat Quan sy va cac thay co6 ¢ Vien Toan hoc-Viéen Han lam Khoa
hoc va Cong nghé Viét Nam da quan tam giip dg, dong vién va da cho nghién
citu sinh nhitng ¥ kién déng gép quy bau. Tic gid xin chan thanh cdm on PGS.
TS. Ngo Hoang Long, TS. Pham Thé Anh, TS. Bui Van Dinh, TS. Nguyén Nhu
Thang, cac anh chi va ban be dong nghiép da luon bén canh dong vien, chi day
va gitp dd nghién cttu sinh trong qua trinh hoc tap va nghién cttu.

Nghién citu sinh tran trong gti 10i cAm on dén Ban Giam dbc, Phong Sau dai
hoc, Ban Chu nhiém Khoa Coéng nghé Thong tin, Hé quan ly Hoc vién Sau dai
hoc, Hoc vien K¥ thuat Quan su da luon gitp dé va tao diéu kién thuan 1gi cho
tac gia trong thoi gian lam nghién cttu sinh.

Tac gid thanh kinh dang tang moén qua tinh than nay dén gia dinh than yeu
ctia minh v6i long biét on sau sdc. Ban luan an nay sé khong thé hoan thanh néu
khong c6 su cam thong va giup dé cia nhiing ngudsi than trong gia dinh tac gia.

Tac gia



M6 dau

1. Lich sit vin dé va Iy do chon deé tai

Phép tinh vi phan, tich phan la mot cong cu pho bién dé mo ta cac qua trinh
tién hoa (xem [25, 43, 55]). Thong thudng, mdi qua trinh tién héa duge bicu dién
béi cac phuong trinh vi phan thuong. Bang viéc nghién citu (dinh tinh hosic dinh
lugng) nghiém ctia phuong trinh, ngudi ta c6 thé biét trang thai hién thoi ciing
nhu dy doan duge dang diéu 6 qué khit hay tuong lai cia qua trinh do. Tuy
nhién, cac hién tuong hay giap trong cuoc song cé tinh chat phu thudc vao qua
khtt (xem [11, 12, 29]). Déi véi cac hién tugng nay, viéc ngoai suy dang dieéu clia
heé tai mot thoi diém tuong lai tit qua khit phu thuoc ca vao quan sat dia phuong
1an toan bo qua khi. Hon nita, sy phu thudc néi chung ciing khong giéng nhau &
tat ca cac thoi diém. Mot trong céc 1y thuyét dude xay dung dé giai quyét nhitng
bai toan thyc té vita néu la giai tich phan thi (xem [18, 21, 35, 36, 45, 46, 53]).

Mic du da duge nghién ciu tit 1au nhung 1y thuyét gidi tich phan thi phat
trién tuong déi cham. Mot trong nhitng nguyén nhan la do ngudi ta chua tim
thay ¥ nghia hinh hoc hay vat 1y clia toan tit dao ham phan thd. That ra, han
ché vita néu chi mang tinh 1y thuyét. Vai tro quan trong ctia 1y thuyét giai tich
phan thit 1a ting dung giai cac bai toan thyc té (xem [11, 12, 44, 51]). Ly thuyét
nay c6 uu thé hon so véi phép tinh vi phan, tich phan c¢o dién trong moé phoéng
cac qué trinh c6 trf nhé. Cung v6i su phat trién ctia may tinh dien ti va cac
phuong phap tinh, trong bon thap ky gan day, nguoi ta phat hién ra ngdy cang
nhiéu tng dung ctia gidi tich phan thi trong cac nganh khoa hoc khac nhau ti

Vat 1y, Héa hoc, Sinh hoc dén Tai chinh, Khoa hoc xa hai,....



Mot trong cac cudn sach dau tién viét ve ing dung ciia giai tich phan thi 1
[41]. Trong cudn sach nay, K. Oldham va J. Spenier trinh bay rat nhiéu y tudng,
phuong phép va tng dung clia gidi tich phan thit. Sau [41], nhiéu cong trinh vé
cac phuong dién khéc nhau ctia 1y thuyét nay dugc cong bd. Noi bat trong sb
d6 1a céc cudn séch ctia S. Samko, O. Marichev, A. Kilbas [49], M. Caputo [10],
R. Gorenflo va S. Vessella [22], K. Miller va B. Ross [38], A. Carpinteri va F.
Mainardi [14]. Rat gan day c6 them cac chuyen khéo déng chu ¥ ctia K. Diethelm
[19], V. Lakshmikantham, S. Leela va J. Vasundhara Devi [32], B. Bandyopadhyay
va S. Kamal [9].

C6 nhiéu loai dao ham phan thi khac nhau tuy thudc vao cich nguoi ta
tong quat héa dao ham I- f(z) cho truong hop n khong nguyen. Tuy nhién,
hai khai niem dugc dung phd bién hon cé la dao ham Riemann-Liouville va dao
ham Caputo. Dao ham phan tht Riemann-Liouville duge phat trién béi Abel,
Riemann va Liouville trong nita dau thé ky 19 (xem [18, 45]). Tuy nhién, khi ap
dung khai niem nay dé mo ta cac hien tuong thuc té thi gip han ché do diéu kien
ban dau trong cac bai toan gia tri ban dau khong c6 § nghia vat 1y. Dao ham
phan thi Caputo duge M. Caputo xay dung ndm 1969 (xem [10]). Dinh nghia
dao ham nay dugc xay dung dura trén sy cai bién khai niém dao ham Riemann-
Liouville v6i muc dich ban dau la gidi bai toan nhét. So véi dao ham phan thit
Riemann-Liouville, dao ham Caputo dé ap dung cho cac bai toan thuc té hon vi
dieu kién ban dau cia cAc mo hinh st dung dao ham Caputo c6 ¥ nghia vat 1y
(xem [19]).

Ly thuyét giai tich phan thi ngay cang tré nén phd bién va phat trien nhanh
(xem them [4, 7, 8, 15, 27, 52]). Nhiéu két qua trong ly thuyét cling nhu ting dung
thue té duge tim ra ngay cang nhicu (xem [42, 52]) va ngoai ra ngusi doc c¢6 thé
tham khao trong [36]. Day 1a bo sdch gom tam cudn dugc cac tac gid viét nam
2019, trong do6 trinh bay mot cach hé thong vé 1y thuyét giai tich phan thi, gidi
s6 phuong trinh vi phan phan thit va céc tng dung trong Vat 1y, Diéu khién, K5

thuat, cuoc song va Khoa hoc xa hoi.



Ly thuyét phuong trinh vi phan phan thtt Caputo ngau nhién 13 mot huéng
nghién ctu tuong déi mdéi duge sinh ra tir Iy thuyét phuong trinh vi phan phan
thit Caputo va 1y thuyét xac suat. N6 nhan manh t6i khia canh ctia thé gi6i ta
dang séng bao gom nhiéu yéu t6 ngau nhién. Bang cach két hop cac két qua
clia hai nganh co sé trén, Iy thuyét phuong trinh vi phan phan thit Caputo ngau
nhién nhan dugc nhitng loi thé cia cd hai nganh va c¢6 thé dua ra duge mo hinh
toan hoc thich hop hon cho cac hién tugng tu nhién va xa hoi.

Phuong trinh vi phan phan thit Caputo ngau nhién 1a sy mé rong tu nhién
clia phuong trinh vi phan phan thi, do d6 né da nhan dugc nhiéu syt quan tam
clia cac nha toan hoc trén thé gidi vi thuc té rang he phan thit xuit hién trong
nhi¢u mo hinh trong Co hoc, Vat 1y, Ky thuat dien ti&, Ly thuyét diéu khién,...,
chi tiét hon ching ta c6 thé tham khéo trong [19, 44] va nhiéu tai lieu chuyéen
khdo khac. Tuy nhién, trong su tuong phan mot so 16n cac cong bd vé phuong
trinh vi phan phan tht tat dinh, chi c6 mot s6 it bai bao lien quan dén phuong
trinh vi phan ngau nhién v6i dao ham phan thi Caputo va hau hét cic bai bao
nay mdi ding lai § viec thiét lap két qua ve sy ton tai vi duy nhat nghiém hoic
nghien cttu tinh chinh quy cia nghiem (xem [48, 56, 57]). O day ching toi phan
biét hai loai nghiém, loai nghiém dau tién 1a nghiem co dién (classical solutions)
va theo sut hiéu biét ciia téc gid, cau hoéi vé su ton tai vd duy nhat nghiem loai
nay mdi duge deé cap trong [56, 57]. Trong [57], tac gid chua ching minh duge sy
ton tai va duy nhat nghiem c6 dién v6i bac phan thi a € (3,3) con trong [56]
viéc chiing minh dinh 1y ton tai v duy nhéat nghiém co dién toan cuc gap van deé
khi thac trién nghiem co dién tit mot khodng nho [0,7,] ra toan khoang [0,00).
Luan 4n nay sé khic phuc cac han ché trén. Ngoai ra, ching toi con dua ra dugc
cong thitc bién thién hang s6 va mot so6 tinh chat clia nghiém phuong trinh vi
phan phan thi Caputo ngau nhién. Loai nghiém tht hai 1a nghiém nhe (mild
solutions), sy ton tai va duy nhat ctia loai nghiem nay da dugce nghién citu trong
48] cho 16p cac phuong trinh kha rong. Tuy nhién, cac diéu kieén dua ra trong bai
bao nay kha chit (xem [48, Dinh 1y 4.2]). V6i cac diéu kién yéu hon (xem Dinh



ly 2.3.2 6 Muc 2.3 Chuong 2), ching toi da chiing minh duge sy ton tai nghiem
nhe cho phuong trinh vi phan phan thit Caputo ngau nhién.

Viéc giai s6 phuong trinh vi phan va phuong trinh vi phan ngau nhién 1a bai
toan c6 nhicu y nghia trong tng dung. Thuc té rat it phuong trinh vi phan ngau
nhién gidi dugc nghiém hién hodc néu tim ducc nghiém hién thi bicu thic qua
phtic tap. Vi vay, trong nhiéu thap ky qua, bai toan nay da thu hat rat nhiéu su
quan tam ciia cdc nha todn hoc trén thé gidi (xem [30, 37, 39]). Tuong tu nhu
thé, viéc giai s6 phuong trinh vi phan phan thi va phuong trinh vi phan phan thi
ngau nhién ciing rat tha vi. Ddi véi phuong trinh vi phan phan thi tat dinh, cac
phuong phéap giai s6 da duge xay dung mot cach c6 he thong va kha day du (xem
[19, 36]). Tuy nhién, theo su hiéu biét clia nghién cttu sinh viéc giai s6 phuong
trinh vi phan phan thi Caputo ngau nhién méi chi duge dé cap trong [59]. Tac
gia clia bai bao nay da dua ra dugc luge do Euler cho phuong trinh Volterra ngau
nhién véi nhan k¥ di nhung chua dua ra dude téc do hoi tu hién cia luge do.
Tiép n6i huéng nghién citu nay va dya theo § tudng ctia bai bao [59], ching to6i
thiét lap ducgc Iuge do s6 cho phuong trinh vi phan phan thit Caputo ngau nhién
va danh giad dugce téc do hoi tu hién ctia luge do s6 nay. Ngoai ra, ching t6i con
dua ra dudc toc do hoi tu va tinh on dinh cia luge do Euler-Maruyama mil cho

phuong trinh vi phan phan thit Caputo ngau nhién mot chieu tuyén tinh.

2. Muc tiéu nghién ciu

Trong luan an nay, ching t6i tap trung nghién ciu cac chii diém sau trong

ly thuyét ctia phuong trinh vi phan phan thit Caputo ngau nhién:

(i) Mot s6 tinh chat nghiém ctia phuong trinh vi phan phan thit Caputo ngau

nhién.

(i) Giai s6 nghiém ctia phuong trinh vi phan phan thi Caputo ngau nhién.



3. Poi tugng va pham vi nghién citu

V6i cac muc tiéu dat ra nhu trén, trong luan an nay ching t6i nghién cttu

cac noi dung sau:

No6i dung 1. Sy ton tai va duy nhat nghiém ctia phuong trinh vi phan

phan thit Caputo ngau nhién.

Noi dung 2. Cong thiic bién thién hing s6 cho phuong trinh vi phan phan

thit Caputo ngau nhién.

Noi dung 3. Mot s6 tinh chat clia nghiém phuong trinh vi phan phan thi

Caputo ngau nhién.

No6i dung 4. Xay dung luge dd s6 kieu Euler-Maruyama cho phuong trinh

vi phan phan thit Caputo ngau nhién.

4. Phuong phap nghién ciu

Xuat phat tit muc tiéu ciia dé tai nghién ctu, cdc phuong phap nghién ciu

dugce st dung nhu sau:

e Dé chitng minh sy ton tai va duy nhat nghiém ctia phuong trinh vi phan
phan thit Caputo ngdu nhién, ching t6i xay dung mot chuan cé trong so

phit hop va ap dung Dinh 1y diém bat dong ctia Banach.

e Su phu thuoc lién tuc ciia nghiém vao diéu kién ban dau dude ching minh
duya trén udc lugng khoang cach gitta hai nghiém phan biét khi thoi gian
hitu han. Dé chitng minh su phan tach tiém can giita hai nghiéem phan biét

ching t6i dung phuong phap chiing minh phan ching.

e Dé c6 duge cong thiic bién thien hing sé cho phuong trinh vi phan phan
thit Caputo ngau nhién, ching té6i dung Dinh 1y biéu dién It6 va cong thiic

bién thién hang s6 cho phuong trinh vi phan phan thit Caputo tat dinh.



e Ludc do sb kiéu Euler-Maruyama cho phuong trinh vi phan phan thi Ca-
puto ngau nhién va danh gia téc do hoi tu ctia phuong phap dude duya trén
cac két qua da biét ve luge do Euler-Maruyama cho phuong trinh vi phan
ngau nhién bac nguyen va ky thuat r6i rac héa dé tranh cac diém ky di cia

nhan.

5. Két qua cua luan an
Luan an da dat dugc nhitng két qua chinh sau day:

Chatng minh dugc su ton tai va duy nhat nghiém co dién, nghiém nhe doi

vdi phuong trinh vi phan phan thi Caputo ngau nhién bac a € (3,1).

Dua ra dugc cong thite bién thién hang so cho phuong trinh vi phan phan

thi Caputo ngdu nhién bac o € (3,1).

Chitng minh dugc su phu thuoc lien tuc vao gid tri ban dau ciia nghiém co

dién phuong trinh vi phan phan thit Caputo ngau nhién bic o € (%, 1).

Ching minh dugc khoang cdach gitta hat nghiém phan biét cia phuong trinh
vi phan phan thi Caputo ngau nhién bic o € (3,1) tién dén 0 khong nhanh
hon toc do da thic vdi s6 mi di lén. Tw do, ching toi ching minh duge s6
ma Lyapunov binh phuong trung binh cia nghiém khong tam thuong bat ky
ctia phuong trinh vi phan phan thid Caputo ngau nhién tuyén tinh bi chan

luon khong am.

o Xay dung duogc luge do so kiéu Fuler-Maruyama cho phuong trinh vi phan
phan thit Caputo ngau nhién bic o € (3,1) va danh gid dugc toc do hoi
tu cho luge do nay. Dua ra duge téc do hoi tu va tinh on dinh cta luge do
Euler-Maruyama mia cho phuong trinh vi phan phan thit Caputo ngau nhién

mot chieu tuyén tinh.

Cac két qua chinh ctia luan an dudc céng bd trong 03 bai bao



trén cac tap chi quoc té c6 uy tin va da dugc bao cao tai:

1. Xémina ctia B6 mon Toan, Khoa Cong nghé Thong tin, Hoc vién K§ thuat

Quan sur.
2. Xémina ctia Khoa Cong nghé Thong tin, Hoc vién K§ thuat Quan su.

3. Xémina ctia Phong Xac suat-Thong ke, Vien Toan hoc, Vien Han lam Khoa

hoc va Cong nghé Viét Nam.

4. Hoi nghi Khoa hoc céc nha nghién cttu tré lan thi XIV (4/1/2018), Hoc vien
K¥ thuat Quan su.

5. Dai hoi Toan hoc Viet Nam lan tha IX (14-18/8/2018), Nha Trang.

6. Hoi thao T6i wu va Tinh todn Khoa hoc lan thit 17 (18-20/4/2019), Ba Vi, Ha
Noi.

7. Hoi thdo T6i wu va Tinh todn Khoa hoc lan thit 18 (20-22/8/2020), Hoa Lac,
Ha Noi.

6. Bo cuc cua luan an

Ngoai phan Md dau, Két luan, Danh muc cong trinh khoa hoc clia tac gid cé6
lien quan dén luan 4n va Tai lieu tham khdo, luan an c¢6 ba chuong.

Trong Chuong 1, ching toi nhac lai mot s6 kién thic co sd lien quan dén giai
tich ngdu nhién va gidi tich phan thi. Cu thé, trong Phan 1.1 ching toi trinh
bay so ludge vé giai tich ngdu nhién gom chuyen dong Brown, tich phan ngau
nhién It6, Dinh 1y bié¢u dién It6, phuong trinh vi phan ngdu nhién va luge do s6
Euler-Maruyama cho phuong trinh vi phan ngau nhién. Trong Phan 1.2, ching
to6i nhic lai mot s6 kién thtic chuan bi vé giai tich phan thi gom tich phan phan

thit, dao ham phan thi Caputo, ham Mittag-Leffler va cong thitc bién thién hang

On

S

Trong Chuong 2, chung t6i nghién cttu mot sé van dé vé phuong trinh vi phan
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phan thit Caputo ngau nhién. Chuong nay c6 nam phan, Phan 2.1 thao luan vé
su ton tai vd duy nhat nghiém co dién. Cong cu dé chiing minh két qua nay 1a
xay dung mot chuan cé trong so6 pht hop va 4p dung Dinh 1y diém bat dong cia
Banach. Su phu thudc lién tuc ctia nghiém cd dién phuong trinh vi phan phan
thit Caputo ngau nhién vao gia tri ban dau duge trinh bay trong Phan 2.2. Trong
Phan 2.3, chtng t6i chitng minh sy ton tai va duy nhat nghiém nhe ctia phuong
trinh vi phan phan thit Caputo ngau nhién bang cach stt dung cac ki thuat ching
minh tuong tu trong Phan 2.1. Cong thiic bién thién hing s6 cho phuong trinh
vi phan phan thit Caputo ngau nhién duge nghién cttu trong Phan 2.4. Syt phan
tach tiém can gitta hai nghiém phan biét ciia phuong trinh vi phan phan tha
Caputo ngau nhién duge nghién citu trong phan cudi ciia chuong. Két quéi nay
khing dinh ring khodng cach giita hai nghiém phan biét tién dén 0 khong nhanh
hon téc do da thic v6i s6 mit du 16n. Tu d6 ching toi ching minh duge tinh
khong am clia cac s6 mit Lyapunov binh phuong trung binh ctia nghiém khong
tam thuong phuong trinh vi phan phan thit Caputo ngau nhién tuyén tinh bi
chan.

Trong Chuong 3, chiing t6i danh cho nghién citu phuong phéap gidi s6 phuong
trinh vi phan phan thit Caputo ngau nhién. Chuong nay gom c6 ba phan, Phan
3.1 danh dé mo ta veé luge do s6 kieu Euler-Maruyama cho phuong trinh vi phan
phan thit Caputo ngau nhién. Phan 3.2 tap trung chiing minh tdc do hoi tu cia
lugc do s6 vira dua ra. Mot vi du minh hoa cho téc do hoi tu trong nghién ctu
Iy thuyét dugc xem xét 6 cudi phan nay. Phan cudi ctia chuong danh cho nghién
citu toc do hoi tu va su 6n dinh ctia luge do s6 Euler-Maruyama mii cho phuong

trinh vi phan phan thit Caputo ngau nhién mot chiéu tuyén tinh.
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Bang ky hiéu

Tap hop cac s6 tu nhién.

Tap hop cac s6 tu nhién khac 0.

Tap hop cac s6 thue.

Tap hop cac s6 thiuc khong am.

Tap hop cac s6 thue khong duong.

Tap hop cac s6 thuc duong.

Tich vo huéng.

Khong gian Euclide thyc d chiéu.

Chuan Euclide (do dai).

Chuyén vi ctia véc to hay ma tran A.

Khong gian cac bién ngau nhién X nhan gia tri trong
R? théa man E|X|P < oco.

Khong gian cac ham lién tuc f xac dinh trén
[0,7], nhan gia tri trong R¢ vé6i chuan |f|| =
SUPO§x§T|f(37)|-

Cap ctia dao ham phan thi.

Toan t tich phan phan thit Riemann-Liouville cap
.

Toan tit dao ham phan thi Caputo cap a.

Ham md.

Ham Gamma.

Ham MittagLeffler mot tham s6.

Ham Mittag—Leffler hai tham s6.
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Khong gian cac ham do duge theo nghia Borel f :
[0, 7] — R? thoa man [ |f(t)[? dt < oc.

Khong gian céc qué trinh ngau nhién (f(¢))o<i<r do
duge, F;—tuong thich, nhan gia tri trong R? va thoa
mén E (f0T|f(t)|p dt) < .

= \/SSL L E(|£[2) V6L f = (f1,0 fa)T Q= R
ham kha tich binh phuong trung binh.

Khong gian cac qua trinh (£(¢))o<i<r do duge, Fp-
tuong thich v6i Fr := (F)o<t<r, nhan gia tri trong

R? va thoa man ||£| g2 = esssupg<j<r [|€(t)]lms < oo
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Chuong 1

Mot s6 kién thitc chuin bi

Chuong nay duge danh dé nhic lai mot s6 kién thitc co ban cla giai tich
ngau nhieén va giai tich phan thi. Phan 1.1 trinh bay céc noi dung gom chuyén
dong Brown, tich phan ngdu nhién It6, Dinh 1y biéu dién Ito va phuong trinh vi
phan ngau nhién. Phan con lai ctia chuong tap trung tém luge mot s6 kién thric
clia giai tich phan thi gom tich phan va dao ham phan thi, ham Mittag-Leffler
va cong thiic bién thién hing s6 cho phuong trinh vi phan phan thi. Nhiing kién
thiic vé giai tich ngdu nhién c6 thé tim thay trong [1, 2, 26, 33, 37, 40] v& nhiing
kién thitc vé giai tich phan thit c6 thé tim thay trong [4, 19].

1.1 MGt so kién thite ve giai tich ngau nhién
1.1.1 Chuyén dong Brown

Nam 1828, nha thyc vat hoc Robert Brown ngusi Scotland nghién ctitu sy
chuyén dong bat thudng clia cac hat phan hoa trong nudc, chuyén dong do sau
nay dudc giai thich bdi sit va cham ngau nhién ctia cac hat phan hoa vdéi cac phan
t nuéc va ngay nay dudce goi 1a chuyén dong Brown. Dé mo ta vé mit toan hoc
chuyén dong nay, ngudi ta ding khai niem qué trinh ngau nhien W;(w), né dugc
hiéu nhu I vi trf ctia hat phan hoa w tai thoi diém ¢. Tiép theo ching t6i sé nhic

lai dinh nghia toan hoc cho chuyén dong Brown.

Dinh nghia 1.1.1. (Chuyén déng Brown mot chiéu)([33, Dinh nghia tr.
38] hodc [26, Dinh nghia 2.1.1]). Cho (Q,G,P) la khong gian zdc sudt vdi bo loc
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(Gt)i>0. Qud trinh ngau nhién (Wy)i>o duge goi la chuyén dong Brown mot chiéu

tieu chuan 1ing vdi bo loc (Gt)i>o néu

(i) Wi la Gi—do duge vdi moi t > 0.

(ii) Vdi hau chdac chan moi w € Q, dnh za t — Wy(w) lién tuc.
(iii) Wo =0 hau chdc chan (viét tat la h.c.c).

(iv) Voi 0 < s <t < oo, gia s6 Wy — W, c6 phan phoi chudan vdi gid tri trung

binh bang 0 va phuong sai bang t — s, tic la Wy — Wy ~ N(0,t — s).
(v) Voi0<s<t<oo, gia s6 Wy — W doc lap vdi Gs.

Néu (W;);>0 1a chuyén dong Brown va 0 < tg < t; < --- < t} < oo thi cic gia
s6 Wy, — Wy, ,,1 <i <k la doc lap va chung ta noi chuyén dong Brown c6 gia s6
doc lgp. Hon nita, phan bd ciia W, — W;, , chi phu thuoc vao hiéu t; — ¢;_1 nén
ngudi ta néi chuyen dong Brown c6 gia s6 dung.

Bo loc (G;)i>0 1a mot phan trong dinh nghia cla chuyén dong Brown. Tuy
nhién, néu ching ta cho truéc mot qua trinh ngau nhien W = (W;);>¢ ma khong
c6 bo loc nhung ching ta biét W co gia s6 doc lap, ding va W; = Wy—Wy ~ N(0, )
thi (W;);>0 1 chuyén dong Brown ting v6i bo loc (G )i>0, 6 day GV = o(W;,0 <
s < t) 1a bo loc nhé nhat duge sinh bdi qua trinh ngau nhien (W;)¢>0. Tuy thé,
bo loc (G}V )= chi ¢6 tinh chat lien tuc trai ma khong c6 tinh chat lien tuc phéi
(xem [26, tr. 89])). Do d6, ching ta can mé rong bo loc (G}V )0 sao cho (W;)i>o

van la chuyén dong Brown ting véi bo loc nay. Cu thé, ta dinh nghia
Fi=0(G" UN),

6 day
N :={UcQ,3Veg¥saocholU cVvaP(V) =0},
vl GY =0 (U=0G}" ). Ngudi ta goi F; 1a sy lam rong clia sigma truong G;¥ qua

P va bo loc (F)i>0 dude goi la bo loc duge lam rong. Bo loc nay c¢6 tinh lién tuc
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phai va ddm bao (W;);>o van la chuyén dong Brown déi véi no (xem [26, tr. 89,
tr. 90]). Trong sudt cac phan sau clia Luan an, ching toi luon xét khong gian xac
suat day du (9, F,P) dugc trang bi bo loc (F;)i>0 duge lam rong theo cach xay
dung & trén.

Dé két thic phan nay, ching ta nhic lai mot vai tinh chat quan trong cia
chuyén dong Brown nhu tinh lién tuc, tinh khong dau kha vi, cu thé ta c6 tinh

chat dudi day.
Dinh Iy 1.1.2. ([26, Dinh ly 9.18] va [33, Dinh Iy tr. 51, tr. 53])

(i) Véi hau hét w € Q, qui dao mau W.(w) clia chuyén dong Brown lién tuc
Hélder dia phuong cap & vdi 6 € (0,1) va khong dau lién tuc Hélder cap &

Vi § > 3.

(ii) Vdi hau hét w € Q, quj dao mau W.(w) ctia chuyén dong Brown la khong

dau kha vi va cé bién phan vo han trén moi khodng con.

1.1.2 Tich phan ngau nhién It6

Trong muc nay chung toi sé trinh bay cach xay dung tich phan ngau nhién

/0 " f)am,

ddi vé6i chuyén dong Brown mot chiéu (W;)so cho 16p céc qua trinh ngau nhien

c6 dang

(f(t))o<t<r nhan gia tri trong R. Vi véi hau hét w € Q, cac quy dao mau W (w)
cia chuyén dong Brown khong dau kha vi nén né khong thé hiéu nhu tich phan
thong thuong duge (xem Dinh 1y 1.1.2). Tich phan trén lan dau tien duge dinh
nghia bdi nha toan hoc K. Ito ngusi Nhat Ban nam 1949 va dugce goi la tich phan
ngau nhién Ito.

Cho (9, F,P) 1a khong gian xdc suat day du v6i bo loc (Fi)is0, (Wi)iso 1a
chuyén dong Brown mot chiéu xéac dinh tren khong gian xac suit nay va tuong
thich v6i bo loc (F;)i>0. Sau day ching t6i gi6i thiéu khong gian cdc ham f ma
ta dinh nghia fOT f(s)dWs.
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Dinh nghia 1.1.3. ([37, Dinh nghia 1.5.1]). Cho 0 < T < oo. K¢ hiéu M?([0,T],R)
la khong gian tat cd cdc qud trinh ngau nhién f = (f(t))o<i<T nhan gid tri thuc

va thoa man cac diéu kién sau:

(1) (f(t))o<t<T la qud trinh do duge, tic la ham f:[0,T] x Q — R la Bo F—do
duge, ¢ day B la o—dai s6 Borel trén doan [0,T).

(i) Qua trinh (f(t))o<i<r la tuong thich vdi bo loc (Fi)o<i<r, tic la vdi moi

€ [0,T] ta co

fOHA) ={w: f(t,w) € Ay e F, VAc B(R).

T

(i) 117137 = E (Jy 17(6)Pdt) < oo
Chiing ta dong nhat f va f trong M*([0,T],R) néu ||f — flI§; = 0 va ky hieu la
f=1r

Truéc hét, ching ta dinh nghia fo s)dW; cho 16p céc qua trinh don gian.

Dinh nghia 1.1.4. ([37, Dinh nghia 1.5.2]). Qud trinh ngau nhién nhan gid tri
thic g = (9(t))o<i<r dugc goi la qud trinh don gidn (hay qud trinh bac thang) néu
ton tai phan hoach 0 =ty <t < --- < tp = T ctia doan [0,T] va cdc bién ngau
nhién by chan &,0 <i<k—1, sao cho & la Fy,—do dugc va

k-1

9(t) = &l ) () + D &l 1) (1), (1.1)

i=1
¢ day Iy, 4,,,) la ham chi tiew cia tap (ti,tiy1]. Ky hieu Mo([0,T],R) la ho tat cd

cac qua trinh don gian.
Tiép theo ching ta dinh nghia tich phan Ito cho cic qua trinh don gian.

Dinh nghia 1.1.5. (Tich phan Itd cho qua trinh don gian)([37, Dinh nghia
1.5.3]). Cho g la mot qua trinh don gian c¢6 dang (1.1) trong My([0,T],R), ta

dinh nghia

/OT t)dW; := Z&Wt+1— i) (1.2)
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va dugce goi la tich phan ngdau nhién (tich phan Ito) cla qud trinh don gidn g doi

vdi chuyén dong Brown (Wy)eo.

B6 dé sau dua ra mot sé tinh chat ciia tich phan Ité cho quéa trinh don gian.
Bo dé 1.1.6. ([37, B6 dé 1.5.4 va Bé dé 1.5.5]). Cho f,g € Mo([0,T],R);a, 8 € R.
Khi dé, cic khang dinh sau la ding

(i) E (fOTg(t)th) — 0.

(ii) E‘ I g(t)dwtf —E ( I \g(t)y%zt).
(iii) af + Bg € Mo([0,T],R).

(V) [ (af(t) + Ba(t))dWs = a [T F(£)dW; + B [ g(t)dWs.

Ta st dung Bo dé 1.1.6 dé mé rong dinh nghia tich phan ngau nhién cho qua
trinh f € M2([0,7],R). Viec md rong nay duya trén két qua xap xi mot ham thuoc
M?2([0,T],R) béi cac ham don gian.

Bo dé 1.1.7. ([37, B6 dé 1.5.6]). Vdi moi qud trinh f € M?([0,T],R), ton tai

day (gn(t))nen cdc qud trinh don gidn sao cho

Ap dung B6 dé 1.1.6 va B8 dé 1.1.7 ta suy ra (fab Gn(t)dW)pen- 1a day Cauchy
trong L?(Q,R), nén n6 ton tai giéi han va ta goi giéi han d6 1a tich phan ngau

nhién cta qua trinh f.

Dinh nghia 1.1.8. (Tich phan ngau nhién Ité tong quat) ([37, Dinh nghia
1.5.7]). Cho qud trinh f € M?([0,T],R). Tich phan ngau nhién Ito cia f doi vdi

chuyén dong Brown (Wi)e>0 dugce dinh nghia bdi

T T
/ f(t)dwy = lim gn(t)dW;  trong L*(Q,R), (1.3)
0

n—oo 0

trong do (gn(t))nen+ la day cac qud trinh don gidn sao cho

ggE<A%u>fvﬂw>o
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Sau day 14 mot s6 tinh chat ciia tich phan ngau nhién Ito.

Dinh 1y 1.1.9. ([2, Dinh 1y 5.3.26]). Cho f,g € M?([0,T],R) va o, 8 € R. Khi

dé, cdc khang dinh sau la ding
(i) [ £(£)dW; la Fr—do duge,
(i) E ( N f(t)th) = 0.
(i) | [ F(r)dwi|* = E (fOT \f(t)\%zt).
(iv) [ (af () + Bg(6))dWi = a [ f(£)dW, + B [ g(t)dW;.

Dinh 1y 1.1.9(iii) con dugc goi l1a tinh dang cu Ité va Dinh 1y 1.1.9(iv) con
duge goi 1a tinh tuyén tinh.
D61 v6i mot ham véce to F(t) = (fi(t), f2(t), ..., fa(t))T, tich phan ngau nhién

[t0 ctia ham F(t) duge dinh nghia theo ting thanh phan nhu sau

/OT F(s)dWs := (/OT fi(s)dWs, /OT fa(s)dWs, ...,/OT fd(S)dW5>T.

Tiép theo, chiing toi nhic lai Dinh 1y biéu dién Ito, dinh 1y nay déng vai tro
quan trong trong chiing minh cong thitc bién thién hang s6 cho phuong trinh vi
phan phan thit Caputo ngau nhién duge dua ra 6 Muc 2.4 Chuong 2.

Cho qua trinh W = (W;);>0 la chuyén dong Brown mot chiéu xac dinh trén
khong gian xac suat day du (€, F,P) dugc trang bi bo loc F := (F;)i>0. Xét T > 0
bat ky, Fr := (Fi)iepo.r], X7 := L*(Q, Fr,P) ky hi¢u la khong gian tat ci cdc ham
kha tich binh phuong trung binh f = (f1,..., fs)* : Q — R? v6i

d
1F s = o | D _E(£:2) = VEI £,
=1

§ day R¢ dugc trang bi chuan Euclide.

Dinh 1y 1.1.10. (Dinh ly biéu dién It5)([26, tr. 184]hozc [40, Dinh Iy 4.3.3)).
Cho ham bat ky f € Xr. Khi dé, ton tai duy nhat mot qud trinh ngdu nhién
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= e M%([0,T],R?) sao cho

F=E(f) +/0 2(t)dW;. (1.4)

1.1.3 Phuong trinh vi phan ngau nhién

Cho (Wi)sef0,00) 12 chuyén dong Brown mot chiéu tren khong gian xac suat
day du (9, F,P) dugc trang bi bo loc (F;)i>0. Xo 1a bién ngau nhien 1a Fy—do
dugc, nhan gid tri trong R? va théa man E|X(|? < co. Gia st b: [0,7] x R? —
R? o :[0,7] x R? — R? 1a cac ham do dugc theo nghia Borel. Xét phuong trinh

vi phan ngau nhién c6 dang
dX(t) =b(t, X(t))dt + o(t, X (t))dW,, t€[0,T], (1.5)

v6i gid tri ban dau X (0) = Xy, b € M2([0,T],R?),0 € M?([0,T],R?). Theo dinh
nghia vi phan ngau nhién thi phuong trinh nay tuong duong véi phuong trinh

tich phan ngau nhién sau

t t
X() = X +/ b(s, X (s))ds +/ o(s, X(s)dW,, te[0,7].  (L6)
0 0
Tiép theo ching toi nhic lai dinh nghia nghiém ctia phuong trinh (1.5).

Dinh nghia 1.1.11. ([37, Dinh nghia 2.2.1]). Mot qua trinh ngau nhién (X (t)).cjo.
nhan gid tri trong R? dugc goi la nghiém cia phuong trinh (1.5) véi diéu kién

ban dau X (0) = Xo néu né théa man cdc tinh chat sau:
(i) X (t) lien tuc theo t va Fy—tuong thich.
(ii) Ddng thiic (1.6) ding vdi moit € [0,T].

Phuong trinh vi phan ngau nhién c6 thé khong ton tai nghiém hosic ton tai
nghiem nhung khong duy nhat trén toan doan [0, 7). Dinh 1y sau day chi ra céc

diéu kién dam bao sy ton tai va duy nhat nghiem ctia phuong trinh (1.5).

Dinh 1y 1.1.12. (Dinh 1y ton tai vA duy nhat nghiém)([1, Dinh 1y 5.5.2]).

Gid st ton tai hai hang so6 duong K va K sao cho
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(N1) Diéu kien Lipschitz: Véi moi v,y € R va t € [0,T] ta cé

o(t, ) —b(t.y)ll < Kllz —yll, No(t,z) —o(t,y)| < Kllz—yll. (1.7

(N2) Dieu kien tang trudng khong qud tuyén tinh: Véi moi (t,z) € [0,T] x R? ta

s

CO

1ot )| < K1+ lzl), No(t2)ll < K1+ ), (1.8)

¢ day ||z|| ky hiéu la chuan Euclide ciia véc to x. Khi dé, phuong trinh (1.5) ton
tai duy nhat nghiem X (-) € M2([0,T],R%).

Tiép theo, ching toi trinh bay lai luge do s6 Euler-Maruyama thuong ap
dung cho phuong trinh (1.5). Theo Dinh 1y 1.1.12, phuong trinh nay c6 duy nhat
nghiém trén doan [0,7]. Dé chitng minh dinh ly nay ngusi ta c6 thé ding phép
lip Picard va thu dugc nghiém xap xi Picard X, (¢) clia phuong trinh trén. Hon
nita, uGc lugng sai s6 gitta nghiem xap xi X, (t) va nghiém chinh x4c X(¢) ciing
duge dua ra (xem [37, Dinh ly 3.3, Chuong 2]). T két qué nay, khi cho trude
e >0, ta ¢6 thé xac dinh duge n sao cho

E ( sup | X,(t) — X(t)\) <e.

0<t<T

Do d6, X,(t) c6 thé duge ding lam nghiém xap xi ctia nghiém phuong trinh
(1.5). Bat 1¢i clia nghiem xap xi Picard 1a ta phai tinh toan Xo(t), X1 (), ..., Xn-1(t)
thi mdi tinh duge X,(t), dicu nay dan dén s6 lugng tinh toan céc tich phan ngau
nhién 1a rat 16n. Dé khic phuc han ché nay, nguoi ta thuong ding phuwong phdp xip
zi Caratheodory va phuong phdp Euler (con duge goi la xap xi Euler-Maruyama).
Sau day chiing t6i sé trinh bay so luge phuong phap xap xi Euler-Maruyama cho
phuong trinh vi phan ngau nhien. O Chuong 3 ching toi 6 théo luan chi tiét vé
su md rong clia phuong phap so6 nay cho 16p phuong trinh vi phan phan thi ngau
nhién.

Trude tien, ching toi nhic lai dinh nghia nghiém xap xi Euler. V6i mdi s6
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n

=B 1 [ o (D) )

nguyén n > 1, ta dat X,,(0) := Xy va véi t € (M, %T] k=1,2,....n,

n (k—=1)T

t z (1.9)

+ /W o—(s, X ((]“_Tl)T))dWS.

n

Néu ta dat

%) = oty + 3% (D) e ) a0)

v6i t € [0,7] v Ijanr 1 (1) 1a ham chi tieu ciia tap (““‘nl) %] thi tir (1.9) ta

pa

CcO

A

Xn(t):X0+/Otb(s,f(n(s))ds+/Ota(s,Xn(s))dWS (1.11)

Bo dé 1.1.13. ([37, B6 dé 7.1]). Gid si dieu kién ting trudng khong qud tuyén
tinh (N2) trong Dinh ly 1.1.12 dugc théa man. Khi dé, vdi moi so6 nguyén n > 1
ta co

sup E|X,(t)|* < C1, (1.12)
0<t<T

¢ day C1 = (1 + 3E|| Xo||?) exp(3KT(T + 1)).

Bo dé 1.1.14. ([37, B6 dé 7.2]). Gid si dieu kién ting trudng khong qud tuyén
tinh (N2) trong Dinh ly 1.1.12 dugc théa man. Khi dé, vdi moi so6 nguyén n > 1

va 0 < s<t<T théoa mant—s <1 ta co
E[| X (t) = Xu(s)|? < Ca(t — s), (1.13)
trong dé Cy = 4K (1 + C1) vdi Cy dugc zdc dinh trong Bo dé 1.1.13.

Két qua sau day cho ta danh gia dugc téc do hoi tu clia luge do Euler-

Maruyama cho phuong trinh vi phan ngau nhién.

Dinh ly 1.1.15. ([37, Dinh 1y 7.3]). Gid st diéu kién Lipschitz (N1) va dieu kién
tang trudng khong qud tuyén tinh (N2) trong Dinh lj 1.1.12 dugc théa man. Ky
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hieu X (t), Xn(t)(n € N*) lan lugt la nghiém chinh xdc va nghiém zap zi Euler
cia phuong trinh (1.5). Khi do, ta cé

C3
n’

E ( sup 1o (1) —X(t)ﬂ?) < (1.14)

0<t<T

¢ day C3 = 4Cy LT(T+4) exp(4LT (T +4)) va Co dugc xdc dinh trong Bo dé 1.1.14.

Trong thuc hanh, khi cho sai s6 ¢ > 0 ta ¢6 thé chon dugc s6 nguyén n > &
va tinh X,,(¢) 1an lugt tren cac khoang [0, L], (£, 2] ..., Dinh 1y 1.1.15 da chi ra

rang nghiém xap xi X, (t) di gan nghiém chinh xac X (¢) theo nghia

B ( s 1,00 - X)) <

0<t<T
1.2 MGt so kién thite ve giai tich phan thi

1.2.1 Tich phan va dao ham phan tha

Muc nay dudc danh dé gi6i thieu so luge vé khai niém tich phan phan tht.
Céac kién thiic nay c6 thé tim thiy trong cac tai lieu [4, 8, 19].
Cho a € (0,1],[0,7] ¢ R va x € L'([0,7T],R), ching ta dinh nghia tich phan

phan thit Riemann—Liouville cip a clia ham x 1a

19, 2(t) ;:% /0 (t— )0 La(r) dr it e (0,T],

«

& day ham Gamma T : (0,00) — R¥% ¢6 biéu dién

I(a) = /0 " 0T exp(—t) dt

(xem [19, Dinh nghia 2.1]). D& thay trong dinh nghia ¢ trén, véi a € (0,1), néu z
kha tich trén doan [0, T}, tic la fOT |z(t)| dt < oo, thi tich phan phan thi Riemann—
Liouville cAp a ctia z ton tai hau kh&p noi trén [0, 7]. Hon ntta, chinh ban than
tich phan nay ciing 13 mot ham kha tich. Nhan xét nay la noi dung ctia bo dé

sau day.
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Dinh ly 1.2.1. (/19, Dinh ly 2.1]). Gid s z : [0,T] — R la mot ham kha tich
trén [0,T]. Khi dé, tich phan I§, x(t) ton tai vdi hau hét t € [0,T]. Hon nia, I§, ©

ciing la mot ham thuoc 16p L1([0,T],R).

Cung vé6i khai niém tich phan phan thi, dao ham phan thi la mot trong
hai khia canh quan trong ctia phép tinh vi phan, tich phan phan thit. C6 nhiéu
khai niém dao ham phan thi da dugce xay dung. Tuy nhién, dao ham Riemann-—
Liouville va dao ham Caputo dugc dung rong rai hon ca. Trong ludn an nay,
chiing t6i nghién cttu dao ham phan thit Caputo. Vi vay, chung toi nhic lai dinh
nghia cia dao ham nay.

Cho truéec mot s6 thyc a € (0,1] va mot doan [0,7] € R. Nguoi ta dinh nghia
dao ham phan thi Caputo cip o ctia ham z(t) 1a

dx(t)

“D§x(t) == I&;a77

t€ (0,7,

¢ day dfl(tt) 1a dao ham thong thuong (xem [19, Chuong 3, tr. 49]). D6i v6i mot

ham véc to z(t) = (21(t),...,74(t))T, dao ham phan thi Caputo cta z(t) duge
dinh nghia theo ting thanh phan nhu sau
D alt) = CD§er(t) .. € Dl ralt)T.
Chu y 1.2.2. (i) Néua =1 thi dao ham phan thit Caputo cip o chinh la dao
ham thong thuong.
(i) Néu x la mot ham lién tuc tuyét doi trén [0,T], thi dao ham phdn thit Caputo
ctia ham nay ton tai hau khap noi trén [0,T] (zem [19, Dinh Iy 5.1]).
Giéng nhu phép tinh vi phan va tich phan co6 dién, dao ham phan thi Caputo

la nghich dao trai cia toan tit tich phan phan thi.

Dinh 1y 1.2.3. ([19, Dinh 1y 3.7]). Cho a € (0,1]. Khi dé, vdi moix € C([0,T],R?),
ching ta co

“Df 1§ x(t) = (1),

vdi moi t € [0,T].
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1.2.2 Phuong trinh vi phan phan thw Caputo

Xét phuong trinh vi phan phan thit Caputo bac a € (0, 1]
“Dy a(t) = f(t,x(t)), véimoite (0,7, (1.15)

v6i dieu kieén ban dau z(0) = z9 € RY, 6 day T > 0, f : [0,7] x R? — R? 1a ham do

dugc.

Dinh nghia 1.2.4. Cho 9 € RY, ham ¢(-,z0) € C([0,T],R?) dugc goi la nghiém

ctia phuong trinh (1.15) vdi x(0) = zg trén doan [0,T] néu ¢(0,z0) = o va
CDnggp(t,xo) = f(t,0(t,x0)), wdi moite (0,T).

Tuong tu nhu trong 1y thuyét phuong trinh vi phan thuong, bai toan gia tri
ban dau ctia phuong trinh vi phan phan thi néi trén c¢6 thé chuyén thanh mot

phuong trinh tich phan tuong duong.

Dinh ly 1.2.5. ([19, Bé d& 6.2]). Cho zo € RY, ham ¢(- z0) € C([0,T],RY) la
nghiém ctia phuong trinh (1.15) vdi gid tri ban dau x(0) = xo khi va chi khi né

thoa man phuong trinh tich phan
1 t
o(t,z0) = o + m/ (t —7) (7, 0(r,20)) dr, vdi moit €[0,7]. (1.16)
@) Jo

Chu ¥y 1.2.6. Cho t la mot thoi diém nao dé ¢ tuong lai va to la thoi diém hién
tai (t > to). Tit cong thic (1.16), ching ta thay rang dé biét dugc x(t) khong chi
can biét gia tri cia nghiém trong khodng [to,t) (tu hién tai tdi tuong lai) ma con
can phdi biét them gid tri ciia né tai hau hét cdc thoi diem trén doan [0,to) (toan
bo qud khit). Day chinh la diém khdc biét co ban gitia phuong trinh vi phan thuong

va phuong trinh vi phan phan thi.

Tiép theo, chiing ta xét phuong trinh tuyén tinh hé s6 hang thuan nhat bac
a € (0,1] trén doan [0, T]

Dy a(t) = Az(t), =(0) =o€ RY, (1.17)
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§ day A € R¥4, Theo [19, Dinh 1y 4.3], v6i moi g € RY bai toan trén c6 nghiem

duy nhat o(-,z9) dugc cho bdi cong thiic sau

go(t, xo) =FE, (tO‘A)mg,

trong d6 E, : R™4 — R¥*d |3 ham Mittag-Leffler mot tham s6. Do do, cac ham
Mittag-Leffler xuat hién mot cach tu nhién trong 1y thuyét phuong trinh vi phan
phan thit. Tiép theo, ching toi nhic lai dinh nghia ctia ham Mittag-Leffler.

Dinh nghia 1.2.7. ([19, Dinh nghia 4.1 va Dinh nghia 4.2]). Choa >0 va 8 € R
bat k.

e Ham Mittag-Leffler mot tham s6 nhan gia tri ma tran E, : R¥>4 — Rdxd

c6 bieu dién
oo

Mk

M Rdxd.
T Tk 1) S

e Ham Mittag-Leffler hai tham s6 E, 3 : R — R dugc xac dinh béi
S er
— I( ak +3)

e Ham Mittag-Leffler hai tham s6 nhan gia tri ma tran Eqp: Rdxd _, Rdxd

dugc xac dinh bdi

Bap(t) =3 My e g
a,B . ZF( , c .
=0

Dé nghién citu cac tinh chat nghiém ctia phuong trinh vi phan phan tht, dic
biét 1 cac phuong trinh hé sé hiing, mot trong nhitng cong cu dude st dung pho
bién 1a cong thiic bién thien hing s6. Cong thitc nay 1a cau ndi gitta nghiém clia
mot phuong trinh khong thuan nhat véi mot phuong trinh tuyén tinh hé s6 hang
thuan nhat lien két véi né. Cu thé, xét phuong trinh vi phan phan thi Caputo
bac a € (0,1]

UDg a(t) = Az(t) + f(z(t)), te€l[0,T), (1.18)

4 day A e R4 f: R - R¢ 13 ham lién tuc Lipschitz.
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Dinh 1y 1.2.8. (Céng thitc bién thién hing s6) ([4, Dinh Iy 1.4.1]). Gid st f
la ham lién tuc Lipschitz toan cuc trén R, Khi dé, vdi moi xo € R, phuong trinh
(1.18) wdi gia tri ban dau 2(0) = zo € R? ¢6 duy nhat nghiém toan cuc ¢(-, xo).

Hon nita, nghiém nay théa man cong thic bién thién hang so

ot 20) = Ea(t®A)zo + /0 (t— 1) B a((t — 7)*A) f(o(r,20)) dr,  (1.19)

vdi moi t € [0,T].
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Chuong 2

Mot s6 tinh chat ciia nghiém phuong trinh vi phan
phan thit Caputo ngau nhién

Bai toan quan trong trong ly thuyét dinh tinh ctia phuong trinh vi phan I
nghién citu sy ton tai va duy nhat nghiém ciing nhu cac tinh chat ciia nghiem.
D6i véi phuong trinh vi phan thuong, ngudi ta da thu duge nhiéu két qua vé van
dé nay (xem [43, 55]). Con d6i v6i phuong trinh vi phan phan thit Caputo, ngudi
ta cling dat dugc nhieu két qua vé sy ton tai va duy nhat nghiem dia phuong
(xem [19, Dinh 1y 6.1 va Dinh 1y 6.5]). Két qua veé sy ton tai va duy nhat nghiem
toan cuc ctia phuong trinh vi phan phan thi Caputo duge dua ra trong [8, Dinh
ly 2]. Nhiéu két qua vé dang diéu tieém can clia nghiém phuong trinh vi phan
phan thit tat dinh duge dua ra kha day dua trong [4, 17].

D6i v6i phuong trinh vi phan phan thit Caputo ngau nhién, dén nay van chua
c6 nhiéu cong trinh viét vé van dé nay (xem [48, 56, 57]). Vi vay, chuong nay duge
danh dé nghién citu mot s6 van dé vé phuong trinh vi phan phan thi Caputo
ngau nhién. Noi dung ctia chuong gom nam phan, trong Phan 2.1 ching toi trinh
bay dinh 1y ton tai vd duy nhat nghiém c6 dién cho phuong trinh vi phan phan
thit Caputo ngau nhién (xem Dinh 1y 2.1.2). Su phu thudc lién tuc vao gia tri ban
dau ctia nghiém co dién phuong trinh vi phan phan thit Caputo ngdu nhién duge
trinh bay trong Phan 2.2 (xem Dinh 1y 2.2.1). Trong qua trinh di tim phuong
phap nghién cttu tinh 6n dinh ctia phuong trinh trén, ching toi da thiét lap va
chiing minh dudgc dinh 1y ton tai va duy nhat nghiém nhe cho phuong trinh vi

phan phan thi Caputo ngdu nhién (xem Dinh 1y 2.3.2). T két quéa nay, ching
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toi chitng minh duge cong thitc bién thién hang s6 cho phuong trinh vi phan phan
thit Caputo ngau nhién (xem Dinh Iy 2.4.1). Mot can duéi cho sy phan téch tiém
can gitta hai nghiém phan biét ctia phuong trinh trén duge dua ra trong phan cudi
ctia chuong (xem Dinh 1y 2.5.1). Nho ¢6 két qua nay ma ching toi chiing minh
duge s6 mit Lyapunov binh phuong trung binh ctia nghiém khong tam thuong
clia phuong trinh vi phan phan tht Caputo ngau nhién song tuyén tinh bi chan
la khong am (xem Hé qué 2.5.2).

No6i dung ctia chuong nay dudc viét dua trén hai bai bao da dude xuat ban
sau day:

[CT1] D. T. Son, P. T. Huong, Kloeden P. E., H. T. Tuan (2018), Asymptotic
separation between solutions of Caputo fractional stochastic differential equa-
tions, Stoch. Anal. Appl., 36(4), pp. 654-664, (SCIE).

[CT2] P. T. Anh, D. T. Son, P. T. Huong (2019), A variation of constant
formula for Caputo fractional stochastic differential equations, Statist. Probab.

Lett., 145, pp. 351-358, (SCIE).

2.1 Su ton tai va duy nhat nghiém c§ dién ciia phueng trinh

vi phan phan thi Caputo ngau nhién

Trong muc nay, ching toi xét phuong trinh vi phan phan tha Caputo ngau
nhién bac a € (3,1) trén doan [0,7] ¢6 dang

dW;

C DX (1) = blt, X (1)) + (e, X (1)) S

(2.1)

v6i T > 0 bat ky, b,0: [0,T] x RY — R? 1a do duge v (Wy)iep.0) 12 chuyén dong
Brown mot chiéu tiéu chuan trén khong gian xac suat day dua (Q, F,P) dugc trang
bi bo loc F := (F;)>0. V6i moi t € [0,00), dat X; := L?(Q, F;,P) ky hieu 1a khong
gian tat cd cdc ham kh4 tich binh phuong trung binh f = (f1,..., f2)T : Q@ — R?

v6i

”f”ms =

d
ZE(W) = VE|IfI2,
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¢ day R? dugc trang bi chuan Euclide. Mot qué trinh ngdu nhién do duge X :

0,00) — L%, F,P) dugc goi 1a F-tuong thich néu X(t) € X; v6i moi t € [0, 00).

Dinh nghia 2.1.1. Vdi moi n € Xy, mot qud trinh ngau nhién do duge, F-tuong
thich X dugc goi la nghiém co dién cia (2.1) vdi dieu kién ban dau X (0) = n néu

X(0) =n va vdi moi t € (0,T]

X(1) =+ ﬁ (/Ot@ e l(r, X (7)) dr + /Ot(t el X (7)) dWT) |

Sau day chiing toi phat bicu két qua chinh cia muc nay vé su ton tai va duy

nhat nghiém toan cuc ctia phuong trinh vi phan phan thit Caputo ngau nhién.

Dinh 1y 2.1.2. (Su ton tai vA duy nhéit nghiém toan cuc ctia phuong
trinh vi phan phan thi Caputo ngau nhién). Gid si cdic hé s6 b,o cla

phuong trinh (2.1) théa man cdic dieu kién sau:
(H1) Ton tai L >0 sao cho vdi moi x,y € R% t € [0,T)] ta cé

1b(t,2) = bt y)l| < Lz —yll, llo(t,z) —o(t,y)ll < Lilz —yl|.
(H2) o(-,0) va b(-,0) théa man

T
lo(-,0)[lso := esssup o (r, 0)|| < oo, / 16(r, 0) |2 dr < oo,
T€[0,T] 0

Khi dé, phuong trinh (2.1) vdi diéu kién ban dav X (0) =n € Xo cé nghiém toan

cuc duy nhat o(-,n) trén doan [0,T).

Dé chitng minh dinh 1y nay, ching téi xay dung mot chuan cé trong s6 phit
hop, sau d6 4p dung Dinh 1y diém bat dong ctia Banach. Cu thé, ching minh

gom cac bude sau:
e Budc 1: Xay dung khong gian Banach (H2([0,T)), || - || 2)-

e Budc 2: Dua ra toan tu 7, xac dinh trén khong gian nay.
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e Budc 3: Chiing minh toan ti 7, la 4nh xa co d6i véi chuan c6 trong so
phit hop, phuong phap nay ciing da dude dung dé ching minh sy ton tai va
duy nhét nghiém ctia phuong trinh vi phan ngau nhién (xem [23, Nhan xét
2.1]). O day, ham trong s6 14 ham Mittag-Leffler Fa,_1(-) dugc dinh nghia

nhu sau

Eaa-1( v6i moi t € R.

PEAN( 2a—1 k;+1)
Truéce khi trinh bay chi tiét chiing minh Dinh 1y 2.1.2, chting toi can mot vai
két qua chuan bi. Ky higu khong gian H?([0,7]) 1a tat ca cac qua trinh
X :[0,7] — L*(Q, F,P)
do duge, Fp-tuong thich véi Fr := (]:t)te[o,T] va thdéa man

| X || g2 := esssup || X (¢)|lms < oo.
0<t<T

Khi d6, ta ¢6 (H?([0,T)]),] - ||z2) 1a khong gian Banach. V6i méi n € X, ching
toi dinh nghia toan tu 7, : H([0,7]) — H*([0,T]) bdi T,£(0) := n va v6i moi
€ (0,7]

() =0+ i ([ =t ar+ [ty ans )

Bo6 dé sau day chi ra rang toan tit nay duge xac dinh tot.

Bo6 dé 2.1.3. Gid sit cdc hé s6 b,o ciia phuong trinh (2.1) théa mén cic dieu
kien (H1) va (H2). Khi d6, vdi moin € Xo, toan ti T, dudc zdc dinh tot.

Chitng minh. Lay ¢ € H?([0,7T]) bat ky. Tu dinh nghia clia toan ti 7,¢ va bat
dang thitc ||z +y+ 2|2 < 3(||z]|> + [|y]|? + || 2]|?) v6i moi z,y, z € RY, ta c6 ude lugng

sau v6i moi t € [0, 7]

2

ITe@, < Bl + (Hfo (t—7)""b(r.&(7) dTH)

: (2.2)
E(Hfo (t— 1) o (7, (7))dW,; )
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Ap dung bét déng thiic Holder (xem [37, tr. 5]), ta dugc

E(/Ot(tT)alb(T,g(T))dT 2)
/O(t—T2a 2d7’E</ b (7, (7)) dT>
_ ia_ll (/ b (r,€ (M) d7>.

Nho dieu kien (H1), ta suy ra

IN

Io(r.e(DIF < 2(l1b(r, (7)) = b(r, 0)|I* + [Ib(, 0)]]%)

< 2L%|&(7)|12 + 2b(7, 0)] 1%

Do do,
t 5 t 5 t
E( [1eeco d7> < 2’E ( e d7)+2 / (. 0)[12 d
0 0
< 2L*T esssup E(|€(t) +2/ |b(7,0)||? dr.
t€[0,17]

Két hgp vdi uée lugng & trén ta co
2
912720 ) or2a-1 T )
< _ .
E<| ) = 90— 1 ||§HH2+ 20 — 1 /O ||b(7—70)|| dr

(2.3)
Bay gid, ap dung tinh chat dang cu Ité (xem Dinh Iy 1.1.9), ta dat dugc

E(' /Ot (t—7)" "o (r,&(r)dW, 2)
S E(/ (t— 7)o" 1a¢(r,§(7))dWT>

1<i<d

- YE ( / - T>2a—2|az-<ag<7>>|2d7)

1<i<d
t
> /O (t = 7)o (r,€ ()] 2dr.

Do diéu kién (H1) nén ta c6

/0 (t—7)"""b(r,&(r))dr

2

lo (7, €())I? < 2L2&(7)|* + 2llo (7, 0)|* < 2L2|I€(7)|* + 2llo (-, 0) 5.
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Vi vay, véi moi ¢ € [0, T] ta thu duge ude lugng sau

2L2E/O (t =) N () dr + zua(-,O)Hgo/o (t—7) " dr

T2a 1 2T2a 1 9
< 25— €l + 5 — llo (L 0)ll. -

/ (t =)o (r,€ (r))d
0

IN

Diéu nay cting v6i (2.2), (2.3) va (H2) kéo theo || T;¢|| 52 < co. Do d6, toan ti 7,
duge xac dinh t6t. O

Két qua sau day la bo dé k§ thuat dung dé u6e luong cho toan tit 7, va deé

phuc vu cho chiing minh cac két qua trong phan tiép theo.

Bo dé 2.1.4. Vdia > $ bit ky va y > 0 ta 6 bat dang thic sau day la ding

'
Y o o a_
m/o (t— 7')2 2E2a—1 (77’2 1) dr < oy 1 (7152 1)'

Chitng manh. Lay v > 0 bat ky. Xét phuong trinh vi phan phan thit Caputo tuyén
tinh c6 dang sau

CDgi_lx(t) = vz (t). (2.4)

Nhu ching ta da biét ham Mittag-Leffler Eo,_1(7t2*~!) 13 nghiém ctia phuong
trinh (2.4) (xem [19, tr. 135] va Muc 1.2.2 § Chuong 1). Do d6, dang thiic sau

day la dang

t
Fog_1(4t20°1) = 1 N t—7)2e2p, 20-1y g

Vay ta c6 diéu phai chiing minh. O
Bay gio chiing toi sé trinh bay chi tiét chiing minh Dinh 1y 2.1.2.
Chatng minh Dinh ly 2.1.2. Chon va c¢6 dinh hang s6 duong v sao cho

3L3(T+ 1)I'(2a — 1)
INEIE '
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Trén khong gian H?([0,T]), ching t6i dinh nghia chuan c6 trong 6 || - ||, nhu sau

| X || := esssup \/ E(HX(t)HQ_) v6i moi X € H*([0,T)). (2.6)
teo1) \| Ba—1(7t2971)
Vi ham Mittag-Leffler Eo,—1(72?~1) 13 ham lién tuc trén doan [0, 7] va nhan gia
tri duong trén doan [0,7] khi o € (4, 1) nén ton tai m = min,c g 7 Bag—1 (7% 1) >
0 va M = maxcjor) Baa—1(yt>*1) > 0. Do d6, hai chuan | - ||z= va | - ||, 1a
tuong duong. Do do6, (H2([0,7]),]| - ||l,) cing la khong gian Banach. Ta chon
va ¢d dinh n € Xo. Nho Bo dé 2.1.3, toan tit 7, dudce xac dinh t6t. Bay gio
chiing toi sé chitng minh anh xa 7, 1 co d6i v6i chuan || - ||,. Dé lam duge didu
nay, ta lay ¢,& € H2([0,T]) bat ky. Tir dinh nghia toan tit 7, va bat ding thic
Iz 4+ )12 < 2(||=12 + |ly]|?) v6i moi z,y € R?, ching ta c6 dudce bat ding thiic sau

ding v6i moi ¢ € [0, 7]

e (|mew -néw])
2
FWE(

; 2
%)ﬁ( )

Ap dung bt déng thic Holder (xem [37, tr. 5]) va (H1), ta dat dugc
2
! 20—2 > 2
< 2 [ =) - €I o
0
Mit khac, ap dung tinh dang cy It6 (xem Dinh 1y 1.1.9) v (H1) ta suy ra

{ )

~ & / (t — 7)o (r.& (7)) — o(r. £ dr

/0 (t =) (b (r. £ (1)) — b(r.E (1) )dr

)

| = )~ alm @),

/O (t =) (b(r. € (7)) = b(r, £ ())) dr

/0 (t =) o (1,6 (1)) —al(r,E(7)))dW:

< L2/0 (t — 1) 2E(|¢ (r) — E()) dr-
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Do d6, v6i moi t € [0,7] ta ¢

B (e - méw])

2L2(t+1) [* 22 N Fs
o [ =R €

2
) dr.

Diéu nay cuing vé6i dinh nghia cta || - ||, nhu trong (2.12) kéo theo rang

e ([[mew - néo])
Eaq—1(yt?71)
2L2(t+ 1) [y (t — 7)%* 2Epqy(y72* 1) dr

A2
= TT(p ZRcr
Ap dung B6 dé 2.1.4, v6i moi ¢ € [0, 7] ta c6
& N 2
t) — t
(Hﬁ’f() 70| ) (20— DIAT+1), . ~,
< 1€ = £l15-

Eaq-1(yt?e71) - ['(a)?y

Do do,

. ~ o o0 (20 — 1)L2(T + 1
7o — Tolly < slle — I oﬁym=¢ (an$ﬁ :

Nho (2.5) nén ta c6 & < 1. Vi vay, 7, la mot anh xa co tren (H2([0,7]),] - ||l,). Ap

dung Dinh Iy diém bat dong clia Banach (xem [3, Dinh 1y 13] hosic [55, tr. 59])

ton tai mot diém bat dong duy nhit ctia anh xa 7, trong H?([0,7]). Diém bét

dong nay cling 1a nghiém duy nhat ctia phuong trinh (2.1) v6i diéu kién ban dau

X(0) =n. Vay dinh 1y dugc ching minh xong.

O

Chu y 2.1.5. Cdc dieu kien (H1), (H2) trong Dinh lyj 2.1.2 la su md rong tu

nhién cac dieu kién trong dinh ly vé su ton tai va duy nhat nghiém cia phuong

trinh vi phan ngau nhién (rem Dinh Iy 1.1.12 ¢ Chuong 1).

Dé két thic muc nay ching toi dua ra mot vai binh luan vé mot sé bai béo

viet ve van de nay.
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Chi y 2.1.6. (i) Theo su hiéu biét ciia ching toi, c6 lé cong trinh dau tién lién

quan dén linh vic nghién ciu nay la [57], ¢ day Z. Wang xét phuong trinh

X(t) :X(0>—|—/0 (t—T)_alb(t,T,X(T))dT+/0 (t—7)"%0(t, 7, X(7)) dW,, (2.7)

trong dé, X(0) e R o : Ry x Ry xR? - REx R™ b : Ry x Ry x R4 — R4 [a
cic ham do duge theo nghia Borel va aq € (0,%),a0 € (0,3]. Vi cdc diéu kién
thich hgp cho hé s6 b,o (yéu hon dieu kién Lipschitz toan cuc), tdc gid bai bdo
da chiing minh dugc rang phuong trinh (2.7) ton tei va duy nhat nghiém toan
cuc. Ngoai ra, tac gia con ching minh dugc tinh chinh quy ciua nghiém phuong
trinh (2.7) vdi mot so dieu kién thich hop (zem [57, Dinh ly 4.1, tr. 1070]). Tuy
nhién, Z. Wang chua dé cap dén truong hop ag € (%1, %) tuong ung vdi bac phan
thit o € (3, 2) khi chiing minh dinh ly trén.

(ii) Tiép theo hudng nghién ciu nay, nam 2016 Y. Wang va cdc cong su ciing
chiing minh thanh cong dinh lyj ton tai va duy nhat nghiém dia phuong cho phuong
trinh (2.1) nhung lai gdp van dé trong chiing minh ton tai va duy nhat nghiém
toan cuc. Cu theé, vdi a € (3,1), cdc tac gid xét phuong trinh vi phan phan thi

Caputo ngau nhién trén khong gian Banach X cé dang

dWw

CD&_x(t) = b(t,z(t)) + a(t,x(t))w, (2.8)

d day t € [0,T), b,o: [0,T] x L?(Q; X) — L?(Q; X) la cdc ham do duge théa man

cic dieu kién
(a) Ton tai mot hang s6 L > 0 sao cho véi moit € [0,T] va x,y € L?(2; X)

E(|lo(t, @) = b(t. 9)I*) + E(llo(t, 2) — o(t,y)I*) < LE(|o - y]?).

(b) Cdc ham b,o bi chan, tic la véi xg € L?(Q;X) va a > 0, ton tai hing so

M > 0 sao cho
E([[b(t,z)[*) < M?, E(|lo(t, z)[]*) < M?

vdi moi (t,z) € Ry := {(t,z) : 0 <t < T,E(||x — z0]]?) < a?}.
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Bdng phuong phdp chiing minh tuong tu trong hai bai bao [18, 31], cdc tac gid
ctia [56] da ching minh thanh cong su ton tai va duy nhdt nghiém dia phuong
tréen mot khodng nhé [0,T,), ¢ day T, la tham s6 phu thudc vao a, dugc Tdc dinh

trong [56, Dinh lyj 3.3, tr. 209] bdi biéu thiic

2712 1 9m2 B L
Tamin(T,(aF(a+1))2a,(aF(a)(2a 1))2 1>,l<a<1.

4M? 4M? 2

DE gidi quyét bai todn ton tai nghiém toan cuc, cdc tdc gid da dung phuong phdp
zap i lien tiép va kéo dai nghiém ti mot khodng nhé [0,T,] ra toan khodng [0, oc)
(xem [56, Dinh ly 3.4, tr. 209]). Tuy nhién, phuong phdp nay duong nhu khong
thé dp dung cho cdc phuong trinh vi phan phan thi ngau nhién. Chinh zdc hon,
do su phu thuoc qud khit ciua nghiém phuong trinh vi phan phan thia nén nghiém
cua bai toan

Dex(t) =b(t,x(t)) +o(t,x(t) D, te [T*T"+9),

o(T*)  =a*e LX),
va nghiém cua bai todn

Dox(t) =b(t,x(t) +ot,z(t)Le, te[0,T*+9),

z(0) =z9 € L*(Q; X)

la khong tring nhau biang cdach dich chuyén thoi gian.

2.2 Su phu thudc lién tuc vao gia tri ban dau cta nghiém

phuong trinh vi phan phan thi Caputo ngau nhién

Trong muc nay ching to6i sé nghién cttu tinh phu thuoc lién tuc ciia nghiém
phuong trinh vi phan phan thit Caputo ngau nhien vao diéu kien ban dau. Cu thé,
ching t6i xét phuong trinh vi phan phan thit Caputo ngau nhién bac a € (3,1)

trén doan [0,7] ¢6 dang

AWy

CDEX (1) = bt X (1)) + (e, X (1) L

(2.9)
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vi T > 0 bat ky, b,0 : [0, 7] x R? - R? 1a do duge va (W;)ep0,00) 12 chuyén dong
Brown mot chiéu tiéu chuan trén khong gian xac suat day da (Q, F,P) dugc trang
bi bo loc F = (F)iso.

Dinh 1y 2.2.1. (Su phu thudc lién tuc ctia nghiém vao diéu kién ban

dau). Gid st cic hé s6 b, o ciia phuong trinh (2.9) théa man cdc diéu kién
(H1) Ton tai L >0 sao cho vdi moi x,y € R4t €[0,T] ta cé

(¢, ) — bty < Lz —yll, llo(t,z) —o(t,y)ll < Lllz —yl|.
(H2) o(-,0) va b(-,0) théa man

T
|o(+,0) |00 := esssup |jo(7,0)| < oo,/ 16(7,0)]2 dr < .
T7€[0,T 0

Khi do, trén doan [0,T] nghiém ¢(-,n) cia phuong trinh (2.9) phu thudc lién tuc
vao n, tic la

lim [l¢(t, ) — @(t,n)[lms = 0.

¢—=n

Chiing minh. Chon va ¢6 dinh T > 0, cho n,¢ € Xo. Vi (-, ¢), ¢(-,n) 12 nghiem

cia phuong trinh (2.9) nén ta c¢6

o(10) — pltn) = c—wﬁ / (t = )" b(r, 9, 0)) — b(r, o(msm)) dr

o / (t = 1) (ol (r,0)) — o (. ol ) W

Ap dung bat ding thiic ||z +y + z||2 < 3(|z|2 + |ly||2 + ||2]|?) v6i moi z,y,z € RY,

chiing ta suy ra bat ding thitc sau ding véi moi t € [0, T]

Ellp(t, ¢) — o(t, )|

= 3BIC—alP + ]| [ (6= b ) = bl |

2

b ] [ oot ~ ot gt v

Ap dung bét déng thiic Holder (xem [37, tr. 5]) va (H1), ta dat dugc

2

E| / (= )bl (. ) — b)) dr
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t
< LQt/(t—r)za‘zEHw(mC)—so(m7)|!2 dr.
0

Mit khéc, ap dung tinh dang cy Ito (xem Dinh 1y 1.1.9) va (H1) ta suy ra

EH/O (t = 7)2 Ho(r,0(1,¢)) — a(r, o(r,n))) dW, ?
< L2 /0 (t_7)2a_2]EH90(7'7C)_90(7'777)”2 dr.

Do d6, véi moi t € [0,7] ta ¢

Elle(t,¢) — etn)l* < 3E[¢—nl

D [ Bl ) - et

Ap dung bat ding thiic Gronwall cho phuong trinh vi phan phan thi (xem [24,
Bo dé 7.1.1] hodc [58, He qua 2]) ta suy ra

2
J6(t,€) — ot 1) 12 < 3llm = €12 Era (<3T LT (20 - 1)1520‘1) ,

['(a)?
§ day Faa—1(-) 1a ham Mittag-Leffler v6i tham s6 2a — 1. Do d6, ta chitng minh
dugc

lim (¢, ¢) — @ (t,n)|lms = 0.
¢—n

]

Chu y 2.2.2. Bai todn vé tinh dat chinh ctua phuong trinh vi phan, phuong trinh
vi phan ngau nhién la mot bai toan quan trong trong nghién ciéu ly thuyét va tng
dung. N6 da va dang dugc nhieu nha todn hoc quan tam va nghién ciu. Trong
lugn dn nay ching toi mdi nghién ciu hai van dé: mot la sy ton tai va duy nhat
nghiém cia phuong trinh, hai la tinh phu thudc lién tuc ctia nghiém vao dieu kién
ban dau. Chiing toi dang tiép tuc nghién ciu tinh lien tuc cia nghiém co dién
theo thoi gian va bac phan thit o cta phuong trinh dé hoan thién bai todn dat
chinh.
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23 Su ton tai va duy nhét nghiém nhe cua phuong trinh vi
phan phan thit Caputo ngau nhién

Xét phuong trinh vi phan phan thi Caputo ngau nhien bac a € (3,1) trén
doan [0, 7] c6 dang sau

AWy

UDE X (t) = AX(t) +b(t, X () + o(t, X (1)) —

(2.10)

4 day T > 0 bat ky, (Wi)tepo,00) 12 chuyén dong Brown mot chiéu tiéu chuan trén
khong gian xac suat day du (2, F,P) dugc trang bi bo loc F := (F;)i>0, A € RI*4

va b, : [0,7] x R — R 1a cac ham do duge théa méan cac diéu kien
(H1) Ton tai L > 0 sao cho véi moi x,y € R ¢ € [0,7] ta c6

bt ) = bt y)ll < Lz —yll, No(t,z) —a(t,y)ll < Lilz —yl|.
(H2) o(-,0) va b(-,0) théa man

T
lo(+,0)lloc := esssup [lo(7,0)] < Oov/ 1b(7, 0)|]* dr < oo.
T7€[0,T 0

Bay gio ching toi nhéc lai khai niém nghiém nhe ctia phuong trinh (2.10).

Dinh nghia 2.3.1. (Nghiém nhe ctia phuong trinh vi phan phan tha
Caputo ngau nhién) ([48]). Mot qud trinh ngau nhién do duge, F-tuong thich
Y dugc goi la nghiém nhe cia phuong trinh (2.10) vdi dieu kién ban dau Y (0) =1
néu Y (0) = n va dang thiic sau ding vdi t € (0,T)
Y(t) = Ea(t*A)n+ [o(t — 1) Eal(t — 1) A)b(r,Y (7)) dr
(2.11)
+ [t =) Eaa((t —7)*A)a(7,Y (1)) AW,

Tiép theo, ching toi thiét 1ap két qua vé sy ton tai va duy nhat nghiém nhe
ctia phuong trinh (2.10). Dé dat dugc két qua nay, ching to6i yeu cau ring cac
he s6 b, o clia phuong trinh théa man cac dieéu kien (H1), (H2) 6 tren. Ky thuat
chinh dé chiing minh két qua dé la xay dung mot chuan c6 trong sé phit hgp (so

sanh v6i Dinh 1y 2.1.2).
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Dinh 1y 2.3.2. (Su ton tai vA duy nhit nghiém nhe toan cuc). Gid thiét
cdc hé s6 b,o cia phuong trinh (2.10) théa man cac dieu kien (H1) va (H2). Khi
dé, vdi n € X bat ky, ton tai duy nhat nghiém nhe Y cia phuong trinh (2.10)
thoa man Y (0) = n trén toan doan [0,T], ky hiéu la ¢(-,n).

Chitng minh. Ky hieu khong gian H?([0,T],R9) 1a tat ca cac qua trinh ¢ do dugc,

Fp-tuong thich v6i Fp := (Fy)iepo,r], nhan gid tri trong R? va théa man
€]z = esssup 1€(8)[lms < o0.
Khi do, ta c¢6 (H2([0,T],R9), | - || z2) 1a khong gian Banach. Dat
H2(0.7,RY) i {¢ € HA([0,T),RY : £(0) = .
Dinh nghia toan tit
Ty« HA([0,T],RY) — HZ([0,T],RY)

b6i J,Y (0) :=n va v6i moi t € (0,7

TnY (t) = Eo(t*A)n+ fg(t — 1) By o ((t = 7)*A)b(T, Y (7)) dr

+ f()t(t - T>a_1Ea,a((t - T>aA)U(T, Y(T)) dWT

Khi d6, bing cach chiing minh tuong tu B6 dé 2.1.3 ta ¢6 J;, dudc xac dinh t6t.
Dé hoan thanh chiing minh, ta can chi ra ring J, 1a anh xa co ddi v6i metric
phit hop tren H2([0, 7], R?). Mudn vay, ta trang bi cho H?([0,7],R?) mot chuan

6 trong 6 || - ||y, 6 day v > 0, duge xac dinh nhu sau

il = essoup \/ Eff!fxi!i 5 vimoige AOTLRY). (212
Vi (H%([0,T],R9), |- || =) 1& khong gian Banach va hai chuan ||- || g2, || - ||, 14 tuong
duong nen (H2([0,T],R%), ||-||-,) cling la khong gian Banach. Do ham s6 Eq o (tYA)
1a ham lién tuc trén doan [0, T] nén ton tai My := maxe(o 7] | Ba.a(t*A) > 0. Chon
va ¢ dinh hang s6 duong 71 sao cho

I'(2a—1)

2L2MA(T + 1)
71

<1. (2.13)
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Bay gig, do dinh nghia ctia J,,, (H1), M7 va tinh dang cu It6 (xem Dinh 1y 1.1.9),

ta co
17,X() — Y (1) 2
/0 (t — )X () — Y (7)) dr

2
< 2L*M2

t
2 [ (0= 12X ) Y () dr
0
Ap dung bét déng thiic Holder (xem [37, tr. 5]), ta dat duoc

t
17X () = TnY ()5 < 2L2M7(T + 1)/ (t = )72 X(r) = Y (1)l dr-
0
Do d6, nh6 dinh nghia cta | - ||,, ta suy ra
1Ty X (8) = Y (1) s
Faq—1(yt2e-1)

f() 2a 2E2a 1(,y172a—1> dr
EQa 1(y1t20-1)

Mat khac, theo B dé 2.1.4, v6i moi t > 0 ta co

t
T o0 1) (221_ 0 /0 (t — 1) *Eoq-1 (nm** ) dr < Eago1 (mt*™* 1),

< 2L°ME(T +1 IX - Y2,

Vi vay,

M”X_y”%

[Ty X = TnY |l < \/QLQM%(T +1)
diéu nay ctng v6i (2.13) suy ra rang J, la anh xa co tréen H7([0,7],R%). Theo
Dinh Iy diém bat dong ciia Banach (xem [3, Dinh 1y 13] hodc [55, tr. 59]), J;, c6
duy nhat diém bat dong va dinh 1y dugce ching minh xong. O
Chi y 2.3.3. Két qud vé su ton tai va duy nhat nghiém nhe doi vdi lop cac hé
phuong trinh rong hon da dugc chiing minh trong [48]. Tuy nhién, gid thiét cho

cac hé so ciua cac hé nay la manh hon (H1), (H2).

2.4 Cong thic bién thién hang sb cho phuong trinh vi phan
phan thit Caputo ngau nhién

Trong muc nay, ching toi xay dung cong thiic bién thién hang s6 cho phuong

trinh vi phan phan thit Caputo ngau nhién bac a € (1, 1) trén doan [0, 7] ¢6 dang
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sau
AWy

CDEX (1) = AX(0) + (1, X(0) + (1, X(1) .

(2.14)
6 day T'> 0 bat ky, (Wi)iep,00) 12 chuyén dong Brown mot chiéu tieu chuan trén

khong gian xac suat day du (2, F,P) dugc trang bi bo loc F := (F)i>0, A € R*4

va b, o:[0,7] x R — R9 1a cdc ham do dugc théa man cac diéu kien
(H1) Ton tai L > 0 sao cho véi moi x,y € R ¢ € [0,7] ta c6

Ib(t, ) = b(t,y)|| < Lllz = yll, No(t,z) —o(t,y)ll < Lllz -yl
(H2) o(-,0) va b(-,0) théa man

T
lo(+,0)lloo == esssup [lo(7,0)] < 007/ b(r, 0)[|* dr < oo.
T7€[0,T 0

Theo Dinh nghia 2.1.1, nghiém co dién ctia phuong trinh (2.14) véi diéu kién
ban dau X(0) =7 € X, 1a mot qué trinh ngau nhién do duge, F-tuong thich X
théa man X (0) = 5 va dang thiic sau dting v6i moi ¢ € (0, 7]

X(t) = n+ i Jo(t =)0 HAX(7) + b(r, X(7))) dr
(2.15)

+ 15 Jo (¢ = ) Lo (7, X (7)) AW
Theo Dinh 1y 2.1.2, v6i mdi n € Xy, phuong trinh (2.14) ton tai duy nhat
nghiém co dién, ky higu bdi ¢(-, 7). Dinh Iy sau day dua ra cong thiic bién thien
hing s6 cho phuong trinh (2.14), d6 1a mot biéu dién dic biét clia nghiém co dién
().
Dinh ly 2.4.1. (Céng thiic bién thién hing sé cho phuong trinh vi phan

phan thit Caputo ngiu nhién). Cho n € X bat kj va ¢(-,n) la nghiém co dién
clia phuwong trinh (2.14). Khi dé, dang thic

otin) = Ea(t®A)y+ [t = 1) Eaa((t = 7)*A)b(r, o (7,m)) dr

t (2.16)
+ [t =7)2  Baa((t — 7)A)o(r, ¢(r,n)) dWV;

ding vdi moi t € [0,T).
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Chu y 2.4.2. (i) Néu khong cé nhiéu trong phuong trinh (2.14), tic la o(t, X (1)) =
0, khi dé (2.16) trd thanh cong thic bién thién hang s6 cho phuong trinh vi phan
phan thit tat dinh (zem Dinh Iy 1.2.8).

(ii) Ta c6 Ey(M) = E11(M) = eM vgi M € R4, Cho a — 1, (2.16) trd thanh

dang sau (mot cach hinh thic)

t t
p(t,n) = en+ / =D A(r, (1, 1m)) dr + / 4G (1,0(,m)) dW;.
0 0

Day la cong thic bién thién hang so cho nghiém cia phuong trinh vi phan ngau
nhién
dX(t) = (AX(t) +b(t, X (1)) dt + o(t, X (t)) dW;

(zem [37, Dinh ly 3.1]).

Nhu mot tng dung cua Dinh 1y 2.4.1, hé qua sau day dua ra cong thic
nghiém tuong minh ctia phuong trinh vi phan phan thi ngau nhién tuyén tinh

khong thuan nhat c6 dang

dW;

“D§ X(t) = AX(t) +b(t) + o(t) 0

X(0) = 1. (2.17)

Hé qua 2.4.3. Gid st b e L*([0,T],RY),0 € L=([0,T],R?), ¢ day T > 0. Khi do,

nghiém co dién cia phuong trinh (2.17) trén doan [0,T] dugc cho bdi
t
X(t) = Ea(t*A)n+ / (t = )" Bt — 1) A)o(r) dr
0
¢
+/ (t = 7)  Epo((t —7)*A)o (1) dW.
0

Nho két qua clia Dinh 1y 2.3.2 nén mudn chitng minh Dinh 1y 2.4.1 chtng toi

chi can chitng minh rang
p(t,n) =4(t,n)  voimoin e Xo,t € (0,71, (2.18)

& day +(-,n) 1a nghiém nhe ctia phuong trinh (2.14). Dé 16 rang hon, ching toi

sé trinh bay tém tat ¥ tudng ching minh dinh 1y nay. Trude tién, ching toi ap
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dung Dinh ly biéu dién It6 cho ham f € X7 bat ky (xem Dinh 1y 1.1.10) suy ra

ton tai duy nhat mot qua trinh ngau nhien = € M2([0, 7], R?) sao cho

T
f :]Ef+/ =(r) dW..
0

Do vay, dé chiing minh (2.18) diéu kién di 1a chiing minh duge ding thiic

T T
<90(t,77),0+/0 =(7) dWT> = <’g/}(t,?7),0+/0 =(7) dWT> (2.19)

ding véi moi C € R? va = € M2([0, 7], R?). Dé lam diéu nay, ching toi thiét lap

mot u6e luong trong Ménh dé 2.4.6 cho

<90(t7 n) —¥(t.n),C+ /0 =(7) dWT>

Truée khi khdng dinh va ching minh wéc luogng nay, ching t6i can chuan bi

két qua ve uéc lugng cac thanh phan clia hang tit trén, tic 1a ta can uéc hugng

T
E(p(t,n) —(t,n)) (C+/O &(7) dWr) G day c € R, & € M*([0, 7], R).

Tiép theo chung toi dinh nghia cac ham Xe ¢, e e Xeer Reme o [0,T] — RY
bdi

Xene(t) = Eo(t,n) <c+ /0 Tﬁ(r) dWT>, (2.20)
Keme(t) = Eb(t o(t,n)) <c+ /0 T&(T) dWT>, (2.21)
Xene(t) = Ei(tn) <c+ /O TS(T) dWT>, (2.22)
Fene(t) = Eb(t,4(t n)) <c+ /O T&(T) dWT>. (2.23)

Chu y 2.4.4. Trong ching minh sy ton tai va duy nhat nghiém co dién va nghiém
nhe, ta co

@('7”)71“'7”) < HQ([OaTLRd)'

Do do, Xen.cr e Xemes Reme 10 do duge va bi chan trén [0,T).
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B6 dé 2.4.5. Vdi moit € [0,T), khing dinh sau day la ding

X§7777C(t> = ckqy (taA)En
+ /O (t = 1) Baa((t = 7)*A) (ke e(t) + EE(T)o (T, (7, 1)) ) dr, (2.24)
Xene(T) = ¢ Eq(t*A)En

—l—/() (t—7)%FEaa((t—7)A) (257,7’0(7') + E&(r)o(r, ¢ (T, n)))dT. (2.25)

Chaing minh. VA (t,1) 1a nghiém co dién ctia phuong trinh (2.14) nén

oltm)=n + ﬁ / (t — ) (Ap(r.n) + b(r, ol(r.m)) dr
1 ! a—1
t S / (t = 7)o (r, (7)) AW

Lay tich vo huéng hai vé ctia dang thiic trén véi ¢ + fOTf(T) dW, va sau do lay

ky vong hai vé ta dugc

Xeme(t) = cEn+ ﬁ/@ (t — T)a_l(AX&n?C(T) + ke e(T)) dr

+ﬁ </0 (t =) lo(r o(7,n)) dWm/O ¢(7) dWT>-

Ap dung tinh chat ding cy Ito (xem Dinh 1y 1.1.9), ta 6

Xene(t) = cEn

+ﬁ /0 (t — 1) (Axene(7) + Keme(T) + EE(T)a (7, (7, m))) dr.

Néi cach khac, x¢ () 1a nghiém ctia phuong trinh vi phan phan thi Caputo
CDg () = Au(t) + reelt) + BEBo(to(tn)),  a(0) = cEn,

Khi d6, nho Cha y 2.4.4 dan dén x¢,, . do duge va bi chan trén doan [0,7]. Theo
cong thiic bién thién hing s6 cho phuong trinh vi phan phan thit Caputo (xem
Dinh Iy 1.2.8), ta suy ra dang thitc (2.24) 1a dung.

Tiép theo, vi ¥(t,7) 12 nghiém nhe ctia phuong trinh (2.14) nén ta c6

U(t,n) = E.(t*A)n+ /Ot(t — T)O‘*lEa,a((t —7)*A)b(1, (7, n)) dr
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+/O (t— T)a—lEma((t —7)*A)o(r,%(r,n)) dW;.

Lay tich vo huéng hai vé ctia ding thic trén véi ¢ + fOTﬁ(T) dW, va sau do lay

ky vong hai vé ta dat dugc
¢
§<\§7n7c(t) = ¢ Ea(taA)]En + / (t— T)aEau((t — T)aA)//%gm’c(T) dr
0
¢ T
+ < / (t— )0 B n((t — 7)Ao, (7)) dVV, / £(r) dWT>.
0 0

Do d6, nho tinh dang cy Itd (xem Dinh 1y 1.1.9), ta suy ra dang thic (2.25) 1a
ding. ]

Ménh d& 2.4.6. Cho My = max,c1 | Eaa(t®A)|. Khi d6, véi C € R® bit ky
va = € M?([0,T],RY) ta c6

<w(t, n) —¢(t,n),C+ /0 =(7) dWT>

2

T2a—1 T 2 t
< 2dMAL? C+ | &(r)dw, lo(r,m) = (7, m)|[s dr
204 — 1 0 0
T 2 t
+2dMZL? ||C + / () dw; / (t—7)**2lle(r,n) — (7, 0) |2 dr.
0 0

Ching minh. Lay C = (c1,...,cq)T va 2= (&1,...,&)7T, 6 day & € M2([0,T],R),

ci € R. Khi dé,
T
<90(t777) - 1/)(75777)70—1—/0 E(T) dW7->
d T
< d)y <<Pz'(t,n) —i(t,n), ci +/0 &(7) dWT>
i=1
d
< d)y
i=1

d
= d Z HX&'J],Cz‘ (t) - 55&7777&' (t>H2 (226)
=1

2

2

2

E(p(t,n) — ¢ (t,n)) <Cz‘+/0 &(7) dWT>
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Tiép theo, ching toi udc luong ||xe e (t) — Xeime:(t)]. Nho Bo dé 2.4.5, ta dat

dugc
X¢&im,ci (t) - 5551',77701 (t)
_ / (t = 7)Y Bt — 1) A) (e (1) — Fepes (7)) dr
n / (t— ) B (t — 1) AVEE (") (o o(r.m)) — o (. 6(7,1m)))
Do do,

t
||X§i77]7ci (t) - y{i,n,cz‘(t)n < MT/O (t - T)a_ln’%&',mci(T) - /’i\fiﬂi,ci (T)H dr

t
ML /O (t = 1) & () sl (7 1) — (7 0) s

Vi vay, ap dung bat dang thiic Holder (xem [37, tr. 5]), ta suy ra

||X§¢,n,0¢(t> - 556 5Ci ( )H

ur ([ (¢-n Mdr) (/ e (7) — Reumer )||2d7>§

vt ([ 1eoe, ) ([ €= 2tetrn) - vttt )
e ot ([ et ﬁm,cxrﬂﬁm);

w3 [ el o >2(/0t(t—7)2“QIIw(T,ﬁ)—w(TW)II?nsdT)

Mat khac, theo dinh nghia ctia k va & ta ¢6 uéc lugng sau véi moi 7 € [0, 7]

IN

(NI

IN

NI

Hmwm —Reme ()|

Z < 7,0(1,1)) = bj(,9(1,n)), (ci +/0 &(7) dWT>>

7=1
T
Ci +/ &(7_) dW-
0

§ day, ching toi dung diéu kien (H1) dé dat duge bat dang thic ¢ dong cudi

2

S L2||90<T7 77) - ¢(Tv 77)”%18

)

ms

cung. Do do,

> 2
||X£¢,’I7,Ci - Xé-’ia,'%ci ||
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C; / §Z dW

12032 / () dir /0 (t = 722 o) — (o) i

< 2MTL2

/ lo(r.n) — o(r, m)|s dr

Diéu nay cling véi (2.26) dan t6i

<90(t,77) W(t, )C+/ H()dW>

/ lo(r,m) = o(r,m)| dr

2

< 2dM%L2

(J+/§ ) AW,

12dMEL / le(r) 2 dr /O(t 22 o) — ()|

Hon nita, do tinh dang cy Itd (xem Dinh Iy 1.1.9), ta suy ra

— o + / 1) dr > / le(r) |2 dr.

Vay ta c6 diéu phai chitng minh. O

T
C+ / £(r) W,
0

2
ms

Chitng minh Dinh ly 2.4.1. Dat T* := inf{t € [0,T] : ||e(t,n) — ¥(t,n)|lms > 0}.
Khi d6, dé hoan thanh chiing minh ta can chi ra 7% = 7. Gia st ngugc lai, tic 1a
T* < T. Chon va c6 dinh § > 0 bat k¥ théa man bat dang thitc sau

200—1 200—1

0 + 2dMAL* ;a —

2d M3 L* QT& —

<1 (2.27)
Dé dan dén mau thun, chiing toi chi ra rang ||¢(t,1) — 1 (t,n)||lms = 0 v6i moi t €
[T*,T* +6]. Mudn vay, ta chon va ¢ dinh ¢ € [T*, T* + 6] bat ky. Ap dung Dinh ly
biéu dién It6 (xem Dinh Iy 1.1.10), ton tai duy nhat C; € R? va & € M2([0,¢],RY)
sao cho

p(t,n) —o(tn) = Ci+ / & (7
Chting t6i md rong & trén toan bo khoang [0,T] bang cach dit & (1) = 0 v6i moi

7 € (¢, T]. V6i mot & nhu vay, ta co

. 2
C'H‘/ & (r) dWr
0

ms

= H@(t 77) - w(tv 77)”1%15
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Bay gio, ap dung Ménh dé 2.4.6 cho C = C;, = = ¢ ta dat duge

2a—1 t

T
||90(tv77) - 7vz)(t777>||?ns < 2dM%L2 HQD(T? 77) - ¢<Tv n)||?ns dr

20 -1 Jp.
t

+2dM3L? / (t=7)**2llp(r,m) — »(7,n) 17 dT-

*

Vi vay,

esssup  [lo(t,n) — w(t,n)||%s

te[T* T*+4]
5 9 T2a—1 9
< 2dMpLP5— 6 esssup et m) — ¥ (t,m) s
o — te[T*,T*46)
5 o 52(1—1 9
+2dM5.L 5 T esssup e (t,n) = (t, 1) |-
@=L ye[T* T+

Bang cach chon § nhu trong (2.27), ta suy ra

€sssup ||90(ta 7]) - ¢(t7 77)||ms = 0.
te[T*,T*+6]

Diéu nay dan dén mau thuan va chitng minh duge hoan thanh. O

2.5 Can duéi cho sy phan tach tiém can giwa hai nghiém
phan biét cua phuwong trinh vi phan phan tha Caputo

ngau nhién

Trong muc nay, ching toi sé& danh thoi gian dé chiing nghién citu khodng
cach gitta hai nghiém phan biét ctia phuong trinh vi phan phan thi Caputo ngau
nhién bac « € (3,1) trén doan [0,7] ¢6 dang

AWy

“D§ X (1) = b(t, X (1) + o1, X (1) T,

(2.28)

v6i T > 0 bat ky, (Wi)iepo,00) 120 chuyén dong Brown mot chiéu tiéu chuan trén
khong gian xac suat day da (92, F,P) duge trang bi bo loc F := (F)i>0 va b, o :

[0, 7] x RY — R? do duge thda mén cac diéu kién
(H1) Ton tai L > 0 sao cho véi moi x,y € R ¢ € [0,7] ta c6

1b(t,2) = b(t,y)ll < Lllz = yll, No(t,z) —a(t,y)ll < Lilz —yl|.



o0

(H2) o(-,0) va b(-,0) théa méan

T
o 0)loo := esssup [lo(r, 0)]] < oo,/ 15 0 dr < oo.
T7€[0,T 0

Két qua chinh ctia muc nay vé syt phan tach tiém can gitta hai nghiém phan
biét ctia phuong trinh vi phan phan thi Caputo ngau nhién dudce phét biéu trong

dinh ly sau.

Dinh 1y 2.5.1. (Su phan tach tiém can gita hai nghiém phan biét cta
phuong trinh vi phan phan thit Caputo ngau nhién). Cho n,¢ € Xy sao
cho n # ¢ va ¢(-,¢), (1) la hai nghiém co dién cia phuong trinh (2.28). Khi
do, vdi moi € >0 ta co

. 2
lim sup t7==" (¢, 1) — ¢ (t,{)|],, = 00

t—00
Chitng minh. Ta chiing minh dinh 1y nay bang phuong phap phan chitng. Gia s

ton tai hang s6 duong A > £& sao cho

limsup Yo (t,n) — ¢(t,)|lms < oo, (2.29)

t—00

voi n, ¢ € Xo,n # ¢. Khi do, ton tai cac hing s6 T > 0 vad K > 0 sao cho
lot.n) — o6, Q)2 < K2 vGimoi ¢ > T. (2.30)
Do tinh dang cy Ito6 (xem Dinh 1y 1.1.9) va gia thiét (H1) nén

In = ¢l < 3E (llg (1) = 2 (1.1

+F3(§)E( [ = e - o y1er)

3L2
+ 2
['(a)

2

t
/O (t= )2 o (r.m) = o (O

Nho u6e lugng (2.30) ta suy ra

lim E (llp (t.1) = ¢ (1,O1°) = 0.
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Do d6, dé chi ra st mau thuan ching ta can ching minh

2

lim I;(t) =0, &day Li(t):=E (/0 (t —7) o(r,n) — (1, )|l dT) (2.31)

t—o0

va

t
Jim 20 = 0. 3 day B(0)i= [ (=0 2p(r) — plr Ol ar. (232)
& 0
Dé chiing minh (2.31), ta chon va ¢6 dinh 6 € ($,152). Cha ¥ réng ta luon chon
duge 6 vi § < 152 (tuong duong véi A > £&). V6i t > max{T'/° 1}, ta c6
t° 2
Il(t) < 2E (/ (t - 7_)04*1“@(7_7 77) - QO(T, C)H dT)
0
2

+oF ( / (= 1 plrn) — (O d7> |

1

Ap dung bét déng thiic Holder (xem [37, tr. 5]), ta dugc

9 9
nit < 2 / (t -7 gr / lo(r.n) — o7, )2 dr
0

0
t t
w2 [e=rpear [ etrn) - o(n Ol i
t t

Mat khéac, ta lai co

t° 5 ¢ 5\2a—1
_ t _ (t—1t°)
/O (t=7) = (t—t‘S)Q?O"/ (t=7) T=Toa -1

I

Két hop diéu nay véi (2.30) dan dén

2t?0esssup €[0,7] le(m,m) — (7, ) llms 2K (t — t9)21 '
relo, s ) —2A
L(t) < (t — 9)2-2a * 20 — 1 /té Tdr
- 2t2éesssupre[0,T] HSO(T’ 77) - 90(7_a g) Hms QK(t — t6)2a
- (t —19)22a (20 — 1)¢207°

Nha dinh nghia ctia §, ta ¢6 26 < 2 —2a va 2a < 20\ Vi vay, khi cho ¢t — oo trong
bat dang thitc ¢ trén ta suy ra lim; o 1(t) = 0 va do d6 (2.31) dugc chitng minh.
Dé chiing minh (2.32), ta lay t > T bat ky. Bing cach ding wéc luong (2.30) ta

dat ducc

T t
I(t) < / (t = 7)**lle(rm) = (7, ¢) s d7 + K/ (t—7)% 2 2 gr
0 T
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T
< —mgmaessup lo(r,n) = o(r, ¢l +K/ 7)2 2 dr
(t - T)2 20 T€[0,7]
Vi vay,
¢
limsup l»(t) < K lim sup/ (t —7)% 202 dr. (2.33)
t—00 t—00 T

Mat khac, véi t > 2T ta co

t £ t
/ (t— 7')20‘_27_2/\ dr = / (t — T)QQ_QT_Q)\ dr + / (t— 7')20‘_27'_2/\ dr
T T L

2

9220 (% I\ 2A ot
< ERon / 2 dr + (5) / (t—7)% 2 dr
T 3

92-2ap—2)+1 1 £ 20—1-2)
< = .
S @G- e . 2a 1 (3)
Diéu nay ciing véi (2.33) vado o € (3,1),A > 2% > a— 3, dan t6i limy_o0 I2(t) =
0. Dinh 1y dugc chitng minh. ]

Mot két qua tuong tu nhu trong Dinh 1y 2.5.1 cling da dude ching minh cho
phuong trinh vi phan phan thit Caputo tat dinh (xem [4, Dinh 1y 2.1.2], [17]).
Ngoai ra, gan day huéng nghién cttu nay ciing dude quan tam cho phuong trinh
sai phan phan thit Caputo (xem [5, Dinh 1y 5]). O trong cac cong trinh nay, cic
tac gia ciing chiing minh duge khoang cach tiém can gitta hai nghiém phan biét
ctia phuong trinh phan thtt hoi tu dén 0 khong nhanh hon toc do da thic véi s6
mi du 16n.

Dé két thic phan nay, ching toi dua ra mot ing dung ctia Dinh 1y 2.5.1 lién
quan dén s6 mii Lyapunov binh phuong trung binh ctia nghiém khong tam thuong
bat k¥ clia phuong trinh vi phan phan thit Caputo ngau nhién tuyén tinh bi chan.
Cu thé, chiing ta xét phuong trinh sau

AWy

“DyX(t) = A)X(t) + BHX ()=~ (2.34)

trong d6 A, B : [0,7] — R4 do dugc va théa man

esssup [|A(¢)|| < oo,esssup ||B(t)| < oo.
t€[0,T] t€[0,T]
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Theo Dinh 1y 2.1.2, v6i méi n € X \ {0}, phuong trinh (2.34) ton tai nghieém
duy nhat théa man diéu kién ban dau X(0) = 75, dugc ky hiéu béi ®(-,n). So
mi Lyapunov binh phuong trung binh ciia nghiém khong tam thuong ®(-,n) duge
dinh nghia bdi

A (B(-, 1)) = limm sup g [ B(t, 1) s

t—o0

(xem [41]). Trong hé qué sau day, ching toi chi ra ring s6 mit Lyapunov binh

phuong trung binh ctia nghiém khong tam thuong bat ky 1a khong am.

Hé qua 2.5.2. (Tinh khéng am ctia s6 mii Lyapunov binh phuong trung
binh). S6 mi Lyapunov binh phuong trung binh cia nghiém khong tam thuong

phuong trinh (2.34) luon khong am, tic la
As(P(+,m)) >0 wdi moi ne X\ {0}.
Chaing minh. Cho n € X\ {0}, ¢ > 0 bat ky. Theo Dinh 1y 2.5.1 ta c6

lim sup t%+€|]<b(t, n)||ms = oo

t—o00

Do dé, ton tai T > 0 sao cho
1Dt ) s > ¢ (57 v6i moit > T.
Theo dinh nghia s6 mii Lyapunov binh phuong trung binh ta c6

Ams(®(-,1)) > lim sup % log (t_(f_a(ﬁre)) —0

t—o00

Hé quéa dugce ching minh xong. ]

Két qua tuong tu hé qua nay ciing da duge chitng minh déi véi phuong trinh
vi phan phan thit tat dinh (xem [38]). Theo két qua & trén ching ta thay viec
st dung phuong phap thi nhat ctia Lyapunov dé nghién ctu tinh on dinh cia
phuong trinh (2.28) 1a khong hién nhién.

Trong Iy thuyét phuong trinh vi phan phan thi, ham Mittag-Leffler mot tham

s6 dong vai tro tuong tu nhu ham mii ddi véi phuong trinh vi phan thuong. Dieu
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nay goi v cho chung ta st dung ham nguge cia ham Mittag-Leffler thiic mot
tham s6 dé md rong khai niém sé mi Lyapunov co dién cho nghiém ctia phuong
trinh phan thi. Sau d6 nguoi ta dung s6 mi Lyapunov phan thi (dya trén sy so
sanh dang diéu tiém can ciia cdc nghiém v6i ham Mittag-Leffler mot tham s6) dé
nghién citu tinh on dinh cho nghiém tam thuong ctia phuong trinh vi phan phan

thit tat dinh (xem [4]).
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Két luan ciia chuong 2

Trong chuong nay, ching toi da chiing minh dugc sy ton tai va duy nhat
nghiém cb dién, nghiém nhe cho phuong trinh vi phan phan thi Caputo ngau
nhién. Dong thai, ching to6i ciing chiing minh cong thitc bién thién hing s6 cho
phuong trinh vi phan phan thi Caputo ngau nhién.

Trong Phan 2.2, ching t6i da udc luong duge khodng cach gitta hai nghiém
phan biét ctia phuong trinh (2.28) khi thsi gian hitu han. T d6 suy ra tinh lién
tuc Lipschitz cia nghiém theo diéu kién ban dau. Ciing trong chuong nay, ching
toi da thiét lap duge mot can dudi cho sy phan tach tiém can gitta hai nghiém
phan biét ctia phuong trinh vi phan phan thit Caputo ngau nhién. Két qua nay
khéng dinh ring khoang cach giita hai nghiém phan biét 16n hon 7125 ¢ khi
t — 0o v6i € > 0 bat ky. Nho c6 két qua nay chung toi chiing minh duge s6 mi
Lyapunov binh phuong trung binh ciia nghiém khong tam thuong phuong trinh
(2.34) luon khong am trong phan cudi cia chuong.

Dé két thac phan nay, ching toi sé dua ra mot vai binh luan vé cac bai béo
viét vé hudéng nghién cttu trén. Dau tien la bai [57], & day tac gid mdi chi ching
minh dugc sy ton tai va duy nhat nghiém co dién véi bac phan thi a € [3,1).
Tiép theo, trong [48] cic tac gid nghién citu sy ton tai vd duy nhat clia nghiem
nhe cho 16p cac phuong trinh kh4 rong. Tuy nhién, cidc diéu kién dua ra trong
bai bao nay chat hon diéu kien (H1) va (H2)(xem [48, Dinh 1y 4.2]). Véi cac diéu
kien (H1) va (H2) (xem Dinh ly 2.3.2 Chuong 2), chiing t6i da chitng minh duge
sy ton tai nghiém nhe cho phuong trinh vi phan phan thit Caputo ngau nhién.
Gan day nhat, trong [56] cac tac gia da chiing minh thanh cong sy ton tai va duy

nhat nghiém co dién trén mot khoang nhd [0, T,] nhung viéc théc trien nghiem
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cd dién tit mot khoang nhé [0, 7,] ra toan khoang [0, c0) dudng nhut khong thé ap
dung cho phuong trinh vi phan phan thi Caputo ngau nhién. Cac van de nay da
duge khic phuc trong Dinh 1y 2.1.2 va Dinh 1§ 2.3.2. Vi vay, nhitng két qua thu
dude ciia chuong nay da lam phong pht thém 1y thuyét dinh tinh phuong trinh

vi phan phan thit Caputo ngau nhién.
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Chuong 3

Lugc do so kiéu Euler-Maruyama cho phuong trinh
vi phan phan thit Caputo ngau nhién

Trong chuong nay, chiing toi tap trung nghién citu vé giai so6 cho phuong trinh
vi phan phan thit Caputo ngau nhién bac a € (3,1) trén doan [0,7] ¢6 dang sau

AWy

“D& X(t) = b(t, X (1)) + o(t, X (t)) — (3.1)

Theo két qua & Chuong 2, v6i mot s6 gia thiét phit hop ciia cac hé s6 ching
toi da chitng minh dugce phuong trinh (3.1) luon c¢6 duy nhat nghiém tng véi diéu
kien ban dau X (0) = 5. Tuy nhién, trong thyc té chi mot s6 it phuong trinh vi
phan ngau nhién c6 thé tim dugc cong thic tudng minh ctia nghiém chinh xac,
vi vay viéc tim nghiem xap xi ctia (3.1) 1a mot van dé dang quan tam.

Muc dich chinh ctia chuong nay 1a dé giai quyét van dé trén, noi dung cu thé
dude sap xép gom ba phan, trong Phan 3.1 ching t6i xay duyng mot lude do s6
kiéu Euler-Maruyama cho phuong trinh (3.1). Viéc nghién ctu toc do hoi tu cho
luge do vita dua ra duge tién hanh trong Phan 3.2. Ngoai ra, vi du minh hoa
cho toc do hoi tu trong nghién citu 1y thuyét cling duge trinh bay trong phan
nay. Cudi cliing ching t6i thao luan vé toc do hoi tu va sy on dinh cta luge do
Euler-Maruyama mu cho phuong trinh vi phan phan thi Caputo ngau nhién mot
chiéu tuyén tinh.

Noi dung ctia Chuong 3 dude viét dya trén 01 bai bao da duge xuat ban sau
day:

[CT3] D. T. Son, P. T. Huong, Kloeden P. E.; V. A. My (2020), Euler-

Maruyama scheme for Caputo fractional stochastic differential equations, Journal
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of Computational and Applied Mathematics, 380,
https: //doi.org/10.1016/j.cam.2020.112989, (SCIE).

3.1 Lugc do sb kiéu Euler-Maruyama cho phuong trinh vi
phan phan thi Caputo ngau nhién

Cho T > 0 bat ky va xét phuong trinh vi phan phan thi Caputo ngau nhien
bac o € (%, 1) trén doan [0,7] c¢6 dang

dWy

©D§ X (1) = b{t, X (1)) + o1, X (1) T

(3.2)
6 day (Wi)iep,00) 12 chuyén dong Brown mot chiéu tiéu chuan trén khong gian xéc
suat day du (Q, F,P) dugc trang bi bo loc F := (F;)i>0, b,o : [0,T] x R = R? do
duge va théa man cac dieu kién sau day:

(H3) Tinh lien tuc Lipschitz toan cuc trong R? ciia b va o: Ton tai L > 0 sao cho

v6i moi z,y € RY, t € 0,7,

1b(t, =) = b(t.y)ll < Lllz = yll, No(t,z) —a(t,y)ll < Lilz —yl|.

(H4) Tinh lien tuc Holder trong doan [0,T] cia b va o: Ton tai Ly, Ly > 0 va

B,v € 10,1] sao cho v6i moi z € R? ;5 € [0,7T] ta c6

1b(t, 2) = b(s,2)]| < Lilt = sI°, o (t,2) — o(s,2)]| < Laft — |7,

Chu y 3.1.1. Dé dang chitng minh dugc ti cic dieu kien (H3) va (H4) ta cé
tinh chat sau
(H5) Tang trudng khong qud tuyén tinh: Ton tai K > 0 sao cho vdit € [0,T],z € R?
ta co

1ot )l < K(1+lzl]), No(t2)ll < K(1+ ).

Nhu ching to6i da dinh nghia trong Phan 2.1, nghiém ctia phuong trinh (3.2)
tren doan [0,7] v6i diéu kién ban dau X(0) =n € X ¢6 dang

- 1 ! b(s, X(s)) o 1 ! o(s, X(s))
X“)"’*r(a)/o s +F<a>/o (s Mo B3I
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Theo Dinh 1y 2.1.2, v6i mdi diéu kien ban dau X (0) = n € Xy phuong trinh

N

(3.2) ¢6 nghiem duy nhat trén doan [0, 7] duge ky higu bdi X (¢,7). Cha ¥ réng,
d6i v6i sy ton tai va duy nhat nghiém ching ta chi can diéu kien (H3) va (H5) 1a
du.

Muc tiéu ctia chiing toi trong phan nay 1a gidi s6 phuong trinh (3.2). Nhan
thay nhan ctia (3.3), ham (t — s)®~1, trd thanh vo han khi s = ¢. Diéu nay dan
dén mot s6 kho khan hién nhién khi rdi rac héa phuong trinh (3.2). Luu ¥ khi
xét phuong trinh vi phan ngau nhién (phuong trinh (3.2) v6i a = 1) ta khong
gap van dé nay (xem luge do s6 Euler (1.9) ¢ Chuong 1). Quay lai van dé, khi
3 <a <1, dé tranh cdc diem ky di, ching toi gi6i thieu luge do roi rac héa dudi
day va dugc goi la luge do kiéu Euler-Maruyama cho hé phuong trinh vi phan
phan thit Caputo ngau nhién.

Véi méi n € N*, nghiem xap xi X((.,5) dugc xéc dinh béi X™(0,7) :=n va
véi t € (0,7 ta dat

L [T 0(ra(s), X (1, (s), 7))
(n) [ — n Y n 9
X (t’ T/) . 77 + F(Oé) /0 (t — 5)1—a dS
1 /ta<m<s>,x<n><m<s>,n>>
+ AW, 3.4
(@) Jy ~ Gl = ()T (3:4)
6 day u(s) = & = 7" v pu(s) = B =2 g woi s € (AT, BT,

n

Phuong trinh nay c6 thé dude gidi timg bude trén mdi khoang <T’“ T(k“)},

v6i k=0,1,...,n—1.

3.2 Toc do hoi tu ctia luge do so kiéu Euler-Maruyama

3.2.1 Tbc d6 hoi tu cta ludec dd sb kiéu Euler-Maruyama

Trong muc nay, chting toi sé trinh bay két qua chinh ctia chuong 1a danh gia
khoéng céch binh phuong trung binh giita nghiem s6 X (™(t,7) va nghiém chinh
xac X(t,n) clia phuong trinh (3.2). Ké qua nay duge thé hién trong dinh ly sau
day.
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Dinh 1y 3.2.1. (Téc dd héi tu ciia luge dé s6 kiéu Euler-Maruyama cho
phuong trinh vi phan phan thit Caputo ngau nhién). Gid thiét rang cdc
hé s6 b,a ciia phuong trinh (3.2) théa man cac diéu kien (H3) va (H4). Khi do,
ton tai mot hang s6 C' chi phu thuoc vao T, L, L1, La, o, 8,7 sao cho

C
sup | XM (t,n) — X L, < ——,
OgthH (tm) = X () s < —o

(3.5)
J day x := min {6,7,&— %}

Chu y 3.2.2. (i) Khi cic hé s6 b,o khong phu thudc vao thoi gian thi toc do hoi
tu cia luge do so kieu Euler-Maruyama cho phuong trinh (3.2) la a — 3.

(i) Khi o =1, tic la phuong trinh (3.2) tré thanh phuong trinh vi phan ngau
nhién thi toc do hoi tu cia luge do trong Dinh ly 3.2.1 trung vdi toc do hoi tu ma
chiing ta da biét cho luge do Buler-Maruyama co dién (zem [30]).

(iii) R6 rang luon ton tai moi quan hé gitia két qud trong chuong nay vdi cdc
két qud da duoc dua ra vé luge do Euler cho phuong trinh Volterra ngau nhién
tong qudt vdi nhan ky di (vem [59]). Vi cdc nhan trong hé ma ching toi nghién

cttu 1o hién nén toc do hoi tu cia luoe do so kiéu FEuler-Maruyama nhan duoc la

hién. Luu i rang toc do hoi tu trong [59] la khong hién hodc chua toi .

Bang phuong phap chiing minh twong tif nhu trong Dinh 1y 1.1.15 cho phuong
trinh vi phan ngau nhién, truéc khi chitng minh Dinh 1y 3.2.1, chting t6i can hai
bd dé chuan bi. Trong bo dé dau tién, ching toi sé chi ra mot can trén cho

supo<i<7 | X ™ (¢,1)|lms (so sanh véi Bé dé 1.1.13).

Bo dé 3.2.3. Néu cic hé 56 b,o ctia phuong trinh (3.2) théa man diéu kién (H5)

thi vor moi n € N* ta co

sup HX(n)(tvn)”rQns < Cla
0<t<T

(3.6)

6T + 6) KT (20 — 1), o
= (1-+ 3l oy (OB et

2(a)
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Chitng minh. Ching toi sé chitng minh b dé nay qua hai budc.

Bude 1: Ching minh bat ding thiic sau bang phuong phap quy nap theo k

sup || X™ (t,9)|%, < 00,k =0,1,....n. (3.7)

0<t< kL
—_— — n

e V6i k=0 tacé X(™(0,7) =n nén

1X (0, 7) s = Imll7us < oo
Do d6, bat dang thitc (3.7) ding véi k = 0.

e VGik=1tach

(n)
X(")(t,n) = F(la)/ (O(t)i S)(Pan)) ds

L[ o(0,X(0,n))
T T / (on(t) —m(s))ia

Ap dung bt déng thitc ||z+y—+z||2 < 3(||z)2+|lyl|2+]|z]?) véi moi z,y, = € RY,
chung ta dat dugc
b(0, X )(0,77))

E(Ix0)) < 3B + (| [ e, 2)
3 L (0, XM (0, 7)) ’
+mE<‘/< B )

Ap dung bat ding thiic Hélder (xem [37, tr. 5]) va tinh ding cuy Ito (xem
Dinh 1y 1.1.9) dan dén

3 [ EI0.X 0
(n) 2 < 2 ) )
X < B+ e [ G

3 [TE|o(0, XM (0,1))]?
) / (oalt) — ()22

Diéu nay cting véi uée lugng |p,(t) — 7,,(s)| > |t —s| va diéu kién tang trudng

khong qué tuyén tinh (H5) ta suy ra

3t [T2K2(1+E|X™(0,7)]? ) 4
X )2, < .
H ( 777)Hms = 3H77Hms + FQ(Q/) / (t — 3)2 2a

ds
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t 2 (n) 2
. 3(/2K(L+EM7(QWH)%
0

"(a) (t— 3)2_20‘

(6t +6)K> [* 1+ |nll3s
p— d
3||77||ms+ Fz(a) 0 (t—8)2 20

Vi [|n]|%s < oo nén ta c6

(6t + 6) K272 1

(20 — 1)T2(ar) (1+ [Inll7s) < oo (3.8)

X (t) s < Bllmll7es +

Do dé, bat dang thic (3.7) ding véi k = 1.
e Gid stt bat dang thiic (3.7) ding véi k (k > 1), tiic 1a

sup || X (¢, )| < oo.
0<t<kET

Khi do, ta dat ducgce

e ()

e Ta can chitng minh bat dang thitc (3.7) dtng v6i k+ 1. That vay, theo (3.4)

vélt € (Tk T(Hl)} ta co

2
<00,i=0,1,.. k. (3.9)

ms

n

XM (t,n)
L (X0 ()
Z EDE O

=0

k-1 UE0T U(E X(n)(ﬂ n
) n Y
)

=0

Béng cach chitng minh tuong ty (3.8) ta dugc

X () s
2

ms ds

S 1"2( (t _ S)Q—Qa

9 k—1 (+1)T1+X 'g’
) A [x (5.0)]
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n

2
n kT
(2k + 3)2K? T /f 1+HX”<7’77)‘
S ()
k'

ms
T2(a) or (t—s)2-2 ds

+ 2k +3)[nll7s-

Diéu nay ciing véi (3.9) dan dén || XM (¢, n)||2s < oo. Do d6, bat ding
thic (3.7) dung véi k + 1. Theo phuong phap quy nap toan hoc ta suy

ra SuUpg<i<r 1X ) (t,m)[12s < oo

Budc 2: Chiing minh

sup HX(n)(t’n)”rQns < (1.
0<t<T

Ap dung luge d6 s6 kidu Euler-Maruyama (3.4) cho hé phuong trinh vi phan phan
thit Caputo ngau nhién va phuong phap chiing minh tuong tu (3.8) ta duge

ds

t 2 n 2
||X(n)(ta77)||12ns < 3||77||12ns+ 3t / 2K (1+EHX( )(Tn(3)>77)“>
0

F2(a) (t _ S)Q—Qa
3 /t 2K2(1+E[X™ (1,(s),m)[?)
Fg(a) 0 (t _ S)2—2a

(6t +6) K2 / "1+ EIX) (ras), 1) 2
) Jy  (-sp

+ ds

ds.

= 3llnll7s +

Dat my :=1 + supp< < 1 X ™) (s,1)||2s. Khi do, ta c6 m; < co va uée luong

67 +6)K2 1 m
< 2 ( - :
my > (1 + 3||77||ms> + F(a)g /0 (t _ 8)2720‘ ds

Ap dung bat ding thic Gronwall cho phuong trinh vi phan phan thi (xem [24,
Bo dé 7.1.1] hodc [58, He qua 2]) ta suy ra

67 +6)K2I'(2a — 1
mts<1+3||n||?ns>Eza_1<( 6K (2a )t“—l),

[2(a)
4 day Fae—1(-) 1a ham Mittag-Leffler véi tham s6 2o — 1.

B6 dé dugc chitng minh xong. O

Tiép theo ching toi sé thiét lap mot can trén cho || X (t,n) — XM (1 n)|2,

thong qua |t — ¢ |**~! vi 1 trong bd dé dudi day (so sanh véi Bo dé 1.1.14).

n2a—1
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Bo dé 3.2.4. Gid st ring cdc hé s6 b, clia phuong trinh (3.2) théa man dieu
kién tang trudng khong qud tuyén tinh (H5). Khi d6, vdi moin € N* vat,t € [0,7T]
nghiém zap xi Euler-Maruyama cé tinh chat

~ Cy _
X0 (tm) = XV (E e < o + Calt =127,
d day
8K2(1 + Cl) T2a71
(2a — DI (a)
vdi C1 duge xac dinh trong Bo dé 3.2.5.

8(T +2)K%(1+ C4)

2= (20 — DI2%(a)

Cy := (3.10)

Chatng minh. Chon va cb dinh ¢,¢ € [0,T] v6i ¢t > t. Theo luge do sb kiéu Euler-
Maruyama (3.4) cho phuong trinh vi phan phan thi Caputo ngau nhién, ta c6

D(a) (X0 (tn) = X0 (Zn))

[ U XO ) [ o) X () n)
o B e e e

t ! - ! o(T1p(s ") (r (s
+/0 <(Pn(t) — () (pa(T) —Tn(s))l—a) (Tu(s), X" (10(s),m)) dWs.

Ap dung bat ding thic ||z +y + 2 + w||2 < 4(||=|2 + lyl|2 + [|z]|2 + |[|w]|?) v6i moi

z,y, z,w € R? va tinh ddng cu It6 (xem Dinh Iy 1.1.9) ta suy ra

L0 X0t ) — X (o)

! b(Tn(3>v X (Tn(3)7 77))
<]EQA GRS

+E

N\ L lo(als), X (r(s), m) 2
)*é (onl) ()20

2

(t — 8)1_a ( t — 5)1_a

~\

t 1 B 1 2 (s ) .
Jr/0 ((Pn(t) — Tp(s))l@ (Pn(?) _Tn(s))l—a) lo (T (s), X" (70 (5), 1)) lIms ds-
Nho bat dang thic Holder (xem [37, tr. 5]) va danh gid |p,(t) — 7u(s)| > |t — s],

ching ta co

L0 X0 1) — X (T
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16(7 (s (). [fas o (7 (5), X (7ia(5) . 1)) s
= t_ / t—s 20 d+/ t—s) 20 ds

+ / (7= a—(,{_ls)la) 6670 (5), X0 r(5), ) e

t 1 B 1 2 (s ) .
+/O ((pn(t) _Tn(s))l_a (pn(?) _Tn(s))l—a) H ( n( )’X ( ( ) ))H ds.

Do diéu kién tang truéng khong qua tuyén tinh (H5) va Bo dé 3.2.3 dan dén

(o)
8K2(1+ ()

t _ t )
S/%dm/( e ) s
7 ((=9) N N

t 1 1 2
+/0 ((pn(t) ) (D) _Tn(s))1a> ds.

Diéu nay cling v6i hai bat déng thic

1 () = X8 ) s

1 1 2 1 1
((t — )l (7- 8)1—a> = (T—s)2-2a  (t—s)2"2

1 1 1 1
(pn(t) = 7n(8))2722  (pult) = 7u(8))272 = (pu(t) —s)272a  (pn(t) — )22

suy ra rang

%”WW - X0 (T )2,
L1411 d 7 7
= /f md8+/o <(; 5)2—2a B (t8>22a> ds
P X 1
+/0 <(,0n(t~) —s)220 (pa(t) — s)22a> ds. (3.11)

Biang cach tinh toan tric tiép ta ude luong duce

b, 7 ~ ~
t—t+1 t t
—d — — d

/; (t — )22 S+/0 <<t8)22a (t5)22a> 5

C eots 1)@ t+;(_(’{2—a522:1 N (tQ_anil) )z
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(t+1)(t—¢t)%!
- 200 -1 '

t 1 '
A ((pn( ;) o 5)2—2a - (pn(t) - 8)22‘3‘) ds

_ ( (pal(T) = 5P (palt) = >> ’

(3.12)

Hon nita, ta ciing c6

200 — 1 200 — 1 0
(pn(t) _tN)QQ_l — (pn( ?) _tN)?a_l‘

<
- 200 — 1

Vi0 < 2a—1< 1 vadiung bat ding thitc |z +y[2*~1 < |z[>*~1 +|y|?*~ 1, ching ta

dat ducc

T 1 B 1 : (pn(t) — pn(?))20*1
/0 ((Pn( tN) - 3)27%‘ (,On(t) - 3)22a> as < 200 — 1 '

Theo dinh nghia p,, chiing ta ciing c6 p,(t) — pp(t) <t —1t+ L. Do do,

/f~ 1 1 (t—F)2 1+ T
— — ds < )
o \(on(T) =22 (pult) —5) 20 201

Diéu nay cung v6i (3.11) va (3.12) cho ta uée lugng

N 8K2(1+C1) (T +2)(t—1t )21 T20-1
(n) _ x(n) 2 < :
[ X (@t m) = X" () < I2(a) ( 200 —1 - (2a — 1)n2e—t

B6 dé dugc chiing minh xong. O
Bay gio chiung t6i sé trinh bay chi tiét chiing minh Dinh 1y 3.2.1.

Chitng minh Dinh Iy 3.2.1. Chon va ¢6 dinh n € Xy. Theo cong thitc nghiém
dang tich phan (3.3) va luge do s kiéu Euler-Maruyama (3.4) cho phuong trinh
vi phan phan thi Caputo ngau nhién (3.2), ta c¢6

X®(t,n) — X(t,n)

I / b (5). X (r(s).m)) = s, X(5.0)

F(Oz 0 (t _ S)lfa
1 t O'(Tn(S),X(n)(Tn(S)yn)> _U(S’X(Svn))
+F(a)/0 i AW
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1 t 1 1 )
+W/o <(pn<t) —Tals))me (t— s)l—a) o (a(s), X" (ma(s). 7)) AW

Ap dung bt déng thiic ||z 4+ y + 2|12 < 3(||z|| + [|y||> + ||2]|2) v6i moi z,y, z € RY,
bat dang thiic Hélder (xem [37, tr. 5]) va tinh dang cy Ito (xem Dinh 1y 1.1.9),
ching ta dat dugc

Clo )HX ) Xt )l
<t/ [b(n(s 7(1(8)’377)2) ;ab(s7X(Sv77))||12ns s
||U Tn ( ( )777)) _U(S X(S n))Hms
+/0 (t 3)2 2 ds
" (o). XOn(s) m)llns o (), X (n(5).m)lhs | .
o] (s o =) o w1

Hon nita, nho cac diéu kien (H3) va (H4) ta dé dang thay réng
15(7 (), XU (7(5),m)) — b(s, X (5,7)) ||
< 2L X" (1 (s),m) = X (s,0) |2 + 2L3 |7 () — 5%, (3.14)
va
||U(Tn(3)7 X(n) (Tn(s)7 77)) - U(S’ X(Sv 77)) ||12ns
< 2L X" (1 (s),m) = X (s,) |12 + 2L3| () — 5. (3.15)

Bing cach sit dung diéu kien (H5), B dé 3.2.3 va bat dang thiic

( 1 1 )2 . 1 - 1

(pn(t) = Ta(s))t (t=s)l72 ) = (t—s5)2720  (pu(t) — 7a(s))272
1 1

(t—s)220 (L 4 ¢ g)2-20

n

IN

ta suy ra rang

[ (et Xtnto, e ua<m<s>,x<n><m<s>,n>>||ms>2ds

(on(t) = 7a(s)) '~ (t—s)t=e

t
1 1
< 2K*(1 ( - )d
< ( +Cl)/0 (t—s)2 2% (L ipi_g22 5
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OK2(1+ Cy)(2T)% 1 1
= (2a 1) n2a—1°

Udc lugng nay cung véi (3.13), (3.14) va (3.15) dan t6i danh gia sau

XM (1) — X (t,m) |2

6L2t+1 Hix Tn ,n) — X(s, n)||msd
)2 2c

6L%t m(s)—swds+ 63 (" Irals) — 5P
[2(a) Jo (t—s)*2e [2(a) Jo (t—s)>2
6K%(1+Cy)(2T)% 1 1

(2a — )2 () n2a-l’

ds

(3.16)

Theo dinh nghia 7, ta ¢6 |7,(s) — s| < L véi s € [0,7]. Do d6, béng cach tinh
toan truc tiép ta dat ducc
L2t t <128 1.2 t 2y
63t [ rule) s 613 [ frals) — s
[2(a) Jo (t=s)?722  T%(a) Joy (t—s)*2

6L%T2a+26 1 6L%T2a+2fy—1 1
2a—1)T2(a) 728 | 2a—1)T%a) ¥

(3.17)
Mat khac, nho Bo dé 3.2.4 dan dén

HX(n) (Tn(8)7 77) - X(‘S? 77) ”?ns

< 20X (1 (s).m) = X (s.9) s + 20X (5,9) = X (5,7) [0

2C a— n

< ot + 2C8Ira(s) — s 4 20X (s,m) = X (5,0l
20y + 27%1C;y )

< T + 2| XM (s,n) — X (5,12,

§ day Oy va C3 duge dinh nghia trong (3.10). Diéu nay cung vé6i (3.16) va (3.17)
chi ra rang

sup HX(n) (57 77) - X(S7 77)”?[18

0<s<t
1202(T + 1) " supge, <, [|IX 0 (r,n) — X (r,0)[|2
>~ FQ(OJ) 0 (Zf _ 5)27204

1 1
n2v +Ds n2a—1’

ds

+Dy + Dy

2
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v % 2m2a+208 2m2a+2y—1
O day Dl P 6L1T P 6L2T

= GaenrE)y P2 = ey Ve

6K2(1+ C1)(2T)* !
(20 — 1)T%(«)

6L2(T + 1) 7?1

Ds = I2(a) 2a-1

+ (2Co + 2777 1C3)

Ap dung bat ding thiic Gronwall cho phuong trinh vi phan phan thi (xem [24,
Bo dé 7.1.1] hosic [58, He qua 2]) ta dat duge

sup Hx(n) (ta 77) - X(ta 77) Hr2ns
0<t<T

Dy Dy D3 1202(T 4+ D)T?**'T' (20 — 1)
< (W oM + a1 ) Fon—1 < T2(a) .

Do d6, bat dang thite (3.19) ding v6i

I2(a)
Chitng minh Dinh 1y 3.2.1 dugc hoan thanh. ]

12L2(T + 1)T?* T (2a — 1
C:= (D1+D2+D3)E2a—1< (r+1) (20 ))

Két qua chinh ctia chuong nay cé thé dude mé rong cho phuong trinh vi phan
phan thit Caputo ngau nhién tong quat hon véi hé s6 o nhan gia tri véc to. Cu
thé, xét phuong trinh vi phan phan th Caputo ngdu nhién bac o € (3,1) tren
doan [0,T] c6 dang

“Dg. X (t) = b(t, X (t) —I—Zati dW, (3.18)

6 day b va o;,i = 1,... N, 1a do dugc va thoa man céc gia thiét (H3) va (H4) véi
cung cac hiang s6 ,v. Dang tich phan tuong ing ctia phuong trinh (3.18) véi
diéu kién gia tri ban dau X(0) =n € X 1

N

- 1 t b(s,X(s)) 1 tai(s,X(s ) ;
0=+ i [ Gy d*mz/ (= M

Bay gig, ching t6i ap dung lude dd s6 kieu Euler-Maruyama (3.4) trong Muc

3.1 cho phuong trinh nay nhu sau:
Véi mdi n € N*, nghiem xap xi X((.,n) dugc xac dinh béi X™(0,7) :=n va
véi t € (0,7 ta dat

X(n)(t,n) =n + 1 /t b(Tn(3)7)i(n)(7;n<s)7n)) ds




(onlt) = (3]0

Ly / () X (0(3).1) s

§ day 7o(s) = 2 = T]gn) va pn(s) = w =: p,gn) VOl s € (%,M] Bang k¥

n

thuat ching minh tuong ti Dinh 1y 3.2.1, ching t6i thu dugce két qua sau day.

Dinh ly 3.2.5. Gid st b va o;,i =1,... N, la cic ham do dugc va thoa man cac
gid thiét (H3) va (H4). Khi dé, ton tai mot hang so C khong phu thudc vao n sao
cho

C
sup HX(n)(tﬂ?) _X(tan)”?ns < PR
0<t<T n

(3.19)

g day k= min{ﬂ,y,a—%}.

3.2.2 Vidu

Trong muc nay, ching toi sé nghién citu mot s6 vi du minh hoa cho két qua 1y
thuyét da dua ra ¢ trén. Trudc tién, ching toi nghién citu phuong trinh vi phan
phan thit Caputo ngau nhién don gidn véi nhiéu cong tinh. D6i v6i phuong trinh
nay, ching toi c6 cong thiic hién clia nghiém va nghiém sé bang cach ding luge
do s6 kiéu Euler-Maruyama da gi6i thieu ¢ Phan 3.1. Khi d6 bang céach tinh toan
truc tiép tich phan ching toi dat duge toc do hoi tu la o — & (xem Vi du 3.2.6).
Mat khéac, theo danh gia téc do hoi tu trong Dinh 1y 3.2.1 6 Phan 3.2 ta c6 toc do
hoi tu trong trudng hop nay la o — 3. Do d6, ching t6i ¢6 thé khang dinh toc do
hoi tu trong nghién cttu 1y thuyét déi véi vi du nay 1a téi wu. Luu ¥ rang do6i véi
phuong trinh vi phan ngau nhién véi nhiéu cong tinh thi téc do hoi tu cta luge
dd Euler-Maruyama cé thé bang 1 (xem [39]). Vi vay, téc do hoi tu ma chiing toi
tim ra trong Vi du 3.2.6 dudi day 1a mot khia canh méi trong tinh toan s6 clia

phuong trinh vi phan phan thi ngau nhién.

Vi du 3.2.6. Xét phuong trinh vi phan phan thit Caputo ngau nhién mot chicu

bic a € (3,1) trén doan [0,1] ¢6 dang

. AW,
CDO+X(t> — ]_ W
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a=0.75 a=0.6 a=10.9
en | toc do | e, | toc do en toc do
n = 1024 0.0072 | 0.25 |0.3032| 0.1 |1.03e04| 0.4
n = 2048 0.0051 | 0.25 |0.2639 | 0.1 |0.59e04| 04
n = 4096 0.0036 | 0.25 |0.2297 | 0.1 |0.34e04| 04
toc do hoi tu 1y thuyét | o — 3 =0.25 a—3=0.1 a—3=04

Bang 3.1: Toéc do hoi tu cho phuong trinh vi phan phan thi Caputo ngau nhién

tuyén tinh mot chiéu

Khi dé, nghiém chinh xdc cia phuong trinh nay vdi diéeu kién ban dau X (0) =0

dugc cho bt cong thic

1! 1
X0 =g ) g

Dong thoi, bing cach ding hige do so kieu Euler-Maruyama (3.4) cho phudng
trinh vi phan phan thit Caputo ngdu nhién ta cé nghiém s6 X (1) duoc zdc dinh

boi cong thic

w1 ! 1
00 = o | e

Ap dung tinh chat dang cu Ito (vem Dinh Iy 1.1.9), ta dat dugc

1X(1) — XM(1))2, = F%W)/o ((1 _i)la — = Tnl(s))10‘> ds.

Bing cdch dat e, = | X(1) — XM (1|2, toc do hoi tu ciia hige do so6 kiéu Euler-
Ven
NG

2n

Maruyama cho phuong trinh nay sé dugc wdc lugng bov dai lugng logy v

cic gid tri n di lon. Cac két qua tinh todn dugc thé hién trong Bang 3.1 néi lén
S X A~ A N Z, * e ., . Vs 2 2, N _1
rang toc do hoi tu la o — % Va1 cac gia try khac nhau cua «, tic la /e, ~ n®"2

khi n — oo.

Tiép theo, dé truc quan sy hoi tu clia luge dé Euler-Maruyama (3.4), chiing

to1 xét vi du sau.
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----- n=1024
—+—n=2048
—=—n=4096

x™M()

0.7 0.8 0.9

0.4 0.5 0.6

0.3
Theoi gian

-1
0 0.1 0.2
Hinh 3.1: M6 phéng nghiém xap xi clia phuong trinh (3.20)
Vi du 3.2.7. Xét phuong trinh vi phan phan thit Caputo ngau nhién mot chicu

bic a = % trén doan [0,1] ¢ dang
W (3.20)

“Dg X (t) = cos(X(t)) + Sin(X(t))W.
Dé thay cdc hé so cia phuong trinh (3.20) théa man cac dieu kien (H3) va
(H4) ctia Dinh Ij 3.2.1. Do dé, chiing ta cé thé zay dung dudc hioc do Euler-
Maruyama (3.4) cho phuong trinh nay.
Qud trinh tinh mo phéng nghiém zdp xi X ™ (t) dugc thic hién nhu sau: Trude
tién, ching toi sinh ngau nhién mot chuyén dong Brown. Sau dé, ching toi ding
luge do Euler-Maruyama (3.4) dé tinh zdp xi nghiém vdi n,2n,4n diém chia vdi

n=1024. Két qud ciia qud trinh nay dudc thé hien trong Hinh 3.1.
Tu két qud trén, vé mdt truc quan ta thay luge do Euler-Maruyama (3.4) cho

phuong trinh (3.20) la hoi tu.
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3.3 Luogc d6 Euler-Maruyama mii cho phuong trinh vi phan
phan thi Caputo ngau nhién mét chiéu tuyén tinh

3.3.1 Ludc dé Euler-Maruyama mi

Xét phuong trinh vi phan phan thit Caputo ngau nhién mot chiéu tuyén tinh

bac a € (3,1) tren doan [0,7] ¢6 dang

CPg. X (1) = AX() + uX (1) % (3.21)

v6i T > 0 bat k¥ va (Wy)iep0,00) 12 chuyén dong Brown mot chiéu tiéu chuan trén
khong gian xac suat day du (Q, F,P) duge trang bi bo loc F := (F})>o0-

Bai toan x4c dinh ), p sao cho phuong trinh (3.21) 6n dinh tiém can 14 khong
tam thuong vi phuong trinh nay khong c6 cong thitc nghiem hién. Gan day, van
dé nay da duge nghien ctu trong [54, Menh dé 11]. O cong trinh nay, tac gid bai

bao da chi ra ring phuong trinh (3.21) 6n dinh tiém can néu va chi néu
A<0 va ,ﬁ/ s272 (B o (As®)? ds < 1. (3.22)
0

Cong cu chinh dé chiing minh két qua trén la st dung cong thitc bién thién hing
s6 duge dua ra trong Dinh 1y 2.4.1, titc 1a dang tich phan ctia phuong trinh (3.21)

duoc cho béi
X(t) = Eo(M*)X(0) + ,u/t(t — 5) By 0\t — 8)) X (5) dW. (3.23)

Dira trén lude do Euler-Maruyama mil cho phuong trinh vi phan ngau nhién,
ching to6i xay dung luge do Euler-Maruyama mii cho phuong trinh (3.21) nhu
sau: véi bude chia h > 0 ¢6 dinh, luge do Euler-Maruyama mi cho phuong trinh

tich phan trén duge xac dinh béi X,(0) := X (0) € Xy va véi t € (0,7] ta dat
t
Xn(t) := Eo(M)X(0)+p / (t—7(8))*  Eqa (Mt —74(5))*) Xn(7h(s)) dWs, (3.24)
0
& day 7, : (0,00) — [0, 00) dugc dinh nghia béi

m(s) =kh v6is e (kh, (k+1)h],k=0,1,2,.... (3.25)
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3.3.2 Tbc d6 hoi tu va su 6n dinh ctia lude dd Euler-Maruyama

~

mu

Trong muc nay ching t6i quan tam dén téc do hoi tu va sy én dinh ctia phuong
phép s6 cho phuong trinh vi phan phan thit Caputo ngau nhién mot chiéu tuyén
tinh (3.21). Néu nhu phuong trinh vi phan ngau nhién mot chiéu tuyén tinh c6
nghiém hién thi phuong trinh (3.21) lai khong c6 nghiém hién. Vi vay, sé rat kho
dé dat dugce két qua tuong tit nhu trong [47] vé tinh 6n dinh clia phuong phap sb
cho phuong trinh (3.21).

Dinh 1y dudi day khéng dinh két qua vé téc do hoi tu va sy 6n dinh cia luge

do Euler-Maruyama mi ¢ trén cho phuong trinh (3.21).

Dinh 1y 3.3.1. (Téc d6 hoi tu va su on dinh cua luge dd Euler-Maruyama
mi). (i) Véi T > 0 bat ky, ton tai hang so C chi phu thuoc vao T, \ va p sao cho

sup || Xn(t) — X (t)|lms < Ch* 2.
t€[0,T]

(ii) Gid st dieu kien (3.22) ding. Vi budc chia h > 0 bdt ky, ton tai K > 0 sao

cho nghiém X, ctia phiong trinh (3.24) théa man
X0 () s < K|[X(0)lms 00 moi t >0

va hon nia vdi 5§ € (0,a) bt kyj, ta c6 limy_o 0| Xp(t)|lms = 0. Tit d6 suy ra

nghiém so van on dinh tiém can.

Trudce khi chitng minh Dinh 1y 3.3.1, chiing t6i can bén bo dé chuan bi. Bo dé
3.3.2 va Bb dé 3.3.3 duge ding trong chiing minh phan (i) ctia Dinh 1y 3.3.1 va
khong can dit diéu kieén len A, . Trong khi d6, B dé 3.3.4 va B6 dé 3.3.5 1a dé
chuan bi cho chiitng minh phan (ii) Dinh Iy 3.3.1 va do d6 chiing toi can gia thiét
A, 1o thoa man diéu kien (3.22).

Trude tién, ching toi dua ra mot can trén cho supge,<p || X4 (t)|lms trong BS dé

3.3.2 sau day.
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Bo dé 3.3.2. Dat My := maxo<;<7(Ea(M*))?, My := maxo<i<7(Faa(M*))? va
Cy 1= My Eyq_1 (p° Mo (20 — 1)T271) | X (0)]| 2,6 (3.26)
Khi do, vdi moi h > 0 ta co

sup || Xa(t) |5 < Ci.
0<t<T

Chitng minh. Ching toi sé chitng minh bo dé nay qua hai budc.
Budc 1: Bang phuong phap chitng minh tuong ti bude 1 trong B6 dé 3.2.3 chiing
toi chitng minh duge

sup || Xn(0)|2 <00,k =0,1,....n. (3.27)
0<t<*L

Bude 2: Chiing minh

sup [ X5(0)]1% < Ci.
0<t<T

Nha (3.24), ta dat duge

(R0 = (500 x(0) 4 [ ZE AV 6y, )

o (t=m(s)
Lay k¥ vong hai vé ctia dang thtic trén v dung tinh chat dang cy Ité (xem Dinh
ly 1.1.9) dan dén

IXn ()2 = (Ea(A)* 11X (0)]12
o [ (BaaMt —7,(5)%))°
*“A (t— ma(s)2 20

Vi 7;,(s) < s va ham F, (-) don diéu giam trén R_ (xem [50]), ta suy ra

11X (7 (5)) |12, s

IXn ()2 < (Ba(X)* 1X(0)]2

2 t(Eaxx()‘(t_S)a))Q o 2
T /O o IR (5) s

by, |00
< MO, i [ e L

Dt my 1= supg<y<; | Xn(s)|2s. Khi d6, ta c6 m; < oo va

m

t
my < MIHX( )Hms + MZMQ/ (t S?—Qoz ds.
o (t—s)
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Ap dung bat ding thiic Gronwall cho phuong trinh vi phan phan thi (xem [24,
Bo dé 7.1.1] hodc [58, He qua 2]) ta dat dugc

my < M1||X(O)||I2HSEQQ_1 <N2M2F(2a — 1)t2a_1) .
B6 dé dugce chiing minh. O
Tiép theo, ching toi thiét lap mot can tren cho || X,(¢) — Xa( 7 )|%, qua
|t _ t~|2a71_

B6 dé 3.3.3. Dat

2 2
Mz = ( max 8an()\x)> My = ( max O Eaa()\x))

z€[0,T] z€[0,7]

va
8u2M204 + 4,u2M4C4T20‘_1
200 — 1 ’

¢ day Cy dugc cho trong (3.26). Khi dé, vdi moi h >0 va t,t € [0,T] ta cé

Cs :=4M3T|| X (0) |12 +

(3.28)

1Xn(t) — Xn(T)|2 < Cslt — 7271,

Chatng minh. Chon va cb dinh t,t € [0,T] v6i t > t. Nh$ (3.24), ta c6

= (Ba(MY) = Eo(A(1)")X(0) + /? E‘“ﬁ(j(fhzs;’;ff?a))?h(rh(s))dws

(oM ()Y EaaM-m()y o
+M/O ( (¢ —m(s))1me (t—mp(s))t-e )Xh( n(s)) dWs

Y Baa(A(t —73(5))%) B MT=7(9))\ o i
+M/0 ( (t—mh(s))t-@ (T—m(s))L© )Xh< n(s)) dWs.

Ap dung bat ding thic ||z +y + 2z +w||2 < 4(||=|2 + lyl|2 + [|z]|2 + ||w||?) v6i moi

z,y,z,w € R? va tinh dang cy Ito (xem Dinh 1y 1.1.9), ta suy ra

1X5(t) — Xn( 7)1

< A[Eo (M%) — Eo (M) 21X (0)]|2,6
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Hﬁﬁﬂaawmm%)A

(t_Th(8)>2—2a ”Xh(7-h<8))H12nsd5

it [ (E2nQ ) Eonldl i)y

(t—Th(S))l @ - (’t“_ Th(S)) o ) ||X\h(7-h(8))||?nsds

o [F (Faat=m()Y)  FaaMT=m))N2 0 vo o
[ (Pt R - B ) R (6

Ap dung Dinh 1y gi4 tri trung binh, B8 dé 3.3.2 va udc luong

( . - ! )2 < 1 _ 1
(t—m(s)' = (t—mp(s))l=" = (t—s)2"2a (t—s)27207

chung ta dat dugc

X0 (t) — Xn( )2
t 4#2M204

< AMs|tY — (F)21X(0)]? ——5—5-d
> 3| ( ) | H (O>||ms+/t~ (t—8)2_2a §

t
1 1
42 M ( _ _ )d
T4 204/0 (T_s)p2a  (1_s)p2a s

+442Cy /t Mo (= mlo)? = (E (o)) ds.
0

(?_ 5)2-2a

Vio<a<lnén |z+yl®<|z|*+ |y|* v6i moi x,y > 0. Do do, ta co

1X5(t) — Xn(£)]2s
4u2M204

< AM(t— 1) X (0) )2 + ot (t — 1 )2
> 3(t t) H (O)Hms+ 20 — 1 (t )
YPMoCy g1 | AEMACy( )20t o)
g (=) 5o (t—t)

812 MoCy + 4M2M4C4T2“‘1) (t— 721

< (4M3T||X(0)||r2ns+ S — 1

Dinh 1§y dugc chitng minh xong. O

Dé chitng minh Dinh Iy 3.3.1(ii), chiing t6i nhic lai két qua sau day cho ham
Mittag-Leffler.
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Bo dé 3.3.4. Gid st A > 0. Khi do, ton tai M (X, «) phu thuoc vao X va a sao

cho
o M\ «) o M\ «) » .
< — 71 < — = > 0. .
Eqo(AtY) < max(L 7] Eoa(Mt) < max (1, 2] vd1 mot t > 0 (3.29)
Chitng minh. Xem [44, Dinh 1y 1.4] ho#c [16, Dinh 1y 2]. O

Tiép theo chiing toi can bo dé bo trg sau day.

B3 dé 3.3.5. Gid sit 2 [ EosO) g5 < 1. Dt § € (0,a) bit kii. Khi o, ta co

; 2

. Eoo( At —5)%))" max{1,t*}

1 2 ( o, ! d 1
e [

ay)2 «
Chitng minh. Vi p? fooo (E"S‘;# ds < 1 nén ton tai n € (0,1) sao cho

12 [ (Ean(As”))’

% $2—2a

ds < 1.

Chon vi c¢6 dinh mot n théa man bat dang thiic & trén. Khi do,

. 2

. Eoa(A(t —5)?))” max{1, 2}

1 2 [ (Ea oy ¢

s [ )

a2
< limsup“_2 t(Ea»a()‘(t_s) ) ds
= LIPS - (t — )220
2 (B, o))’

< [T 330

Mat khac, nho Bo dé 3.3.4 ta suy ra

nt _ a2 20 nt 25
(Baa(A(t —5)%))” max{1,t*} ds < M(a, )\>2 max{1,t*} is.
0 (t — )22 max{1, 52} o (t—s)2t2a

Bang cach uwde Iugng trye tiép ta dat duce

nt 1 t
lim sup ¢ —————ds < lims t%n—zo
sy [ e < s
Diéu nay dan dén
" (Eaa(A(t — $)*))% max{1, 29
1imsup/ (Faa(A 2_2 )" max{l, 25} ds = 0.
tsoo Jo (t—s) max{1, s20}

Két hop két qua nay véi (3.30) ta c6 dieu phai chiing minh. O
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Bay gio chung t6i sé trinh bay chi tiét chiing minh Dinh 1y 3.3.1.
Chitng minh Dinh ly 8.3.1. (i) Nho (3.23) va (3.24) ta c¢6

Xn(t) — X ()

a “/0t<(t—7h

1
(
e [ (P BB o) v,

s))l—a - (t _ i)l_a)Ea,a()‘(t — Th(S))a)ih(Th(s)) AW

~

+1 /Ot B0 — ") (Xn(7n(s)) — X(s)) dWs.

(t—s)l-@

Ap dung bat ding thic ||z +y + 2|12 < 3(||=]|2 + ||lyl|2 + ||z]1?) v6i moi z,y, z € RY
va tinh dang cu Ito (xem Dinh Iy 1.1.9), ta dat duge

DACEP (O]

< 3 | (o~ o) e = () PIS () s s

(t — Th(
t
1
2 —
+3H’ /0 (t _ 5)2—2(1

2 t|Ea,a()‘(t_5)a)|2 v 2
s [ e IN1R, (0 (0) = X ()l

Boa(A(t = 7(5))") = Eaa(AMt = 5)%) 2II)Afh(Th(S))IIIQm ds

Hon nita, do t — 7,(s) <t + h — s v bat dang thiic

( 1 1 )2< 1 - 1
(t—m(s)ime  (t—s)t=0) T (t—5)22 (1 —7u(s))? 2

ta suy ra

[ (et~ i)

IN

/0 ((t - sl)zza B (h+t—15)22a) s

h2a—1
200 — 1

Do do,

! 1 1 2 . N
3“2/0 <<t—s>1—a B (t—Th(s))l—a) [Baa(A(t = 7()*)PIXn(7a(5)) s ds
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3,u2MQC4
200 — 1

IN

p2a—l, (3.31)

Ap dung Dinh 1y gia tri trung binh va B8 dé 3.3.2 dan dén

t
1
2 J——
S / (t— 5)220

Eaa (Mt = 1(5)%) — Eara At — )%)| 1 Zn(mn(5)) |22 ds

t
L= 7 (s))° = (=)
< 3u2MyC [t — 7 d
= OH 44/ (t—s)2-2 5
2a 32M0T2a—1
< 2 s ()’ < o= ViaCy 20 ‘
< 3/LMC/—_822& ds < 5o T h (3.32)

Hon nita, nho Bo dé 3.3.3

IXn(h(s)) = X ()12 < 20 Xn(7(3)) — Xn(5) [ + 21 Xn(s) — X ()|

< 20507h(s) — s[27 4+ 2| Xn(s) — X(s)2

IN

2C5h** 7 4 2| X (s) = X (5) s

Vi vay,

o (" Eaa(Mt—5)9)? < 2
3 /0 1B (e) ~ X (s ds

t 20—1 Loy
2C5h 2|| Xn(s) — X(s)I3
< 3u’M. ——d =2 ds
< wian (e o [ 2P
3uEMyCsT2 1 o 2 HXh X(s)l7
< 51 1 TOuM )2 s

Diéu nay cling véi (3.31) va (3.32) suy ra rang

- 3l MoCy  3pPMyCyT?** 1 h 3> MoCsT? !
_ 2

X (s
Xh?a 1—|—6/L2M / H t_s)g (Qoé)Hms ds.

Ap dung bat ding thiic Gronwall cho phuong trinh vi phan phan thi (xem [24,
Bo dé 7.1.1] hodc [58, He qua 2]) ta dat dugc

sup [ Xn(t) — X ()[|%s < Ch2Y,
0<t<T
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¢ day

31u2MoCy  3u2MC4 T2 3u2MoCsT21
C’::(M 24+M 4L +M 2L5

2 _ 201
200 — 1 20 — 1 9% — 1 > Foa—1(6p" MaT' (2 — 1)T2*7 ).

Do d6 (i) duge ching minh.
(i) Nho (3.24) va tinh dang cy Ito (xem Dinh ly 1.1.9), ta dat dugc

IXn ()2 = (Ea(A)* 11X (0)]1
o [ (BaaMt —7,()%))°
+“/o (t— m(5)2 20

Vi 7,(s) < s va ham E, 4(-) don diéu gidm trén R_ (xem [50]), ta suy ra

1X5(75,(3)) |25 ds

IXn ()2 < (Ba(Mt))? [ X(0)] 2,
oy /0 (Baa(A\t—5)") o

e K [ s

Nho Bo6 dé 3.3.4 nén ton tai M(a, \) > 0 sao cho v6i moi X(0) # 0

I - M@)o [ (Faa (Mt = 9))* 1Xa(m(5) R
12X (0)11s —max{1,t2a}+“/0 (t—s)p22a X, (3.33)
Dat
K= M, ) (3.34)

[e% 2 :

L—p fo EQSC;—A;X)) ds

Do (3.22) nén ta c6 K > 0. Tiép theo, chiing téi chitng minh bat dang thic sau
bang phuong phap chiing minh phan ching

X5,(1)]12
sup H h( )H;ns <K
t>0 HX(O)”HIS

b . N N - 2 X [N 2 ~ X 2 ~ 2
tic la, ton tai T > 0 1a thoi diem dau tién thoa méan % > K. Vi vay, ta co

X0 (T) 13,0
X0

Trong (3.33), thay ¢ = T ta dugc

X0 ()ls <K v6itel0,T). (3.35)

N ROIR,

)
T )2 2a

K < M(a, )\)—i—MQK/ Ea ds

(A
< a)\—l—/LZK/ ‘”2;; "
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Di¢u nay mau thuin véi dinh nghia clia K trong dang thiic (3.34).

Lay ¢ € (0,) bat k¥ va do d6 dé hoan thanh chiing minh ta can chi ra rang
1m0 29| X7 (£) s = 0. Thye té néu ta chon va ¢6 dinh § € (6, o) bat k¥ thi diéu
nay tuong duong véi

lim sup £2° X (1) < 0. 3.36
S X 0) 2, (3:36)

Gia stt (3.36) sai. Khi d6, ton tai mot day tang (¢,),en hoi tu t6i oo sao cho

Y = max{l, t25}W thoa man

Yn = Max {max{l, t25} ||‘|))((h(( )>|||| 2t €0, tn]} v6ineN (3.37)

va limy, o0 7 = oo. Béng cach thay t = t,, trong (3.33), ta dat dugc

HX\h(tn)H?ns M(OQ /\) 2 e (Ea,a()‘(tn - 3>a))2 ||)A(h(7h<3))“ms s
IX(0)[2, SmMUJ%YHLA (o2 X2,

Diéu nay cling v6i (3.37) suy ra rang

o M) max{1,t§}+ ) /tn (Eaa(Mtn — 5)*))? max{1, t%}
0

max{1, 3} (tn — )2 max{1, 325}

Do do,

tn o a 2 23\ 23\
,MGM/ (Baa (A QDHW@@1$><M@Mmmﬂ%.
0

(tn —5)*72*  max{1,s20} max{1, 2}

(3.38)

Vi é < a nén dan dén

M 1 25
lim sup (&, )‘) maX{ st }
o0 max{1, t2«

= 0. (3.39)

Hon nita, nhd B6 dé 3.3.5 va lim,, 00 75, = 0o nén

tn _a))2 26
lim sup v, <1 —M2/ (Baa(Atn — )7))" max{l, ti) s) = o0.
0

=00 (tn —5)>72*  max{1, s20}

Diéu nay dan dén mau thuan véi (3.38) va (3.39) nén ta c6 diéu phai ching
minh. [
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Két luan cia chuong 3

Trong chuong nay, ching toi xay dung lude do s6 kicu Euler-Maruyama cho
phuong trinh vi phan phan thit Caputo ngau nhién (xem Phan 3.1). Trong Phan
3.2, ching t6i chi r6 duge téc do hoi tu cho luge dd sb kieu Euler-Maruyama vita
dua ra. Qua vi du duge xét & cudi Phan 3.2, chng to6i da ching minh dudc toc
do hoi tu tim ra trong nghién citu ly thuyét doéi v6i vi du nay 1a t6i wu. Ngoai
ra, ching toi con danh gia duge téc do hoi tu va tinh 6n dinh cta luge do Euler-
Maruyama mil cho phuong trinh vi phan phan thit Caputo ngau nhién mot chiéu
tuyén tinh trong phan cudi ctia chuong.

Dé két thiic phan nay, ching toi sé dua ra mot vai binh luan vé cac bai béo viét
ve huéng nghien citu trén. Theo sy hiéu biét ctia ching toi, viec giai s6 phuong
trinh vi phan phan thit Caputo ngau nhién méi chi duge dé cap trong [59]. Tac
gia clia bai bao nay da dua ra dugc luge do6 Euler cho phuong trinh Volterra ngau
nhién tong quat véi nhan ky di nhung chua dua ra duge téc do hoi tu hién cta
luge dd ciing nhu chua nghién ctu dude tinh 6n dinh ctia luge do nay. Vi vay,
nhiing két qua thu duge ctia chuong nay da lam phong pha thém 1y thuyét dinh

luong phuong trinh vi phan phan thi Caputo ngau nhién.
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Két ludn

1. Két qua dat dudc
Trong luan an nay, ching toi tap trung nghién ctu mot s6 van dé ve
phuong trinh vi phan phan thit Caputo ngau nhién. Luan an da dat duge mot s6

két qua sau:

o Ching minh duogc su ton tai va duy nhat nghiém co dién, nghiém nhe doi

vdi phuong trinh vi phan phan thi Caputo ngau nhién bic o € (%, 1).

o Chitng minh dugc su phu thudc lién tuc vao gid tri ban dau ciua nghiém co

dién phuong trinh vi phan phan thi Caputo ngau nhién bac a € (1,1).

o Xay dung dugc cong thic bién thién hdang so cho phuong trinh vi phan phan

thi Caputo ngdu nhién bac o € (3,1).

e Ching minh dudgc khodng cach tiém can giiia hat nghiém phan biét cia
phuong trinh vi phan phan thit Caputo ngau nhién la lén hon T khi

t — 0o vo1 motr € > 0.

o Xay dung duogc luge do so kiéu Fuler-Maruyama cho phuong trinh vi phan
phan thi Caputo ngau nhién va danh gid duoc toc do hoi tu cia luoe do nay.
Dua ra duge toc do hoi tu va tinh on dinh cia luge do Euler-Maruyama ma

cho phwong trinh vi phan phan thit Caputo ngau nhién mot chiéu tuyén tinh.
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2. M6t s6 huéng nghién citu tiép theo
Bén canh nhiing két qua da dat dudc trong luan 4n, mot s6 van dé veé phuong
trinh vi phan phan thit Caputo ngau nhién can duge nghién citu thém trong thoi

gian t6i, ching t6i dy dinh sé nghién cttu cac van dé sau:

o Tinh on dinh ctia nghiém phuong trinh vi phan phan thi Caputo ngau nhién

bic a € (3,1) dua trén cdc phuong phdp nghién ciu trong [4, 6, 17, 28].
e Tinh chinh quy cia nghiém phuong trinh vi phan phan thi Caputo ngau

nhién bac o € (3,1).

e Nghién citu nghiém cia phuong trinh vi phan phan thit ngau nhién vdi dao

ham "substantial” phan thi Caputo. Cu thé xét phuong trinh cé dang

B 1 [tePt=9)p(s, X (s)) ! Le=Blt=5)5(s, X (s))
R A e R Ol A e =L

Chi tiét hon vé phuong trinh nay ching ta cé thé tham khdo trong [20, 34].

e Nghién ciiu md rong cic két qud trong LP vdi p > 2 cho phuong trinh vi

phan phan thi Caputo ngdu nhién bac a € (3,1).

o Xay dung cdc luge do so khac cho phuong trinh vi phan phan thit Caputo
ngau nhién bic o € (%, 1) va nghién citu toc do hoi tu ciing nha tinh on dinh

cia cac luge do so do.
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	Tài lịu tham khao

